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PREFACE 

The present book is the second volume of a guide to theoretical 
physics. As in the first vu1ume, I have adhered to the rule of omitting 
what is explained in sufficient detail in modern general courses of 
physics. In particular, the experimental fundamE>ntals of quantum 
physics are not d bcussed. 

With a view to the fact that the mastering of the mathematical 
apparatus of quantum mechanics involves great difficulties, I have 
done everything in my power to mak£> calculations as simple and as 
clear as possible. For this purpose, special care was taken in choos
ing the notation. Whene·ver this was possible and expedient, I used 
the symbolic writing of scalar products of functions in the form 

((p 1 ~;) instead of the integral notation ) q>*'ljJ dV. This has appre

ciably simplif1ed a number of formulas and facilitated their analysis 
and memorizing. 

The book is provided with mathematical appendices. Sometimes I 
refer to the mathematical appendices of Volume 1. 

The book has been conceived first of all as a training aid for stu
dent~ of non-theoretical specialities of higher educational establish
ments. Acquaiutance with it will faeilitate a more detailed studying 
of the subject with the aid of fundamental guides. 

Igor Savelyev 



CONTENTS 

Preface 5 

Chapter I. Foundations of Quantum Mechanics 9 

1. Introduction . . . . . . . . . . . . . 9 
2. State . . . . . . . . . . . . . . . . 10 
3. The Superposition Principle . . . . . . • 12 
4. The Physical Meaning of the Psi-Function 14 
5. The Schriidinger Equation . 16 
6. Probability Flux Density . . . . . . . 20 

Chapter II. Mathematical Tools of Quantum Mechanics 23 

7. Fundamental Postulates 23 
8. Linear Operators 27 
9. Matrix Representation uf Operators 31 

10. The Algebra of Operators 38 
11. The Uncertainty Relation . . . . . 45 
12. The Continuous Spectrum . . • . . 48 
13. Dirac Notation . . . . . . . . . . . . . . . . . . 51 
14. Transformation of Functions and Operators from One Representa-

tion to Another . . . . . . . . . . . . . . . . . . . . . . 55 

Chapter III. Eigenvalues and Eigenfunctions of Physical Quantities 63 

15. Operators of Physical Quantities . . . . . . . . • . 63 
16. Rules for Commutation of Operators of Physical Quantities . . . 67 
17. Eigenfunctions of the Coordinate and Momentum Operators . . . 71 
18. Moraentum and Energy l\cprcscutation~ . . . . . . . . . . . 71, 
19. Eigenvalues and Eigenfunctions of tho Angular Momentum Operator 7~ 
20. Parity . . . . . . . . . . . . . . . . . . . . 81 

Chapter IV. Time Dependence of Physical Quantities 83 

21. The Time Derivative of an Operator . . . 83 
22. Time Dependence of Matrix Elements . . 86 

Chapter V. Motion of a Particle in Force Fields 89 

23. A Particle in a Central Force Field . . . . 89 
24. An Electron in a Coulomb Field. The Hydrogen Atom 94 
25. The Harmonic Oscillator . . . . . . . . . . . . . . . . . . 106 
26. Solution of the Harmonic Oscillator Problem in the Matrix Form 109 
27. Annihilation and Creation Operators . . . . . . . . . . . . 116 



CONTENTS 7 

Chapter VI. Perturbation Theory • . 123 

28. Introduction . . . . . . . . . 123 
29. Time-Independent Perturbations 123 
30. Case of Two Close Levels . . . 132 
3t. Degenerate Caso . . . . . . . . . . . . . . • • • • . • • • 136 
32. Examples of Application of tho Stationary Perturbation Theory 141. 
33. Time-Dependent Perturbations . . . . . 148 
34. Perturbations Varying Harmonically with Time 156 
35. Transitions in a Continuous Spectrum . • 163 
36. Potential Energy as a Perturbation • . . 164 

Chapter VII. The Quasiclassical Approximation 169 

37. The Classical J..imit .......• 
38. Boundary Conditions at a Turning Point 
39. Bohr-Sommerfeld Quantization Rule 
40. Penetration of a Potential Barrier 

Chapter VIII. Semiempirical Theory of Particles with Spin 

41. Psi-Function of a Particle with Spin ...... . 
42. Spin Operators . . . . . . . . . . . . . . . . . 
43. Eigenvalues and Eigenfunctions of Spin Operators 
44. Spinors . . . . . . • • . . . • • • • • • . . 

169 
1.74 
1.84 
188 

192 

192 
194 
202 
205 

Chapter IX. Systems Consisting of Identical Particles • 214 

45. Principle of Indistinguishability of Identical Particles . . 214 
46. Psi-Functions for Systems of Particles. The Pauli Principle • 216 
47. Summation of Angular Momenta . . . . . . . . . . . . • 222 
48. Psi-Function of System of Two Particles Having a Spin of 1/2 225 
49. Exchange Interaction . . . . . . . . . . . . . . 229 
50. Second Quantization . . . . . . . . . . 233 
51. Second Quantization Applied to Bosons . 235 
52. Second Quantization Applied to Fermions 250 

Chapter X. Atoms and Molecules . . 258 

5:·1. l\lethods or Calculating Atomic Systems 2:iS 
54. The Helium Atom .......... [A..·ei;;.l\1: 259 
55. The Variation Method . . . . . . . . 263 
.5G. The Method or t.he Self-Consistent Field . . . . . . 268 
.57. The Thomas-Fermi Method . . . • . . . . . . . . 275 
58. The Zeeman Effect . . . . . . . . . . . . . . . . . . 278 
59. The Theory of Molecules in the Adiabatic Approximation 281 
60. The Hydrogen :Molecule . . . . . . . . . 285 

Chapter XI. Radiation Theory . . . . • . . · · • • 291 
[ ' ·u"trJi..l ,.,.¥:J'J.,.ti-ii1-J 

.61. Quantization of an Electromagnetic Field . . . . . . · · : · 291 
62. Interaction of an Electromagnetic Field with a Charged Particle 301 
·63. One-Photon Processes 305 
64. Dipole Radiation 308 
65. Selection Hules 312 



8 CONTENTS 

Chapter XII. Scattering Theory 

66. Scattering Cross Section 
67. Scattering Amplitude .. 
68. Born Approximation .. 
69. Method of Partial Waves 
70. Inelastic Scattering . . . 

Appendices . . . ["~t,. :"'~~. . . . . . ......... . 
I. Angular .Momen~Jm bterators in Spherical Coordinates 
I I. Spherical Functions . . . . . . . . . . . . . . . . 
III. Chebyshev-Hermite Polynomials . . . . . . . . . . . ... 
IV. Some Information from tlw Tb~pry of Functions of a Complex 

V~riable .. · .. l:V.£ ~.rt~.bt.J ............ · 
V. Atry Functton ..................... . 
VI. Method of Green's Functions . . . . . . . . . . . . . .• 
VII. Solution of the Fundamental Equation of the Scattering Theory 

by the Method of Green's Functions 
VIII. The Dirac Delta Function 

Index • . . . • • • • • • . • . . . . . 

315 

315 
317 
31.9 
321 
328 

331 

331 
332 
340 

345 
354 
355 

358 
361 

364 



Chapter I 

FOUNDATIONS OF QUANTUM MECHANICS 

1. lntrodudion 

The laws revealed in the microworld differ radically from thos& 
obeyed by macroscopic objects, i.e. from the laws of clussical physics. 
Since only macroscopic bodies lend themselves to direct·perception 
by our organs of sense, we have at our disposal only illu~trative 
images of such bodies. The transfer of these images to microscopic 
objects (for instance, thP representation of an e]ectron as a microscop
ic sphere) is absolutely illegitimate and even harmful. Therefore, 
the best thing we can do in commencing to study the mechanics of 
the microworld (quantum mechanics) is to discard from the very 
beginning any tendency to construct illustrative images of the 
objects and processes being studied. 

In its customary meaning, the word "to understand" means to
form for oneself a clear image or a diagram of an object or process. 
No matter how paradoxically this sounds, quantum mechanics
cannot be und6rstood in this meaning. One of the founders of the· 
quantum theory, P. Dirac, wrote in this respect: " ... the main object 
of physical science is not the provision of pictures, hut is the formu
lation of laws governing phenomena and the application of these· 
laws to the discovery of new phenomena ... In the case of atomic phe
nomena no picture can be expected to exist in the usual sense of 
the word 'picture'. by which is meant a model functioning essential
ly on classical lines. One may, however, extend the meaning of 
the word 'picture' to include any way of looking at the fundamental' 
laws which makes their self-consistency obvious. With this extension~ 
one may gradually acquire a picture of atomic phenomena by becom
ing familiar with the laws of the quantum theory"1• 

Quantum mechanics ean be outlined in different mathematical 
forms. Already at its birth, thi:-; science appeared simultaneously 
anrl independently in the form of E. Scbri:idinger's wave mechanics
and '0/. Heisenberg's matrix mechanies. Dirac later developed the 
"vector" form of quantum mechanics. All the forms of quantum 
mechanics are equivalent-they lead to identical physical results
and can be transformed into one another. 

1 P .A.M. Dirac. The Principles of Quantum Mechanics, 4th ed. Oxford .. 
Clarendon Press (1958), p. 10. 
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The mathematical language of quantum mechanics is very peculiar 
and as a whole is not simple. The above circumstances, namely, 
the impossibility of visual representations and the intricate mathe
matical language make quantum mechanics a difficult science. 

l. State 

The concept of state is one of the fundamental and initial ones in 
quantum mechanics. It is therefore difficult to give a faultlessly 
·strict definition of it. Dirac introduced the concept of state as fol
lows: " ... Let us take any atomic system, composed of particles or 
bodies with specified properties (mass, moment of inertia, etc.) 
interacting according to specified laws of force. There~will be various 
possible motions of the particles or bodies consistent with the laws 
<>f force. Each such motion is called a state of the system" .1 

Let us adopt Dirac's definition of a state as a preliminary one. 
"The content of the term "state" will be disclosed completely in the 
process of setting out the essence of quantum mechanics. 

Information on the state of a microsystem is obtained by perform-
ing measurements, i.e. by making the system interact with an in

.-strument that is a macroscopic system. Cons~ntly, the results of 
measurements performed on microsystems are necessarily expressed 
in terms developed for characterizing macroscopic budies (coordinate, 

:momentum, angular momentum, energy, and the like). These char
acteristics are called dynamical variables. 

The properties of micro particles differ radically from those of 
macroscopic bodies. For this reason, the dynamical var·iables ascribed 
to macrobodies cannot be ascribed to microparticles. But when 
.a microparticle interacts with an instrument (or a natural macro
body), it behaves as if it were characterized by at least a part of' the 
dynamical variables namPd above. The peculiar nature of the prop-

... erties of microparticles exhibits itself in that measurements do not 
yield definite values for all the variables. For example, c:;tates of an 
electron exist in which when interacting with macrobodies (i.e. 
in measuJ;ements) it behaves as if it had thQ...J!!Q.!!!entum p~, and no 
matter how many times we performed measurements with an electron 
in such a state, the same value is obtained every time for Px· But 
if we attempt to determine the position of an electron in the same· 

::.state, we shall obtain all values from -oo to +oo for the coordinate 
$ with equal probability. Such a state of an electron is said to be 
<>ne in which the electron ha~ a defi.nite value of the dynamical 
variable Px· 

States of an electron are also possible in which it behaves in mea
surements (i.e. in interactions with macrobocties) as if it had a quite 

1 P.A.M. Dirac. Op. ctt., p. 11. 
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clefinite value of the coordinate x. The momentum Px in these states 
is absolutely indefinite. In this case, the electron is said to he in 
a state with a definite value of the coordinate x. 

Finally, states of an electron exist ia which neither x nor Px have 
.definite values. In this case, multifold measurements performed 
{)n the electron in one of such states yield values for x that are within 
a certain interval ~.r, and for Px that are within the interval ~P:o 
the quantities ~x and ~Px being related by the Heisenberg uncer
tainty relation: 

(2.1) 

where fi is the Planck constant h divided by 2n, and is called the 
h-bar or the Dirac h. 

The uncertainty relation shows to what extent we can use the 
<:oncepts of classical mechanics for microparticles, particularly, 
with what degree of accuracy we can speak of the trajectories of 
microparticles. Motion in a trajectory is characterized by quite 
<!efinite values of the coordinates and velocity at each instant. 
Rewriting relation (2.1) as 

1i 
~X·~Vx~ 2m 

\Ve see that the greater the mass of a particle, the smaller is the' 
uncertainty of its coordinates and. velocity and, consequently, the 
greater is the accuracy with which we can apply the concept of 
a trajectory to the particle. Even if we take a microparticle only one 
micrometre in size, its mass will exceed that of an atom about 
1012 times. For such a particle, the unc~rtainties in the values of x 
and vx are beyond the limits of the accuracy in measuring these 
quantities, so that practically its motion will be inrlistinguishable 
from motion in a trajectory. 

Hence, the greater the mass of a part!cle, the higher is the accu
racy with which we can apply the concepts and laws of classical 
mechanics to its motion. This staternl'ttt i;; n particular case of a more 
general one known as t.lw correspondence principle. Aecm·d ing to 
this principle, in tho limiting proce::;s iz - 0, the laws and relations 
of quantum mechanics transform into the relevant laws and relations 
of classic~l mechanics. In practiee, this signifieE> that the smaller; 
the role of effects proportional to the Planck constant h, the close~ 
is the behaviour of the system being considered to the classical one~ 

By bridging the gap between quantum and classical laws, the 
correspondence principle allo\YS us to find the quantum mechanical 
analogues of classical quantities. 

To characterize the state which a microsystem being considered 
is in, it is natural to take the values of the dynamical variables 



12 QUANTUM MECHANICS 

having a definite value in the given state. The set of all the dynami
cal variables having definite values in a given state is called a com
plete set. The complete sets vary for different states. In a particular 
case, the complete set may consist of only a single dynamical vari
able. In such a state, all the variables except the one forming the 
complete set are indeterminate. 

v\'hpn speaking of dynamical variab)C'S in gCJICral (i.e. WiLlJout 
specifying what variables-x, Px, E, etc.-we have in view), we 
shall designate them by the letter Q, and sometimes by the letters R, 
A, B, etc. 

The SL'I of numerical values which a given dynamical- variable 
can have is called ils spectrum. If these values form a continuous 
sequrnce. the given quanlit~· is said to have a continuous spectrum 
of values. If these values form a discrete sequence, the given quantity 
is said to have a discrete spectrum of values. In the general case, 
the spectrnm of values of a dynamic.al variable may include both 
continuous and discrete parts. 

""e shall designate tlw different values of the variable Q by the 
symbol q. If the given value belongs to a discrete spectrum, we shall 
use a subscript on the symbol indicating the number of the value, 
i.e. write qn. The absence of a subscript on q will signify that the 
ginn value belongs to a continuous spectrum. 

\Ye haw already noted that the laws of the microworld differ 
radically from tho~e observed for macroscopic bodies. This distinc
tion manifests itself in that states and dynamical variables have to· 
be characterized by mathematical quantitie~ of a different nature 
than the ones used in classical physics. For each dynamical variable, 
there is a corresponding linear operator. The state of a system is
characterized by a certain, generally speaking, complex function ~~ 
that is called either a wave function, or a psi-function, or a prob
ahili&_amplitude. We shall use the term "psi-function". Dirac intro
duced a complex vector of a special kind to characterize a state. He 
called it a state vector. 

\Ye must note that states are po='sible which no psi-functions can 
he macte to correspond to. They are called mixed states as distinct 
from the pure states described by psi-functions. We shall consider 
only pure stutes. \Ve shall therefore omit the word "pure" for brev
ity's sake and speak simply of the states of a system. 

3. The Superposition Principle 

A fundamental principle of quantum mechanics is the principle of 
,.superposition of states. The essence of this principle consists in the 
following statement. Assume that a system may be either in the 
state 1!"1 in which a quantity Q has the definite value q1 or in the 
state 'IJ2 in which thP same quantity has the definite value q2 • Hence~ 
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there is the sta_te '\); = c1'1jl1 + c2'1jl 2 (where c1 and c2 are arbitrary 
complex numbers) in which measurtlment of the quantity Q yields 
either the result q1 or the result q2 • 

It follows from the snperposition princip]p. that the superposition 
of the states '¢1 and 'lh in which Q has definite values leads to a new 
state 'IJ in which Q is indefmite. 

A similar result is oblained upon the superposition of more than 
two states. If the states 'ljl1 , 'ljl2 , ••• , 'IJln exist in which the quantity 
Q has the definite values q1, q2 , ••• , qn, the state 

(3.1) 

{where em are arbitrary complex numbers) also exists, and measure
ment of the quantity Q in this state yields oue of the values q~> 
q2, · · ., qn. 

The reverse statement also holds, consisting in that any state '~' 
of a quantum system can he represented as the rpsult of the superposi
tion of the states '¢17 'ljl2 , ••• , 'i'n indicated above. This statement 
can also be a formulation of the superposition principle. 

The behaviour of the quantities 'IJlm corresponding to the states 
of a system described by Eq. (3.1) is similar to the behaviour of 
vectors. Indeed, multiplying the vectors a1 , a 2 , ••• , a" of an iden
tical nature by the real numbers c1 , c2 , ••• , C11 and then finding 
their sum, we obtain a new vector of the same nature, i.e. a = 

= ~ cmam. This analogy is why Dirac treated the quantities cor
responding to the states of a system as vectors in a special space. 

By superposing a certain state 'IJlm on itself, i.~. by assuming that 
'¢1 = 'ljl2 = 'Pm• we obtain, by (3.1), a state described by the function 

'\jJ = C1'iJm + C2tPm = (cl + C2) 'IJlm = C'¢m 

This state, like the initial state 'IJlm, will be characterized by the 
fact that in measurements of the quantity Q we shall always obtain 
the result qm. It is natural to assume that the state we have obtained 
does not differ from the initial one. An exception is the case when 
c = c1 + c~ = 0. In this case when multiplying 'I'm by c, we get 
no state ('\jJ = 0 signifies the absence of a state). 

According to the above, the states described by the functions '¢ 
and c'¢ (where cis an arbitrary non-zero complex number) are assumed 
to be identical. If we use the vector representation of states, the 
conclusion must he drawn from the last slatement that a state is 
determined only by the direction of a vector, while the "length" 
of the vector is of no significance. 

We must note that the superposition principle ie also observed in 
classical mechanics, for example for the oscillations of a string. 
The arbitrary oscillation of a string can be represented as the super-
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position of harmonic oscillations having bequencies that are multi
ples of the fundamental frequency. This analogy is why quantum 
mechanics was previously referred to as wave mechanics, and the
quantity '¢ corresponding to the state of a quantum-mechanical 
system was called the wave function. It must he borne in mind,. 
however, that the above-mentioned analogy does not extend very 
far. There is a profound difference between the superposition in the
quantum theory and any classical superposition. For example, the 
superposition of a state of an oseillating string with itself leads to· 
a 8tate with another oscillation amplitude so that the resultant 
oscillation differs from the initial one. In quantum mechanies, on 
the other hand, the superposition of a stale with itself does not lead 
to the appearance of a new state. A lJ1lantum state has no character
istic similar to the amplitude of classical oscillations . 

.C. The Physical Meaning of the Psi-Function 

In the coordinate representation, the psi-function is a function. 
of the coorrlinates of the particles forming a system and of the time. 
Let us consider a system consisting of one particle. In this case,. 
'lj: = 'ljJ (x, y, z, t). The square of the magnitude of the psi-function, 
i.e. the quantity 111J 12 = 'ljJ*'IjJ (here '¢* is the complex conjugate
of '\j') determines the density of the probability of detecting the par
ticle at various points of space. If we multiply I'll-' (x, y, z, t) 12 by 
the volume element dV = dx dy dz taken at the point x, y, z, we
obtain the probability of the particle being- detected within the lim
its of dV in measurement performed at the instant t: 

dP = I 'ljJ 12 dV = 1~*'¢ dV (4.1} 

Similarly, for a system consisting of two particles, the quantity 

dP = I 'ljJ (xl, Ylt zl, x2, Y2t z2, t) 12 avl dV2 

(x1 , .lfi, z1 are the coordinates of the first particle, x2 , y2 , z2 are
the coordinates of the second particle, dV1 = dx1 dy1 dz 1 , and dV 2 = 
= dx2 dy 2 "dz 2 ) gives the probability of the particle 1 being detected 
within the limit~ of th~ volume dV1 , and the particle 2 within the
limits of dV 2 in measurements performed at the instant t. 

Since a particle with authenticity, i.e. with a probability of 
unity, must be somewhere, summation of the probabilities (4.1) 
over the entire space must yield unity. ·we thus arrive at the normal
ization condition for the psi-function: 

j I lP !2 dV = 1 (4.2} 

In Sec. 3, we established that the psi-function allows multiplication 
by any non-zero complex number. Consequently, if the integral is. 
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finite, the condition (4.2) may be observed. A psi-function satisfying
this condition is said to be normalized. It is obvious that a normal
ized psi-function is determined to within a phase factor of the form eia 
(where o. is any real number). 

Sometimes the integral (4.2) is a diverging one (i.e. becomes 
infmite), and it is impossible to normalize the psi-function in accord
ance with the condition (4.2). Therefore, 111J 12 cannot be interpret
ed as the probability density. In these cases too, however, the ratio
of the values of I 1p 12 for various points of space determines the rel
ative probability of the relevant values of the coordinates. 

Knowing the probabilities of different positions of a particle, we 
can calculate the mean values of its coordinates. For example, the 
mean value of the ~~-~tgr of n particle (r) 1 is determined by 
the expression 

(r)= J rdP= J r I 1p l 2 dV= J ljJ*r')ldV 

(to give the formula a symmetric form, we have placed r inside the 
product 1j1*1p). This vector equation is equivalent to three scalar 
ones: 

(x)= J 'f'*x'IJdV, (y)= J 'IJ*y')ldV, (Z)= J 'IJ*z'IJdV (4.3} 

In a similar way, we can find the mean value of any function ot 
coordinates, for example, the mean value of the potential energy 
of a particle: 

(U) = J ljl*U (x, y, z) 1jJ dV (4.4} 

Equation (4.4) has the following meaning. Assu:q~e that we are repeat
edly determining the potential energy of a particle, and at the mo
ment of each determination the particle is in the same state 1p. With. 
an increase in the number of determinations, the mean value of the
results obtained will tend to the value (4.4). 

Hence, we have learned how to predict the probability with which 
different values of any position function will be obtained in measure
ments, and also the mean results of these measurements if we know 
the psi-function of a particle. But meanwhile the way of determining
the probability of values of physical quantities that are not a par
ticle's position functi9ns (for instance, the momentum, angular 
momentum, and energy) i·emains unclear. How to find the psi
function of particles in different force fields also remains unclear. 
We shall now pass over to a treatment of these matters. 

1 The mean value is designated either by putting a bar over the symbol of 
the relevant quantity (for instance, r), or by putting the symbol in angl!l~~ets 
((r)). The latter notation is coming into greater and greater favour. 
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S. The Schrodinger Equation 

The psi-function of a particle in a force field described by the 
potentia!l [7 = U (x, y, z, t) can be found by solving the differen
tial equation in partial derivatives presented by E. Schrodinger 

fil ( i)21jl i)Zljl i)Z'Ijl ) • O\jl 
-2m i)x2 + ayz + i)z2 . +UlJ'=tliat 

..or in a more compact form 

tt' a'l' 
-,2m vzlJ'+UlJ'= iliTt (5.1) 

·where V2 = ~ is the Laplacian operator, m is the mass of the par
ticle, and 1i is Planck's constant h divided by 2n. 

Without treating the ideas that led to the discovery of this equa
tion2, wp shall only note that Eq. (5.1) should he considered as 
.a fundamental initial a~sumption whose validity is confirmed by 
the coincidence of the conclusious following from it with the results 
.of experiments. 

Of special interest is the case when the potential U does not con
tain the time t explicitly. In this case, U has the meaning of poten
tial energy. In this condition, the !'olution of Eq. (5.1) is simplified 
because the psi-function breaks up into two factors, of which one 
depends only on the coordinates of the particle, and the other only 
.on the time3 . To Yerify this statement, let us write the psi-function as 

lp (x, y, z, t) = <p (x, y, z) f (t) 

.and introcluce this expression into Eq, (5.1). Taking into considera
tion that the operator V2 acts only on the factor 'lJ, and aj/rJt = 
= dfldt, we obtain 

- 2/i~ /V2rp + u rpf = ili!p :: 

Divining this equation by rp/, we arrive at the relation 
'fi2 

-2m 1121P+ Uljl in df 
!p =-~- dt (5.2) 

The left-hand side of this relation contains only the coordinates 
of the p;:.rticle, and the right-hand side only the time. Two functions 

1 See Vol. 1, Sec. 3. 
t These ideas are treated in many textbooks of general physics. See, for 

example, I. V. Savelyev. Physics. A General Course. Translated by G. Leib, 
Vol. III, Sec. 4.4. Mir Publishers, Moscow (1981). 

3 Here we are dealing with particular solutions. The general solution 
~ cniPn (x, y, z) fn (t) cannot be represented in the form of two factors of which 
one depends only on the coordinates and the other only on the time. 
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of different independent variables c.an equal each other at any values 
of these variable~ only if these functions equal the same constant 
~\tantity. Let E stand for this constant quantity. \Ve thus arrive 
at two differential equations: 

;,:J. 
--Y'2cp+ Ucp= Ecp 2m 

The sect~nd equation can be written as 

~+_.!:_Ef=O 
dt 1i 

(5.3) 

(5.4) 

We have arrived at a linear homogeneous equation with constant 
coefftcients. Solving it with the, aid of the substitution f = eM, 
we f\nd that 

f = e-(i/h)Et (5.5) 

(we have omitted the arbitrary factor C in the general solution be
cause the psi-function has been,determined to within such a factor). 

LP.t us turn to Eq. (5.3). We can use it to reveal the meaning of 
the constant quantity which we designated by E. The requirement 
that all the terms of Eq. (5.3) must have the same dimension shows 
that E has the same dimension as U, i.e. that of energy. In motion 
in a potential force field, the total energy of the system remains 
constant. For this reason, we shall identify E with the total energy 
of a particle. 

Hence, when a particle moves in a potential force field, the psi
function has the form 

~ (x, y, z, t) = cp (x, y, z). e-(i/II)Et (5.6) 

where E is the total energy of Lhe particle. It thus follows that the 
density of the probability of finding the particle at various points 
of space is I~ 12 = I cp 12 , i.e. is independent of the time. This is 
why states described by psi-functions of the form of (f.i.6) are called 
stationary. 

The task of finding the psi-function for stationary states consists 
in essence in finding lhe function {p (:r, y, z), which is why this 
function is said to be the psi-function of a stationary state and is 
designated by the letter 'ljl. Substituting ~J for Cf; in Eq. (5.3), w~ 
arrive at the Schrodinger equation for stationary states: 

(5.7) 
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Thfs oquntion is often written in the form 

v=tr-:- ~: (E-C)¢=0 (5.8) 

Assuming in (5.8) that U = 0, we ohtain the Schrodinger equation 
for a free particle: 

(5.9) 

It is not difficult to verify that this equation is satisfied by the 
function 

'¢= e±ikr (5.10) 
where 

k2 -- 2mE - ~ (5.11) • . - n2 - n2 
I ;..-("At I 

(p is the classical momentum of a particle). 
Substituting p/li for k in (.).10) and introducing tl1e expression 

obtained into (5.G), we get the psi-function of a free particlr: 

¢ (r, t) = exp [-! (Et + pr) J (5.12) 

A similar function (more exactly, its real part) describes a plane 
wave with the frequency w = E/li and thP waY~ vector k = pili. 
This coincidence reflects the dual, corpuscular-wave nature of micro
particles that manifests itself in experiments involving diffraction. 
For instance, when a beam of electrons that has passed through 
a crystal acts on a photographic plate, we obtain a pattern of diffrac
tion rings similar to that obtained when the plate is acted upon by 
:X-rays that have passed through the crystal. 

We must note that the upper sign [plus in (5.10) and minus in 
(5.12)J corresponds to the wave running in the direction of k, anrl 
the lower sign [minus in (5.10) and plus in (5.12)1 to the wave running 
oppositely to the direction of k. Consequently, when considering 
stationary states, we shall interpret a psi-function of the form eil!:r 

as a Wave rUnT)ing along tl:.!.Lx-axis to the right, and a psi-function 
of the form e-tllx, as a wave running to tp.e left. 

The superposition of two waves of the form of (5.10) is the general 
solution of the Schrodinger equation for a free particle with a definite 
value of the momentum, namely, 

·'lj> = C1eikr + C2e-ikr (5.13) 

When C1 = C 2 or C1 = -C2 , the function (5.13) can be written 
accordingly in the form 

'lj; =A cos kr or 'ljl = B sin kr (5.14) 

It is evident that hoth these functions ()cscrihc a standing wave. 
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Let us consider the motion of a free particle whose position is 
localized within the interval ~x (for simplicity's sake we are consid
ering a one-dimem:ional problem). According- to the uncertainty 
principle, the momentum of the particle will have an indeterminacy 
of the ord or of !if A1·. 

ln accordance wi lh l he superposition principle, the psi-fuuc lion 
of a particle can be represented as the superposition of states of the 
form of (5.12) with values of the momentum confined within the 
interval from Po - !!.p to Po + ~p: 

Pe+AP 

\jJ (x, t) = J b (p) exp [-* (Et- px) J dp 
Po-b.P 

Substitution of the frequency w = Elli forE and of tlw waw num
ber k = pili for p yields 

ku+Ah 

ljJ (x, t) = j c (k) ei(kx-wt) dk 

k 0 -Ak 

(5.15) 

We have arrived at an expression describing a wave pnekC'l. 
The frequency w is a function of the wavl' uumher k, i.e. (J} = 

= w (k). Let us expand this function into a series in the Yicinity 
of the point k 0 • Limiting ourselves to the two first terms of the expan
sion, we ohtain 

w (k) = w0 + ( ~~ ) 0 (k- k0) 

Assuming that the coefficient c (k) in (5:15) is a slowly varying 
function, let us put it outside the integral (D.k is considered to be 
small). At the same time, we shall replace c•l in the exponent with 
its value from (5.16) and inttoduce a new integration variable ; = 
= k - k 0 • The result is. 

+All 

'P (x, t) = c (k0) exp [i (k0x- w0t)] J exp { i [ x- ( ~; ) 0 t J £} ds 
. -Ait 

The integral is evnluated quite easily, and we arrive at the expres
sion 

11 ( t) = •> (k) sin ((x-(dw/dk)o tJ .1k} W<ox-w,t) =A ( t) i(l<,x-(1)0 !) 
' x, .c.c o [x- (dw/dk)o tJ e x, e 

(5.17) 

Owing to the smallness of ~k, we may consider that the function 
(5.17) describes an almost monochromatic wave with an amplitude 
A (.r, t) slowly varying in time and space. The maximum of !he 
arnpJitude is at. t.he point for which the denmninator of expresswn 
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(5.17) is zero. The centre of the wave packet (i.e. the point where the 
amplitude is maximum) has the coorrlinate 

( du>) 
Xc= dk 0 t (5.18) 

~- _g]_?J:lC~_\!t (5.18) shows that the centre of tl1c wave packet moves 
with the velocity 

(5.19) 

wl1ere Vgr is the group velocity. 
The uon-relativistic expression for the energy of a free particle is 

E p 2/2m. Heplaf~iug E with lieu and p with lik, we obtain a rela-
tion uelwcen (1) and k: 

(5.20) 

Differentiating (:i.20) with respect to k, we obtain for the velocity 
of the wave packet dl'~cribing the mot ion of a free particle the value 
kh rn = p;m = v, where v i~ the velocity of the particle. Hence, 
the wave packet moves with the same velocity as the particle itself. 

By the wirlth of a wave packet is meant the dislanC<l between two 
points at which the amplitude vanishes that are the closest to tho 
centre of the paeket. The value of x at which the argument of the 
sinP in (5.17) is +n (a zero value of the argument correspond~'\ to the 
centre of the packet) corresponds to these points. Consequpntly, the 
coordinates of the boundaries of a packet satisfy the condition 
[x - (d(J)/dk) 0tl !-,k = ±n, whence 

(5.21) 

From (5.21) we get the constant value 2n/ !-,k for the width of a wavo 
packet. If we take into account the higher-order terms of the expan
sion in (5.20), we obtain a value for the width of a wave packet 
that increases with time-the wave packet diverges. This !lignifies 
that the localization of a particle in space in the course of its motion 
becomes less and less accurate. 

6. Probability Flux Density 

In add ilion I o the concept of the density of the probability of 
finding a particle at vaJ"ious points of spacC', we can introduce tho 
concept of the density of the probability flux. Tn arrive at this con-

cept, let us consider the integrnl J I'll !2 dV evaluated not over the 

entire infinite volume, but over a finite volume V. This integral i~ 



FOUNDATIONS OF QUANTUM MECHANICS 21 

the probability of Jinding the particle in the given volume. Let us 
calculate the time derivative of this probability: 

~ f I¢ 12dV=~ r ¢*¢dV= f (¢*~+¢ oljl*) dV (6.1) 
dt J dt J J i)t iJt 

v v v 

By Eq. (5.1) we have 

oi!J_ n 2 1 U 
Tt-- 2mi 'V 'IJl+T!t ¢, ii'IP* = _11_ v2'1Jl* - _1_ u ¢* ot 2mi in 

(the second equation is the complex conjugate of the tir:-1; it has 
been obtained from the first one by substituting ')l* for 1t1 and -i 
for i). With the aid of these relations, we can write the right-hand 
side of formula (G.1) as -

_ \ 2._,_ (¢*\'2¢- 'ljl'\72¢*) dV + _;_ (' (¢*UijJ- ¢U¢*) dV 
.1 2mt 11i J 
v v 

The second of these integrals evidently vanishes. The first integral 
can be written as 

~(.a( 

_ r ~ v C'i'*v"' _ ¢v¢*) dv J 2mt 
v 

This ensues from the following elementary calculation: 

v (1v*v'IJl - IJlv'IJl*) = v1~*v1r + 1~*v2~, - v11;v1J;* 
- ')l'V2'1jl* = 'ljl*'V2~) - tp\'2'\jl* 

(6.2) 

Hence, the right-hand side of formula (6.1) can be replaced with 
expression (6.2). The result is 

~ ~ I 'I' 12 dV = - j V' { 2~i (¢*\'¢,..- ¢v¢*)} dV (6.3) 
v v 

Using the Ostrogradsky-Gauss theorem, the right-hand side of this 
relation can be replaced with an integral over the surface S enclos
ing the volume V. This leads to t!Je formula 

_..!!_ \~ I¢ 12 dV = I {-!i-. (\jl*'VlJl- ¢\'tv*)} dS (11.4) 
dt • j 2ml 

v s 

(we have transferred the minus sign t.o the left-hand side of the for-
mula). c.cis-.rf.,k_ 

We can infer from relation (G.4) that j_he surface integral on the 
right determines the rate of diminishing of the probability that the 
particle will be found in the volume V and, consequently, is the fl11x 
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of the probability through the surface S. In this connection, we can 
interpret the quantity 

j = 2~t ("'*V"'- "'V"'*) (6.5) 

as the density of the probability flux. 
Using the notation (6.5), we can write formula (6.3) as follows: 

~ J I "' !2 dV = J { :e I ~' 12 } dV = - ) Vj dV 
v v v 

Owing to the arbitrariness of choosing the volume V, the following 
eondition must be observed at each point of space: 

:t I"' 12 + Vj = 0 (6.6) 

We have arrived at a typieal continnity equation. A similar equa
tion, for instance, in electrodynamics has the form aplat + Vj = 0, 
where p is the charge density, and j is the electric current density 
{see Vol. 1, formula (51.1)1. 

Substituting expression (6.5) for j into (6.6), we obtain the concH
lion which the psi-function must satisfy: 

:t ('I'*"')+ 2~t V ( "'*V"'- "'V"'*) = 0 (6. 7) 

RecalJ that I'~' 12 determines the probability of finding a particle 
.at different points of space. It thus follows that a psi-function must 
be (1) single-valued, (2) continuous, and (3) finite (except, perhaps; 
for singular points). In addition, it follows from the condition (6. 7) 
that a psi-function must have a continuous and finite (except, per
.haps, for singular points) first derivative. 

The collection of requirements listed abow which a psi-function 
must meet is calJed standard conditions. 



Chapter II 

MATHEMATICAL TOOLS 
OF QUANTUM MECHANICS 

7. Fundamental Postulates 

Quantum mechanics is based on several postulate~. We may 
include among them the statement we already know that the psi
function corresponds to the state of a system, and also the Schrodin· 
ger equation. In this section, we treat three postnlates1• 

The first of them states that every physical quantity can be repre
sented as a linear operator. 

By an operator is meant a rule with whose aid a function f is 
correlated with another function q:>; This rule is written as 

(7.1) 
We shall designate operators by letters with circumflexes, for exam
ple Q, A, x, and p. 

We call an operator linear if it satisfies the following conditions: 

Q (q>t + q>2 + · · · + q>n) = Qq>t + Qq>2 + • · · + Qq>n, 

Q (cq>) = cQq> 

where cis an arbitrary constant. These two conditions can be com
bined into the following compact form: 

(7 .2) 

By comparing formulas (3.1) and (7.2), we can conclude that a linear 
operator conforms to the superposition priuciple. 

We can exemplify linear operators by multiplication by x (here 
Q ~ .r) nnd differential ion w~t-~-~e~peet t?_ X (ll('re Q = olfJ.r). Indeed, 

x (cq>) = cxcp 

Similarly 

r :x ( ~ q>m ) = ~ aa~m ' 
----'-lP-IH~,, 

a a<p 
-(cq>)=c-ox ox 

1 The choice of the system of postulates of quantum mechanics is not com
pletely unambiguous. There is meanwhile no generally adopted system of postu
lates. 
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ln mathematics, the following equation corresponds to each opera
tor: 

(7.3) 

where 'P is a function, and q is a parameter. Next the problem is 
posed of finding all the functions that transform Eq. (7 .3) into an 
identity anoat. the same time satisfy certain additional conditions, 
for instance the standard conditions (see Sec. 6). For many operators, 
the solutions of Eq. (7 .3) satisfying the set conditions are obtained 
not for any, but only for certain selected values of the parameter q. 
These special values of the parameter are called the eigenvalues 
of the operator Q, and tho functions 'Ill obtaiued from Eq. (7.3) when 
the eigenvalues are substituted for q in it are called the eigenfunc
tions of the operator belonging to the relevant eigenvalues. SeverRl 
eigenfunctions may correspond to the same eigenvalue. Here, the 
given eigenvalue is said to be degenerate. Tlw number of different 
functions belonging tQ__f(J1 ~igenvalue is called the degree of degener
acy. 

The second postulate of quantum mechanics states that upon 
measuring a physical quantity Q represented by the operator Q, 
\ve can obtain only one of tho eigenvalues qm of the operator Q. 

Hence, an equation of the form of (7 .3) plays a highly important 
role in quantum mechanics. \Ve must note that with a view to the 
second postulate, the parameter q in Eq. (7 .3) must have the dimen-
'sion of ti1~--q~antity Q. The operator Q must have the same dimen
sion. 

The set of eigenvalues of the operator Q is known as the spectrum 
of the operator or the spectrum of the quantity Q. A spectrum may 
consist of the discrete valut>s q1 , q2 , etc.; it is correspondingly called 
discrete. In a continuous spectrum, the set of eigenvalues forms a 
continuous sequence. In the general case, a spectrum may include 
both discrete and continuous regions. 

\Yhen dealing with a discrete spectrum, the eigenvalues and eigen-
functions of the operator Q can be numbered: 

... , 

. . . , '\j.J,l' ••• 

It is assumed in quantum mechanics t.hat. a sPI or eigcnfu11clions 
of any physical quantity forms a complete set (or system). This 
signifies that _any contin~~~ •• fuuction 'Ill can be expanded in eigen-
functions, i.e. it can be w~en as .p 

1fJ =" Cm'fJm ~ ~ ~ (7.4) 

where em are constant coefficients, complex in a general case. 



MATHEMATICAL TOOLS OF QUANTUM MECHANICS 2S. 

Let us write the psi-function of a certain state of a system in the 
form of (7 .4). The third postulate of quantum mechanics states that 
in measurements perfiirmert on a system in the state 1jJ for determin• 
ing the value of the q11antity Q in whose functions Eq. (7 .4) has been 
expanded, the probability of obtaining the value qm equals (with 
the proper normalization of the functions) the square of the magni
tude of the coefficient em. 

In accordance with the meaning of the coefficients em, the condi
tion 

(7.5) 
must be observed. 'Nc shall prove below that with proper normjlliza
tion of the functions '¢m, this c'Jndition is indeed observed. 

If all the coefficients of the expansion except the one with the
number m are zero, formula (7 .4) becomes: 1jJ = '¢m (recall that the
psi-function is determined with an accmacy to the phase factor eia). 
In this case, we shall always obtain the result qm in measurements. 
Consequently, the eigenfunction '4'm is the psi-function of the state
in which the quantity Q has a definite value equal to qm. 

When more than one coefficient in the expansion (7 .4) is non-zero .. 
the quantity Q does not have a definite value in the state'¢. In meas
urements, the values q1 , q2 , ••• will be obtained for it. It is quite 
natural to assume that the probability with which a certain value is 
obtained should be determined by the weight with which the rele
vant function '¢m enters (7.4), i.e. hy the "magnitude" of tho coeffi
cient em. The coefficient em itself, owing to its complex nature, can
not equal such a probability. Therefore, by analogy with the fact 
that the probability of detecting a pal"ticle inside the volume dV is 
determined not by the function 'ljl, but by the square of its magnitude,. 
we must take the square of the magnitude of Cm as the probability. 
This reasoning cannot be considered as a proof of the third postulate. 
It is intended only to explain how we can arrive at this postulate. 
The postulate itself must be considered as an in itidl assumption 
that is one of the cornerstones of quantum mechanics. 

We =-hall show in the following section that the eigenfunctions of 
any oper:'ltor representing a physical quantity with a discrete spec
trum form what is callerl an orthonormal system. This signifies that 

.\ 'IJ~lJlndV=Omn (7.6}. 

Tho integral is evaluated over the enlire rcgiou of change in the 
var·iables in which the functions 'Pk have been determined. 

Mathematicians use the concept of the scalar product of the func
tions (p and 1p that is designated by the symbol (cp /ljl) and is deter
mined as follows: 

(7.7} 
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·(dl' = dx dy dz). If a scalar product is zero, the Junctions are said 
to be orthogonal. Similarly, t.lw scalar product of' mutually perpen
-dicnlar, i.e. orthogonal vector·s is zero. 

It follows from definition (7 .7) that 

<<vi 'P>* = (,!,! cp) (7.8) 

The scalar square of a function, i.e. the scalar product of the func
-tion with itRelf 

(<pI cp}= J <v*<v dV= J I cp l2 dV 

is evidently a real positive quantity. 
Let us take a product of the fot·m (acp lllljl), where a and b are 

-complex numbers. With account of the definition (7.7), we can write 
that 

(mpl mp) = a*b (cpl 'I') (7.9) 

Hence, when the constant coefficients an~ pnt outside the symbol 
-of the scalar product, the coefficient of the first factor transforms 
into its complex conjugate, while the e;oefficient of the second factor 
·remaiJJs unchanged. 

Using the notation (7. 7), we can write formula (7 .6) expressing 
the condition of orthonormality of the eigt>nfunctions as 

('Pm I 'Pn) = 6mn (7 .10) 

The unit vectors of reetangular coordinate axes satisfy a similar 
-condition: 

emen =limn 

Condition (7 .10) allows us to find an expression for the coefficients 
Cm in the expansion (7 .4). For this purpose, we multiply scalarly 
>~"elation (7 .4) and 'Pn and take into account (7 .10): 

Nn 1¢) = ~ Cm ('Pn I 'Pm) = ~ Cm6nm = Cn 
m m 

·we thus arrive at the formula 

c,. = {\p,. I 'P> = J ~'~¢ dV (7.11) 

When we know the coefficients en, we can find the mean value of 
.a physical quantity in the state in which this quantity has no definite 
value. The probability of obtaining the value qm in measuring the 
quantity Q is I em 12 • Consequently, the mean value of this quantity 
is determined by the formula 

(7 .12) 
m m 
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By (7.11), c~ = N I "''m>· Let us substitute this expression into 
formula (7 .12): 

(q) == 2J (\)1 I 'I'm) Cmqm = "' N I qm~'m) Cm 
m m 

Now let us substitute O'Pm for qm'IJlm in accordance with (7 .3), put 
em inside the symbol of the scalar product, and take advantage of 
tht> linPnrit.y of thP operator: 

(q) = ~ (lJ-1 I Q')lm) Cm = )' (')ll Qcm 1Jlm) =<'PI Q '\' C m lJ."m) 
m m m 

Finally, taking into acconnt (7 .4.), we obtain 

(q) = NIQ~'> 
or 

(q) = J 1jJ*Q')l dV 

(7 .13) 

(7.14) 

\Ve have obtained one of the most important formulas of quantum 
mechanics. It allows us, when we know a psi-function of state, to 
find the mean value of the results of measuring any physical quantity. 
For this purpose, we must also know the form of the operator cor
responding to the given quantity. 

8. Linear Op~at~!' ~ 

Phy~.ical quantities are real. For this reason, they can be depicted 
only by operators whose eigenvalues are real. It is quite natural 
that such operators are the ones that are mainly considered in quan
tum mechanics. In performing calculations, howewr, auxiliary 
operators with complex eigenvalues are often helpful. In this con
nection, we have to acquaint ourselves with the properties of these 
operators too. 

Let us begin with the basic definitions. Two operators Q1 and Q2 

having the property 

(H.1) 

where rp and 1p are two arbitrary functions, are said to be transposes 
<>f each other. The operator that is the transpose of Q is customarily 

designated by the symbol Q. Therefore, if we desig_I!ale Q1 in (8.1) 

simply by the symbol Q, we must use the symbol Q for Q2 : 

(8.2) 
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Hence, the operators Q and Q satisfying the condition (8.2) are 
called the transposes of each other. With a view to the defmition 
(7.7), we can write the condition (8.2) as 

(8.3) 

Let us conelale with the operator Q tlw operator Q+ such that for 
any arbitrarily taken pair of functions <p and 'ljl, the equality 

(8.4) 

is observed. The operator {:!+ is called the Hermitian '~onjugate 
(or the adjoint) to the operator Q. \Vhereas the operator Q acts 
on the function at i Is right, the opera I or Q+ acts on the function at 
the left of Q. Consequently, the addition of the adjoint sign "+" 
to the symbol of the operator Q transfers the action of the operator 
from the function at its right to the funct.ion at its left. If we adopt 
a rule according to which the operator Q+ is written at the right of 
the fund ion which it acts on, mlatio11 (8.4) determining the adjoint 
operator becomes 

(8.5) 

Consequently, in expr:ossions like (8.5), simultaneously with the 
addition of the adjoint sign to the symbol of an operator, we must 
tran::;fer tho "partition" from the lefl-haud position relative to the 
opl•ralor to lhe right-hand one. 

\Ve shall also defme the operator Q* satisfying the condition 

(8.6) 

This op0rator is called tlw complex conjugate of the operator Q. 
Ll•t us transform the right-hand side of Eq. (8.2) with a view to 

tlw propl'l't y (7 .8) of a scalar product: 

:<1f* I QqJ*) = ((2((!* I 'v*)* = <(Q<p*)* I'll) = <Q*rr I '11> 

\\'p han tahn advantng-0 of the fact that in accordnnce with th0 

d0linit ion (1'\.ti). we haw (Qfp*)* 'c Q*rp. As a result, fm·mula (8.2) 
becomes 

p 

(<pi Q~> = <Q*<pi1J;> 
A comparison with (SA) shows that 

- ~ 
Q+ = Q* (8.7) 
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?<! 

where Q* stands for the complex conjugate operator of the transposed 
"X 

operator Q. Relation (8.7) shows that the Hermitian conjugate opera-
tor (j+, generally speaking, does not coincide with the complex 
canjugate operator Q*. 

Assume that an operator represents multiplication by a complex 
number: C = c. Let us fmcl the HC'rmitian conjugate operator. By 
(8.5), we have 

ThP operator {:+ will evidently also be a number. Therefore, using 
the property n .9), we can write that 

c <rp 1 '4'> = (C+)* <rpltl,> 

whence it follows that c = (C+)*' i.e. C* = c+. Hence, 

if C = c, then C + = c* (8.8) 

and, consequently, c+ = c*. 
We have defined three kinds of operators that can be correlated 

with a given operator Q: the transpose Q, the Hermitian conjugate 

(or adjoint) Q+ and the complex conjugate Q*. Now let us see what 
t;Onditions an operator must satisfy for its eigenvalues to be real. 
Scalar mult.iplication of holh sides of the equation Q'l!'n = qn'l!'n 
by "Vn yields 

The square of 'l'n is clearly real (for normalized functions it equals 
unity). Therefore, for q, to be real, the left-hand side of the equation 
must be real, i.e. the condition must be observed that 

or with account taken of (7.8) 

('¢nl Q'¢n) c.-, (Q'\(;,J 1Jin} 

A comparison with (8.4) shows that this condition will be satisfied 
if the operator (j and its adjoint operator Q+ coincide. An operator 
for which the equality 

(8.9) 
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holds is called a self-adjoint or Hermitian operator. With account 
taken of relation (8.7), !.he colluiliou for au operator to be I-Iermit.iao 
can be written as 

(8.10) 

We have thus arrived at the conclusion that physical quantities 
must be depicted by self-adjoint. (Hermitian) operators Q for which 
the following relatiou holds: 

(8.11) 

[see (~.4) and (8.9)]. Considering Q on the right-hand side as {)+, 
this relation can also be written as 

(8.12) 

(for soH-adjoint. operators, the "partition'' may be placed at either 
side of the operator). 

Examination of (8.11) shows that the following relation holds 

i qNJ\jJ dV = J 1j:Q*<p* dV (8.13) 

which can also be considered as the definition of self-adjoint opera
tors. 

We shall show that the eigenfunctions of Hermitian operators 
are mutually orthogonal. Let us write Eq. (7 .3) for the m-th and 
n-th eigenvalues of the quantity Q: 

Q'iJm = qm 'i'm, Q'i'n = qn 'i'nl 
' 

We perform scalar multiplication of the first equation by 'i'n from 
the right, and of the second one by 'llm from the left. The result is 

<Q'i'ml 'i'n) = qm <'i'ml 'i'n) 

';', '-t 'e-"~'J....',' 
Owing to the Hermitian nature of the operator, the left-hand sides 
of these equations arcequal [see (8.11)1. Therefore, subtract iug the 
lower equation from the upper one, we find that 

(qm- fJn) ('¢m I 'ljln) = 0 

whence it follows that when qm =I= qn (in other words, when m =I= 
=1= n1) the scalar product of the eigenfunctions 'i'm and 'i'n is zero: 
('\jJ 111 I 'i'n) = 0, and this is just what signifies that the above-men
tioned functions are orthogonal. 

1 We assume that only one eigenfunction corresponds to each qlr., i.e. dt·· 
«eneracy is absent. 
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It was shown in Sec. 3 that a psi-function is determined to within 
uny eomplex fac.tor·. For a di:-;rrete spectrum, this factor can always. 
be chosen so that the square of each of the functions 1j' 11 will Le uuity. 
Consequently, the s~·stem of eigenfunctions will be orthonormal. 
We lwve thus proved formula (7.10). ln the following, we shaU 
assume that the eigenfunctions of a cliscrete spectrum are normalized 
to unitv. 

Finaliy, we :-;hall 11~e Ill!) propl'rly of l'igenfunetions being ortho
normal to prove relation (7.5). Let us substitute expression (7.4} 
into the condition for the normalization of a psi-function [see (4.2)1,. 
taking into account (7.10): 

1 = i \jl*\jl dV = i ( L>'~'!J~) ( 2; Cn'!Jn) dV 
m n 

=--" .:2: C~Cn (ll'm I ~1n) = ~ c~cn8mn = ">' I Cm 12. 
m, n m. n m 

Q.E.D. 

9. Matrix Representation of Operators 1 

The equation 

(9.1) 

can be wlitten in the matrix form. To do this, let us expand the 
functions f and ~ in the eigenfunctions '¢1[> of an auxiliary opera-
tor 11 and assume that the system of functions '\(;);' is orthonormal, 
i.e. 

"We thus assume that 

where 

(9.2} 

(9.3}. 

(9.4) 

(9.5} 

[see formula (7.11)1. 
With a fixed choice of the functions '\j.'~)' the function ~ wi1l be· 

determined by the set of coefficients an, and the function f by the set 

l Before beginning to read this section, our reader is invited to acquaint 
himself with Appendix VII of Vol. 1. 
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-of coeffidents b,. 1 • Therefore, say, the function cp can be represented 
.as a column (i.e. as an oo X 1 matrix) 

(9.6) 

-or ns t1 row (i.e. m:; n 1 X oo matrix)~ 

cp = (al a2 ... an ... ) (9.7) 

The same also holds for the function f. 
Let us substitute the expansion~ (9.3) and (9.·'±) into Eq. (9.1), 

having in view that an and bk are numbers on which the operator Q 
<loes not act. The result is 

~ bk ¢~> = L anQ¢~> 
h n 

Scalar multiplication of both sides of this equation by ¢~> yields 

'\' b,. <¢<r> I ¢j;>) = 2: a (•h(r) I Q~ ,!,(T)) ir m n n ~m ~n 

By formula (9.2), the coefficient of b,. is 8mk· Therefore, the sum 
<>n the left-hand side equals simply bm, and we arrive at the relation 

(9.8) 

where the symbol Qmn stands for the following expression: 

Qmn = ('lJ~) I Q1Jl~>) = J (1p~>)* Q1p~> dV (9.9) 

Equation (9.1) establishes a rule by which Llic fuuction cp is trans
formed into the function f. Equation (9.8) establishes a rule by which 
.a set of the cvefficients an (representing the function cp) is transformed 
into a set of the coefficients bm (representing the function f). 
Consequently, Eq. (9.8) is anoll~er form of writing Eq. (9.1). The 
codlicienls a,. rPpresent ill this e<.juation the funct iou cp, and the 
coefficients bm rpprescnt the function f. The set of qHantities Qmn 

1 Similarly, with a given basis (i.e. system of unit vectors e,.), the vector a 
is determined by a set of the numbers a,.-its components. 

2 To simplify printing, we designate matrices not by double bars at their 
sides (as we did in Vol. 1), but by parentheses (in Vol. 1 we designated tensors 
in this way). This will not result in any confusion because no tensors will be 
-encountered in the present volume. 
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represents the operator Q. This set can be written as a square matrix 
with an infinite number of rows and columns: 

(
. Ou Ou • • • Otn · · • ) 

~ Ou Ozz · · · Ozn · · • 
Q = ........... . 

Omt Oma • · • Omn • • • . . . . . . . . . . . . 
(9.10) 

The matrix relation between the functions f and q> can be given 
a form whose appearance is also similar to Eq. (9.1). For this purpose, 
we shall show that the expression 

( b, ) Ou Otz · ...... l ( at 
bz Ozt 022 · . . . . . . l ~· . . . . (9.11) 
bm Omn ·· · an • ...... 

J J : J 
.I.: . . . . 

where the right-hand side is the product of two matrices, is equiva
lent to formula (9.8). 

According to the rule of matrix multiplication [see Vol. 1, formu
la (VII.28)J, the elements ~mk of the matrix B are obtained from the 
elements l'mn and ank of the matrices r and A being multiplied 
(B = fA) with the aid of the formula 

(9.12) 

If the matrix A has only one column with the elements CGn1 = an, 
formula (9.12) gives the values· ~m1 = 2j l'mnc.Gn for the elements 

n 
of the matrix B. Consequently, the product. matrix is also a coJum:n 
with the elements ~m1 = ~m• and · · · · 

(9.1~~ 

Taking an, Omn• and bm instead of CGn, Ymn• and ~m• respectively, 
we arrive at Eq. (9.8). We have thus proved the legitimacy of the 
matrix representation (9.11). . ~ .r 

Hence, the operator Q can be written in the form of the matrix 
(9.10) whose elemf'nts are evaluated by formula (9.9). These ele-
ments depend on the choice of the "basis", i.e. the auxiliary operator fl. 
whose eigenfunctions are used for expansion of the functions q) 
and f. The coefficients of the expansion of the functions q> and ·y 
also depend on the r.boiceJQLR. The set of coefficients an, the set 
of coefficients bm, and the matrix Om" are said to be, respectively, 
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the r-representation of the function cp, the function/, and the opera
tor Q. lf R is a coordinate operator, we speak of the coordinatP repre
SPntatioH of the functions and operator. If 71 is a momentum opera
tor, we have a momentum representation, and so on. \Ve must note 
th<1t all the operators and functions in any relation always have 
to he taken in the same representation.· 

If we take the eigenfunel ions 'ijl.q> of the operator Q itselt" as !.he 
functions 'ljJ" iu formula (\Ul), we obtain au operator in its own 
representation (eigenr('presentation). Since here the functions that 
are used to calculate the matrix elements by formula (9.9) satisfy 
the eq11ation OIJln = qn'IJln, the following simplification can be made: 

(9.14) 

The result obtaiJwd signifies that the matrix of an operator in its 
eigPnrept"l'sPnlntion is dingonal, the diagonal clements coinciding 
w i I h t.hl' eigcn values of I he opera lor: 

( 
q1 0 0 ... ) 

(Qmn} = 0 q2 0 . • . 
0 0 q3 ... 

• 0 •• 0 0 

(9.15) 

1f the operator Q is taken in its eigenrepresentation (the functions 
(jJ and f must also be taken in the q-representation), relation (9.8) 
is simplified as follows: 

(0.16) 

This result signifies that the coefficient. hm is obtained from am 
hy multiplication by the relevant diagonal clement of I he matrix 
determining the operator in its eigemepresentation. 

Let us take the eigenfunction '!Jli' of the operator R as fP in 
Eq. (9.1): 

f = Q'lj;)[' (~.17) 

Therefore, by (9.2) and (9.5}, we l~ave an = 61111 • Subslilution 11f thi~ 
value into (9.8) yields 

bm = ~ Omnflall = Omk 
n 

Consequently, with a view to (9.4}, the funct.ion (9.17) can be written 
as 

Q- ,,,(r) = '\1 Q(r) ,,,(r) 
'Yk - Mll't'm .. (9.18) 
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[we have used the superscript (r) on the matrix element to stress 
that it is calc11lated in the r-reprcscntationl. 

Helation (9.18) can have the interpretation that I Omh 1~ deter
mines the probability of the system whose ~lnte is described by the 
function Qrr';[' being in the state '1)~'. In other words, I Omh f giYes 
the probability of the fact. that the system as a t'esnlt of the arlion 
described hy the operator Q \\'ill pass from the ~tate ll'l." to lhC' ~tate 
~·~l. Act;ordingly, Om 11 is said to DL' the matrix dement cotTcspond
ing to a transition from the state k to the state m. 

We shall set out a few definitions relating to matrices. The matrix 
A is said to be the transpose of the matrix A if the relation 

(9.19) 

is observed. 
l-Ienee, llw transpose of a matl'ix is ohtaiucd J'rom the iuitial 

oue by iulerdwuging the rows with the columns. 
The matrix A* whose elements are the complex coujugates of the 

elements of the matrix A: 

(A *)mn = (A mn)* (9.20) 

is said to he the complex coujugatc of the matrix A. 
A matrix A+ whose clements are determined with the aid of th& 

rule 

(9.21) 

is called the Hermitian conjuga!c (or adjoint) of the matrix A. 
Consequently, the matrix A+ is oblai11cd from the matrix A by the 
consecutive carrying out of the operations of transpo~i t ion and 
complex conjugation. Helation (9.21) is similar to relation (8.7) 
delining a Hermitiau roujugatc operator. 

Finally, the matrix Amn satisfyiitg the condition 

(9.22} 

is t;al1cd self-adjoint or Hermitian !compare with (H.\)) rtnd (~.lU)J. 
Hence, in <l Hermitian matrix, 1he elements of the transpose matrix 
coincide with the complex conjugate clcml•nts of the initial matrix. 

We shall show that the definition (9.21) of a Hermitian conjugate
matrix agrees with the clefinition (8.7) of a Hermitian conjugate 
operator. In accordance with (9.9), (8.7), ~tnd (8.3), we l1aYe 

A~n = Nm I ¢nA+) = (¢nA+ I 'i'nt)* = <'i'n I A¢m)* =A:'" 

Consequently, taking the definition (8.7) as the initial one, we, 
have arrived at the definition (9.21). 

3* 
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Lrt us find the matrix Pxpression equivRlent to the scalar product 
of two func\ ions (cp 1'4:). We expan.dl110~~f~_g_ns in the fig~nfunc
tions ~-~~ of au operator R: 

SuLslilulion of these exprC'ssions into formula (7.9) yields 

(cp I \j;) = (Lam 'I'm/ '5; bn'!'n) = L a;';.bn <'i'm I 'i'n} 
m n m,n 

~ a~,li 11 0m 11 • "\; ai,h, (9.2:3) 
m, n fl 

[see (7. 10) 1. 
In the r-representalion, the functions cp &nd 1}1 are determined by 

the matrices 

To obtain expression (9.23), we must multiply the matrices A+ 
and B. lndcrd, a·~cording to the rule of matrix multiplication, 
we obtaiu 

( * * ) ( : 1 
) - "" a*b a1 a2 . . . ' :2 - ~ n n 

\\7c havC' thus arrived at the formula 

(q>l'iJ}=A+B (9.24) 

The Hermitian conjugate matrix in formtila (9.24) corresponds to 
the l~om plex couj uga t c function fP in the in Iegrand in formula (7 .7). 

Let u-:; fmd a matrix expression for the mean value of the quan
tity Q. For this purpose, we shall expand the psi-function of Lhe 

stale being considered in the cigcnfuncl ions of an operator R (~. 
we shnll take the psi-function in the r-representation): \jJ = Lj ch"¢)."), 1 

and introduce this expansion into formula (7.14): 

/~ I-~ " ~ * -(q) = '- _ Cm~'m Q.;:,... Cn'iJn/ = .;;..: CmCn Nm I O'i'n} 
m n m,n 

The exprPssiun (1J'm I Q'h, l is a matrix element of the operator Q 
in the r-representation. Consequently, 

(9.25) 
m, n 

The formula obtained is the matrix analogue of form11la (7.14). 
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If we take the operator Q in its eigenrepresentation (the psi
function too must be taken in the q-represcntation), the matrix 
elements will be Qmn = qn8mn [see (9.14)1 so that formula (9.25) 
becomes 

(q) = ); c~qn{jmnCn = ~ C~qmcm 
m, n m 

This coincides wilh r-xpro~.o;;ion (7,4.1t_1 l ~ 1 
Finally, let us _see hl!_\Y _ yve can\lsoly~ the pquation; Q1~ = q~) in 

lhe matrix form, i.e. ho~v, _knowing the matrix Qmn in the r-repre
SC'nl a t.ion, we ca 11 f111d the cigcnva lues q,. and l.ltc oigcn functions (in 
Lite r-r·eprescnlalion) ol' lhe qu~111lily Q. W1: subs! il.ult! fm· 'I; (x) 
in the equation its expansion in the eigenfunctions 'i'n (x) of the oper-
ator R: 

Scalar multiplication of this relation by 'I'm (x) yields 
)1 ~ ,, 
.:....1 Cn (\jlm l Q\jln) = q L; Cn ('IJm l 'iln) 
n n 

The multiplier of c" on the left-hand side is Qm71 -a matrix eletnent 
of the operator Q in the r-representation, and the multiplier of c,. 
on the right-hand side is 8mn· Consequently, 

~ cnQmn = q 2: Cn{jmn = qcm (9.26) 
n n 

Taking consecutively m = 1, 2, ... in (9.2li), we obtain a system 
of an infinite number of linear homogeneous equations with an infi
nite number of unkuuwns c1, c2 , .•. (the matrix Qm, is assumed 
to be given): 

(Qu-q)ct+QtzCz + ··· +QtmCm 

Q21C1 + ( Q22- q) Cz -f- · · · + QzmCm 
+ 
+ 

=01 

=0 I 
..... ~ (9.27) 

QmtCt :- ~~2.c2 . .. :. : • .• :-.(~~m.~ q! ~m. ~ .• •. •. ~ ~ J 
It. was shown in Appendix VIII of Vol. 1 that a system oi linear 

homogeneous equations has a non-zero solution only if the deter::ni
nan t of the system is zero: 

Qu-q Qtz 

Q21 Qzz - q · · · 02m 
(9.28) 

• · · Qmm-q · ·· 
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Relation (9.28) is an equation of an infmitely g..reat d(lgree in the 
unknown q. It shotdd be considered as the limit of an expression of 
the form of (9.28) written for thE' finite number-N of rows and columns 
ohtainpd when_K__ten~~infinity. It is natural that Eq. (9.28) has 
a meaning only if such a limit exists. 

Equation (9.28) has an infinitely large number of roots: q 1 , 

q2 , ••• , lJm, .... They are the values of qat which non-zero values 
of the coefficients c1, c2 , ••• , en, ... are obtained that determine 
'lj~ (.r) in the r-representation (in which the Qmn's are given). Conse
quently, the roots of Eq. (9.28) are the eigenvalues of the quantity Q. 

Introducing q = q1 into the system (9.2i) and solving it for the 
unknowns c,, let us find the set of coefficients en that determine the 
eigenfunction of the operator Q corresponding to q = q1• Introducing 
q = q2 into (9.27), we find the set of coefficients determining tho 
SE'cond £>igrnfunctinll, and so 011. \Vp sl1all tliu:-; solve tile prohll'm 
of fimling the eigenvalues and eigenfunctions of the operator Q set 
by the matrix Qmn· 

Jf the matrix Q"'" is determined in its eigenreprescntation, all 
the uon-diagonaJ elements will vauish and Eq. (9.2K) will become 

Qu-q 0 0 

0 Qz2-q 0 
=0 

0 0 Qmm-q ... 

The roots of this equation are evidently '11 = Q11 , q2 = Qzz, ... 
. . . , qm = Qmm• ... , so that we arrive at an already known result: 
the diagonal clcmeuts of a matrix writ.tcu in its eigcnrepresentation 
equal the eigenvalues of the given quantity. 

Hence, to give a diagonal form to the matrix Qmn• we must com
pile Eq. (9.28) and find its roots. The latter will be the elements of 

1the,matrix after it lws been reduced to the diagonal_forll_l [se?- (9.1_:-i)]. 
Comlnuliug operators IHIVe a commou system of c•gcnluuct•ons 

(:-:e1• llie following ~Prlion). TIH~rel'on~, their matricrs ('.lilt hr n•d11red 
simultaneous]~~ to a dingouaJ for·m. 

10. The Algebra of Operators 

Linear operator<; can be added and multiplied. In the following, 
to avoid repetition, we shall omit the word "linear", but shall always 
have in mind lim·ar operators. 

The sum o£ the oper1ttors A and B is defined to be the opera! or 
C = A + fi determined by the condition 

(10.1) 
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Substituting expression (10.1) into formula (9.9), '"'~get the relation 
between the operators A, B and C in the matrix form: 

Cmn = Amn -t· Bmn (10.2) 

This relation agrees with the rule of matrix addition [see Vol. 1, 
formula (VII.25)). 

The pmdud of the operalm·s .4 and iJ is dPiir,pd to hl' thl' opl'l"ator 
ii = A~B determined by the condition 

(10.3) 

(to obtaiu the funct.ion llcp, we must find the fuuct ion ii(r and t hl'n 
act on it with the operator A). By formula (9.8) 

(10.4) 

where "ljl" is the eigenfunction of thP operator ii. 
Like any other fnnc.tion, the function B111,. can be expanrled iuto 

a series in the eigenfunctions 'IJ'h of the same operator ](, i.e. repre
sented in the form B"IJln = ~~ ch'\h; for the coefficients c", formula 
(i.11) gives the value c1, = ('lhl !J~-11 ). The latter expression is the 
matrix element B 1m of the operator B in the r-representation. Con
sequently, 

B~.h - '\'· B •h 
't'n- ,;;_· hn 't'l! 

k. 

Substitution of expression (10.5) into (10.~) yields 

(10.5) 

/ I ~ { ', ) " "' ~ "' llmn = '- 'i'm A ~ Bhn'Ph / =.:....; Bhn (~lm I A~1 1!) =- BhnAmh 
h h k. 

Finally, interchanging the places of the multipliers, we arrive at 
the formula 

(10.u) 

that agrees with the ntlc or matrix multiplicaliou. 
In accoNlancc with the definition of a product of operators, by the 

square of an operator Q2 i~ meant tk twu-fold. aglOILOf the opera-
tor Q on a function: . -- · 

--·---··-· ............. . 
(10.7) 

The higher powers of the operator 3re determiued in D similar way. 
Let us find the operator that is the transpo~e of the product of 

the operators fi =' .4 B. Using the definition (8.2) of a transposl.' 
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operator and the property (7 .8) of thE> scalar produc.t of two functions, 
we can write the following train of transformations: 

- -
<cp 1 AB'P> = <(B'IJ)* 1 A cp*> =<A cp* 1 (B'IJ)*>* 

= <<] cp*)* 1 B1JJ> = <'IJ* 1 i3 (A cp*)> = N* 1 ilcp*> 
At the same time by definition 

(cp I ii ¢> = <¢* I ll<p*} 

A comparison of the relalions obtained ~hows that 

AB=BA (10.8) 

i.e. an operator that is the transpose of the product of two operators 
equals the product of the transposes of the multipliers written in the 
opposite order. 

A similar relation holds for the transposed matrices. By (10.6), 
a matrix element of the product AB ot the matrices A and B equals 
(AB)mn = 2j AmllBhn· Taking advantage of relation (9.19), we can 

k 
write 

,-.J - - - - --

(AB)mn = (AB)nm = ~ Ani!.Bkm = ~ AknBml!. = ~ Bm~tAkn = (BA)mn 
k k k 

whence 
,-.-1 --

AB =BA 

By formula (8.6), we have 

(ABcp)* = (AB)* <p* 

At the same time 

(AB cp)* = lA (Bcp)l* =A* (Rep)*= A* B*cp* 
A comparison of these expressions yields 

(AB)*=A*B* 

(10.9) 

(10.10) 

Finally, let us find the operator that is the Hel'milian conjugate 
to the operator AB. Treating AB as a single operator, we can write 
relation (8.5) as 
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But if we have in view that AB'I!J = A(B'I!J), we can write 

<cp lAB'I!J>=<cpA+ IB¢>=<(cpk)ih ¢>=<cpA.+.B+ I¢> 
A comparison of the two relations shows that 

(AB)+ =A+B+ 

41 

(10.1f) 

The result obtained signifies that whereas before taking the conjugate 
the function is first acted upon by the operator B 8nd then the result 
obtained is acted upon by the operator A, after the conjugate has 
been taken, the function is lirst acted upon hy the operator A+, 
and then the result obtained is acted upon by the operator B+. 
Consequently, conjugation changes the order in which the operators A 
and B act. This also holds for more than two multipliers. 

Let us take an operator of the form CQ, where the operator C is 
simply multiplication by the number c. By (10.11), we have (CQ)+= 
= 6+{)+. It was shown in Sec. 8 [see (8.8)1 that if C = c, we have 
c+ = C*. With a view to this circumstance, we can ·write the rela
tion 

(10.12) 
Particularly, 

(10.13) 

Let us find the matrix that is the Hermitian conjugate of the prod
uct of the matrices A and B. By (9.21), we have 

(AB)~n = (AB)~m = (~ AnkB km )* = ~ A~kB:m = ~ Bir.~tAtn 
k k k 

The result obtained signifies that 

(AB)+ = B+A + (10.14) 

A matrix that is the Hermitian conjugate of the product of two mat
rices equals the product of the Hermitian conjugate matrices taken 
in the opposite order. 

We are now in a position to explain why a Hermitian conjugate 
operator should be written at the right of the function which it acts 
on. For this end, let us turn to Eq. (9.8) descrihing the transforma
tion of the function cp into the function f under the action of the 
operator Q. We can write this equation as follows: 

(10.15) 

The subscript "1" indicates that the matrices a and b have only one 
column each. 
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Relation (10.15) can be written as 

b = Qa (10.16) 

where b, Q, and a are the relevant matrice~. Let us write a relation 
-that is the Hermitian conjugate of (10.16), using formula (10.14): 

!J+ "'" (Qa)+ = a+Q+ (10.17) 

When taking the Hermitian conjugates of matrices, the columns 
are interchanged with the rows, and, in addition, the matrix ele
ments are replaced with their complex conjugates [see (9.21)1. Con
·sequently, the matrice:; b+ and a+ have only one row each. Writing 
the matrices appearing in (10.17) as array~, we obtain 

(b* b* b* ) ( * * * ) QTz Q~2 .. · (10 18) ( 
Q!i Q~l .. ') 

1 2 .. · m ... = a1 az ... an. . . : : : : : : • 

Here the matrix with the elements Q~n represents the operator Q+. 
It is uot difficult to see that the correct result can be obtained 

--only if the matrix Q+ in expressions (10.17) and (10.18) is at the 
!right of tho matrix a+ (recall that in the multiplication of matrices, 
a row is multiplied by a column). Hence follows the rule according 
to which the operator Q+ must be written at the right of the function 
·which it acts on. 

The product of operators, generally speaking, is non-commuting: 

AB =1= BA 
'This can be VP.rified, taking the example of the operators A= olox 
and B = x. Indeed, 

~A a alP } (A B) cp = 8x (xcp) = xa;- + cp 
A ~ a<p (10.19) 

(BA) q>=xax 

~ Operators A ann fj for which the condition 

.4.8 =sA. (10.20) 

is observed are saict to be commutative, or to commute with each 
-other. If the condition (10.20) is not observed, the operators are 
said t,o be non-commutative. 

Operators for which 

4.8 = -BA (10.21) 

.are called anticommutative. 
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The operator AB - B.4. formerl. from the operators .4 and B 
is called \!he ~mnmtator o_f ___ the..~iven operators.Janrl. is designated by 
the symbol [A, B]. Hence, 

(10.22) 

By (10.19), we heve 

[ ~ x] =_!_X-X~= 1 ox I ox OX 

This signifies that by acting on a function c:p with the operator 
l&Jox, xl, we have again obtained the same function 'f· An operator 
that leaves a function undwngcd is called a unit operator. Cons<'
quently, the commutator of the operators i)/i)x and x equals a unit 
operator. 

The commutator of commuting operator!'~ is zero. 
In quantum mechanics, operators are used to depict phys:cal 

quantities. Let us see how the rules for the addition and multiplica
tion of operator~ agree with the cuncepts of the sum and prorluct of 
physical qumttities. 

Assume that two physical quantities Q and R can simultaneously 
have definite values. The psi-function of the state in which the 
quantity Q has the value qr,, and the quantity R, the value rn, must 
satisfy two equations simultaneously: 

Q1Jln = qn 'l\1n 

R'l\'n = rn'l'n 

('10.23) 

(10.24) 

i.e. must be the eigenfunction of both operators. Therefore, the 
operators of two simultaneously measurable quantities have common 
eigenfunctions. Summation of Eqs. (10.23) and (10.24) yields 

(10.2:J) 

Consequently, the eigenvalues of the opemlor Q +If equal the ~urus 
of tlte eigenvnlues ol' the opet·ators Q and Jf. Corrt>spondingly, we 
should uudersland the sum of the quantities Q and H to mean the 
quantity Q + R whose eigenvalues equal the sums of the eigenvalues 
of tlw quantities being added. 

By the product of the simult:.meously measurable quantitie~ Q 
and R is meant the quantity QR whose eige11Yalues equal thr prod
ucts of the eigenvalues of the quantities being multiplied. Accord
ing]~,, designating the operator of the product of the quantities Q 
and R by the symbol ti, we can write 

(tO 26) 
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Let us a~tt otL Eq. (10.24) with the operator Q, having in view 
Eq. (10.23): 

QR'!Jn = rnO'Iln = rnqn'!Jn = qnrn'!Jn (10.27) 

A comparison of the equation obtained with (10.26) yields the expres
sion fl = QR agreeing with the rule (10.3) for the operator of the 
product of two quantities. 

It follows from the above that the operator Q2 corresponds to the 
square of the quantity Q (here Q is the operator of the quantity Q). 
Similarly, tlw opemtor (J• corresponds t.o t.he fJuantity Q'. 

Acting on Eq. (10.23) with the operator ii, we obtain, with ac
count taken of (10.24), 

l~Q'¢n = qnR"¢n = qnrn'ljJn 

A comparison \Vith (10.27) allows us to conclude that QR = ii(j, 
i.e. that the operators Q and R commute. 

The results obtained can be summarized as follows. If two quanti-
ties can simultaneously have definite values, then: 

(1) their operators have common eigenfunctions, and 
(2) their operators commute. 
The statements (1) and (2) follow from each other. We have shown 

above how the statement (2) is obtained from the statement (1). 
Now we shall prow• that the statement (1) follows from (2). 

Assume that the operators A and B commute. Their eigenfunctions 
satisfy the equations 

A•"<a> =a •"<a> 'l'n n't'n 

fl•h(b) = b th(b) 
'+'n n't'n 

(10.28) 

(10.29) 

Let us act with the operator B on Eq. (10.28) und take advantage 
of the fact that the places of A and B may be intPrchanged: 

BA¢~> = a,)1¢~a) ==>-A (BljJ~a>J =an (B\jJ~>] 

The result obtained signifie.:; that the function IB¢~11 >] to within 
the co11s ant factor c eoincides with the eigeufunction of the operator 
A belonging to the eigenvalue an, i.e. that 

B~J~> = c"¢~> 
It follows fmm this equatioll, in turn, that 'IJ;:'' is an eigenfunction 
of the operator B, and c = on. Hence, any eigenfunction 'IJ~ 1 of the 
operator A is also an eigenfunction of the operator B. By acting 
with the operator A on Eq. (10.29) and following the same reason-
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jng, we arrive at the conclusion that any eigenfunction 'ljJ*) of the 
operator l3 is also an eigenfunction of the operator A. We have thus 
proved that commuting operators have a common system of eigen
functions. 

Tn eoncluding, we shall make a few remarks relating lo the ma
trices depicting physical quantities. We have established above that 
the operator QR corresponds to the product of the simultaneously 
measurable quantities Q and R. Accordingly, the matrix of the 
product of these quantities is the matrix of the opet"ator Qll, i.e. 
the matrix determined by relation (10.6): 

(10.30) 

The result obtained signifies that the matrix of the product of two 
quantities equals the product of the matrices of the quantities being 
mulJ.iplied. A(;co,·dingly, the matrix of the square of the quantity Q 
is dettlrmined by the formula 

(10.31) 

11. The Uncertainty Relation 

If the O})erators A and B do not commute, the quantities correspond-' 
ing to these operators cannot have definite values simultaneously.· 
Let us try to establish the ratio betweun tha indeterminacies of the 
values of these quantities. 

To characterize the spread of the results of measuring a quantity, 
we take the standard deviation ot the results of individual measure· 
ments from the mean value of the given quantity. The deviation of an 
individual measurement from the mean value is 

Aa =a- (a) 

L~!__us correlate the followin~: operator with it: 

/'-.._ ~ 

M =A,.-- (a) (11.1) 

(the operator corresponding to (a) is_simply a number). 
The standard (root-meau-:;quare) deviation by definition is 

Y ((~a)2 ). Hence, the task of finding the standard deviation consists 
/". . 

in determining the quantity ((~a) 2 ). If the operator ~A is correlat· 
. /'-.._ 

ed with the .quantity ~a, the operator (~A)2 must be correlated with 
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the quantity (L'1a) 2 (see Sec. 10). By the general rule of evaluating 
mean values, we have 

( 11.2) 

Similarly 
r /'-

<(L'1b)2> = j ¢* (L'1B) 2 ¢ dV (1L3) 

Let us constder the auxiliary integrnl 

r /'- /'- _,A;) 
:J ('I'J) = j I ('t']dA- iL'lB) 'P l'"'dV ;;;;;;. 0 (11.4) 

depending on the arbitrary realA'il;ameter '11· It is evideut that t3is 
integral cannot have negative'values. We shall write it as follows: 

r /'- ,, /' /" /'-
:; (TJ)= j [(1JL'1A-it1B) 'Ill [(TJL'lA* + illB*) ¢*] dV 

We open the parentheses i:1 thP integ-rantl and write the integt·al as 

r /'-. /'- r /'-. /'-
:; (1J} = 'I'J2 j (llA¢) L'lA*¢* dV + i1J j (llA¢) llB*¢* dV 

r /'- /'- r /'- /'-
- i1] j (llB¢)1lA*¢* dV +.I (llB¢) llB*¢* dV 

Taking advant~ge of the c:ircHmstance that the operators are self~ 
coujug-ate, 1et us perform the transformation (8.13) in each of the 

/'-. , . 

integrals, considering the exprec;;sioll of th8 form (llA'Ij.·) a~ one of 
the functions in (8.13). In addition, let us combine the second and 
third integral~. As a result, we arrive at thP f0rmula 

r /'- r /'- /'- /' /" 
:J ('I'J) = nz j ¢* (llA)2 'IJ dV- i1J j ¢* (L'lA L'lB- L'lB llA) ¢ dV 

/ + ) 1p* (~B)2 ¢ dv;;;;;;oo (11.5) 

The first. 1mfl third integrals e~p1al ((L'1a) 2) and ((llu)2 ), re"pectively 
/'- /'-. 

[see (11.2) and (11.3)1. The ~~ommutatM of the operators ~A and L'lB 
if; in the second integrand. To elim~nate i = V 1 iP (11.5), 'let.. us 
rle~ignate thi'l ~ommutator by the :;ymhol iK, i.e. introt!uce the nota
tion 

/'-. /'- /'-. /'- /'-. /'-. ~ 

[~A, llB] = llA llB -llB llA = iK (11.6) 
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/"'-
Let us substitute f'Xpression (11.1) for L\A ann a similar e-;:prcssion 

/"'-
for f..B into (11.f)). We ohtain 

(A- <a>) (B- <b>)- <fi- <b>) (A- <a>>= ;k 
Simple tnmsformations conv3rt the left-hanrl si!le into the commuta-
tor of the operat·.•t·s A and B. Cous~q11ently, 

/" /""- ~ ~ ~ 
[f..A, f..B] =[A, BJ = iK (11.7); 

!'O that we cHn consider iK to be the commutator of Lhe operators .4 
anrl B. U:-ing the notation (11.6), we can write the second tprm of 
formula (11.5) as -

-ill j 'I'* (iK) lJl dV = 11 J lJl*K\j; dV = 11 (k) 

where (k) is the mean value of the quantity depicted hy the opera
tor K. 

With a vi~w to everything sairl ahove, formula (11.:-J) can be writ
ten as follows: 

(i 1.8} 

Let us inve.;;tigate t1·e relation betwePn thf' eoeff!cients at which· 
11 trinomial of the form ax2 + Bx + y (where a > 0) cannot have
negative values at any values of x. For this purpose, we perform the· 
transformatio:1 · 

ax2 +~X+ '( = a (X+ z~ r + y- :~ 
The minimum value of lhis expression is y - ~ 2,'4a (it is achieverl 
at the value of x at which the expression in parentheses vani~hes). 
Consequently, for the trinomial to be non-negative, the following· 
rclat ion must holrl: 

~2 ~2 
y--4 > 0, or ay > -,-a ~ 

Applying the result obta~ned to the trinomial (.11.8), we arrive
at the condition 

whence 
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Relation (11.9) is called the uncertainty relation. A result we 
.already know follows from it, namely, if the operators A and B 
(:Ommute, i.e. if k. = 0, the quantities A and B can simultaneously 
have definite values. 

12. The Continuous Spectrum 

If the operator Q has a continuous spectrum of eigenvalues q, 
the eigenfunctions cannot be numbered. To distinguish these func
tions from one another, we shall label thesymbol of a function with 
a subscript formed by the eige7ue q which the given function 
corresponds to: 

t[lqr..;' '~qw, etc. 

Unlike formula (7.4), the expansion of any function'[' in the eigen
functions of an operator with a continuous spectrum has the form 
.of the integral 

'iJ(x)= J c(q)'iJq(x)-!!_q (12.1) 
..-1 

Integration is performed over the entire ange of values which the 
quantity Q can have. The coefficient c q) is a function of q that 
~etermines the psi-function iu the -r resentation. 

Substituting ~'q' for 'I'm, 'i'q• for '1'11 and accordingly q' for qm and 
q" for qn in the calculations following formula (8.13), we obtain 
the formula 

(12.2) 

from which it follows that the eigenfunctions of a continuous spec
trum, like those of a discrete spectrum, are orthogonal. 

Matters are more complicated with respect to the normalization 
Qf the eigenfunctions of an operator having a continuous spectrum. 

For such ..l.u.E.~ti.9ns_,_ the integral J 'i'N'q dV always diverges (i.e. 

beC.Q.!!!.tS infinite). We shall show this in Sec. 17 taking the eigen
functiorlsOithe momentum operator as an example. 

Functions belonging to a continuous spectrum are normalized with 
the aid of the Dirac delta function (see Appendix VIII). 

When the functions 'i'n of a discrete spectrum are normalized to 
unity, the squares of the magnitudes of the coefficients en in the ex
pansion (7 .4) determine the probabilities of the values qn for the 
quantity Q. \Ve shall attempt to normalize the functions t~q so that 
the expression I c (q) 12 dq formed from the function~ c (q)" would 
determine the probability of the quantity Q having a value within 
the limits from q to q +- dq in the state described by the function 
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(12.1). The mean value of the quantity Q will therefore be evaluat
ed by the formula 

(q)= J I c(q) 12qdq (12.3) 

that is an analogue of formula (7 .12). 
The sum of the probabilities of all possible values of a given 

quantity must be unity. HencP- follows the condition imposed on the 
function c (q): 

J I c ( q) 12 dq = 1 (12.4) 

This formula is an analogue of formula (7 .5). It is also an analogue 
of formula (4.2). 

For the requirement (12.4) to he observed, the functions "¢q must 
satisfy definite conditions. To find these conditions, let us introduce 
the function (12.1) into the condition (4.2) for the normalization 
of th~ function ,1,: 

J { J c* (q') ¢;· dq'} { J" c (q") \j)q• dq"} dV = 1 

Let us rewrite this expression as follows: 

J c* (q') dq' J c (q") { J ¢4·¢q" dV} dq" = 1 ( 12.5) 

We shall show that the expression which we arrive at transforms into 
the condition (12.4) if the integral over dV in braces is replaced with 
the function fJ (q' - q"), i.e. if we assume that 

{lJlq• I'Pq"> = J 'P:·wq-· dV = 6 (q'- q") 

This substitution reduces (12.5) to the form 

J c* (q') dq' J c (q") 6 (q'- q") dq" = i 

(12.6) 

According to the property (VIII.2), the integral over dq" equals 
c (q'), so that we arrive at the relation 

J c* (q') c (q') dq' == i 

that coincides with (12.4). 
Hence, for the expression I c (q) 12 dq to represent the probability 

in the meaning indicated above, the functions \jJq must satisfy the 
condition (12.6), i.e. must be normalized to the delta function. 

We must note that formula (12.6) also includes the property (12.2). 
Consequently, the system of functions satisfying the condition 

4-oue 
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(12.6) r.an be called orthonormalized. Formula (12.6) is a generaliza
tion of formula (7 .10) for a continuous spectrum. 

We can now establish how to find the function c (q). For this 
purpose, we perform scalar premultiplication of Eq. (12.1) by 'l'q•: 

<'f'q· I 'I'>= ) c (q) ('l'q· I '!Jq) dq 

Taking advantage of the condition (12.6), we obtain 

<'lJq· I 'l'> = ) c (g) 6 (q'- q) dq = c (q') 

Finally, suppressing the prime on q, we arrive at the formula 

c (q) . ('flq I 'l'> = ) 'l';'l' dV ( 12. 7) 

This formula is a generalization of formula (7.11) for a continuous. 
spectrum. 

Let us find the matrix form of the operator Q when the auxiliary 
operator ii has a continuous spectrum (the nature of the spectrum 
of the operator Q does not matter). Here the expansion of the func
tions tp and f in the operator equation 

(12.8) 
is· as follows: 

<p = J a (r') 'l'r• dr', f = ) b (r') 'i'r' dr' 

[see (12.1); we have designated the integration variable by r' instead 
of r]. Substitution of these expressions into Eq. (12.8) yield~ 

I b (r') 'Pr• dr' = ) a (r:') Q'Pr' dr' 

We perform scalar multiplication of both sides of the equation by \jl,.: 

J b(r')Nri'Pr•)dr'= J a(r'_>('lJ,.\Q'lJ,.,}d:' (12.9) 

With a view to ,~he normalization condition (12.f?), we transform the 
left-hand side of thE> equation ·as follows: ·., 

~ b(r')(1j.·,.ltr•)dr(=} b(r'·)B(r-r'rdr'=b(r) 

Formula (12.9) can thu!! be written as 

, 1 b (r) = J Qr, ,.,a (r') dr' 

where 

(12.10) 

(t2.tH 
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Formulas (12.10) and (12.11) are a generalization of formulas (9.8) 
and (9.9) for a continuous spectrum. They determine the tran~forma
tiou of the function a (r) into the function b (r) under the action of 
the operator Q. 

Expression (12.11) determines the operator Q in the r-representa
tion. The subscripts rand r' cha~ge continuously. Notwithstanding 
this circumstance, we can formally treat each of the expres!'ions 
Qr, r' a:;: a matrix element of the operator Q, and the set of all the 
values of thesP. elements as a matri:x haYing innumerable rows and 
columns. With such an approach, the right-hand side> of expression 
(12.10) can be interpreted as the profluct of matrices, the subscripts 
of whose elements chango continuously, owing to which summation 
is replaced with integration. 

13. Dirac Notation 

We have alrenrly noted the similarity of the expressions 

'IJ., = ~ Cm'¢m and v = L Vmem 
m m 

The former is the expansion of a psi-function in the eigenfnnctions 
of an operator, and the latter is the expre!'i'ion for a vector in multi
dimensional space in term!' of the unit vectors of the coordinate 
basis and the components of the vectors along the axes. This similar
ity allows us to define the psi-function as a vector in what is called 
the Hilbert infinite-dimensional space. A system of orthonormalized 
eigenfunctions '¢m can be considered in this case as the basis chosen 
in such a space, and the quantities em as the components of the vec
tor 'IJ.l along the axes of this basis. v\'e obtain a definite set of the com
ponents em depending on the form of the basis (i.e. on the choice of 
the system of eigenfunctions, on the cht)ice of the representation). 

This analogy gave Dirac the idea of correlating a state wctor 
with each state of a system. He designated this vector by the !3ymbol 
I ) and by the term ket. For example, the state vector I a) is correlat
ed with the ~tate described by the function '¢o: (x). The subscript a 
called a state index designates a set of values of physical quantities 
or the corresponding quantum nuri1bers that determinP a state. 

To eDch ket vector (for example, to the vector I a)), there is made 
to correspond its conjugate bra vectu.r _designated by the symbol 
( 1 (in our example it is (a I) 1 • To des!gna te the conjugation of these 
vector:", Dirac uoged the "Same symbol"-+-" that is employed to desig
nate HNmitian conjugatP- operators. Hence, the bra and ket vectors 
are related by the expre~sion _ __ 

- <al __ la)+ (13.1) 

1 The terms bra and ket originate from the word "bracket". Having in view 
angular brackets ( ), the vector ( 1 corresponds to the first part of the word 
brad:.,t, i.e. bra, and the vector 1 ) to the last part, i.e. ket. 

4• 
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The state 'llill. can evidently be characterized by either the vector 
I a> or the vector (a 1. 

Dirac defmed the scalar product, of two state vectot·s to be the 
product of the bra wctor of one state and the ket vector of the other 
state. This product i~ written as 

<a I~) (13.2) 

It is a complex number. 
The scalar product (13.2) corresponds to the scalar product of 

two psi-functions. It therefore has all the properties inherent in 
expression (7 .7). Pat·ticularly, 

(a I ~) = {~ I a)* (13.3) 

{see (7.8)\. 
For states whose psi-functions are orthogonal, the state vectors 

are also orthogonal: 

hI~>= o (13.4) 

If (a I a) = 1, the state vector is normalized to unity. 
State vectors can be acted upon by linear operators, the result 

being new state vectors. If a ket vector is acted upon by the opera-
tor Q, the bra vector that is the conjugate of the ket vector must be 
acted upon by the conjugate operator Q+. The action of Q on the ket 
vector produces a new ket vector. The action of Q+ on the bra vector 
gives a new bra vector. In writing these operations, the operator Q 
is placed at the left of the ket vector, and the operator Q~+ at the 
right ot the bra vector: 

I~>= Q I a>, <~ I = <a I Q+ 

\Vhen an operator is Hermitian, we have Q = fr, and the above 
relations now become 

I~>= Q I a>, <~I= <ai Q (13.5) 

Before continuing to set out the algebra of state vectors, we shall 
recall some concepts from the algebra of conventional vectors. The 
vector v in n-dimensional space is determined by its projections 
v1, z.,·-.l, ••• , Vn onto the coordinate axes, i.e. onto the unit vectors 
e1 , e2 , ••• , en forming the basis of the coordinate system (these 
projections are also called the components of the vector). The projec
tion Vm of the vect.or v onto the m-axis equals the scalar product of 
the vectors v and em: 

(13.6) 
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The vector v is thus determined by a set of n numbers: 

(13.7) 

Let us return to state vectors. We take as the basis in Hilbert space 
thP set of statP vectors I qm> correlated with the complete set of 
orthon0rmalized eigenfunctions of the operator Q. By ana logy with 
(13.6), we can find the projection of the state vector I a) onto the 
m-th unit vector of the basis by scalar multiplication oE the state 
vectors ! qm) and I a). The prorlu~t is the complex number (qm I a). 
The set of such numbers 

(ql I a), (qz I a), ... , <qm I a), ... (13.8) 

completely defmes the vector I a~, and, consequently, the function 
'i'a· Therefore, the set of numbers (13.8) is the function 1\Jc. in the 
q-representation. A comparison with the formula~~" (x) = ~ c (qm) X 
X '\(,qm (x) 1 allows 'IS to conclude that 

c (qm) =---= <qm I a) (13.9) 

If the quantity q has a continuous spectrum, the o;;et of discrete 
numbers (13.9) transfot·ms into a continuous function 

c (q) = (q I a) (13.10) 

that. is the psi-function o[ the state a in the q-representation. It is 
very convenient to designate this function in the form of {q 1 ex), 
becau<;e it contains 1->oth the state index a and the representation 
index q. The latter indicates the variables which the psi-function 
depends on. 

If we take the vector& i .T > corresponding to the eigenfunctions of 
the coordinate x as the basis, the funclion (1310) will be a psi-func
tion in the coordinate representation, i.e. the function 1\Ja (x). Con
scqnentl~', in Dirac notation, the psi-function of the statE' a is writ
ten as 

'i'a (x) = (x I a) (13.11) 

If the energy spectrum is discrete, by (13.9) 1\Ju (x) in the energy 
representa1 ion will be determined by the set of coefficients 

c (Em) = <Em I a) (13.12) 

Let us write the eigenfunctions 111Em in Dirac notation in the 
coordinate representation. In ar.cordance with (13.11) 

'¢E (x) = (x!Em} m 
(13.13) 

1 We have designated the coefficients of the expansion by the symbol c (qm) 
instead of cW for formula (13.10) to be obtained from (13.9) by simply discard
ing the subscript m. 
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In the given case, the state is characterized by the energy having 
the value Em· Consequently, this value must be taken as the state 
index a. 

Exl'lmination of (13.3) shows that '¢En (x) = <En ! x). Therefore, 
the property of orthonormalization of the functions '¢E" is written as 

+oo 
J {Enlx){x1Em)dx=6nm (13.14) 

-oo 
(we are considering a one-dimensional case for simplicity, which is 
why we have substituted dx fot dl'). 

The psi-fundion of the state t:t in the Px·representation has the 
form 

c (Px) = <Px I a) 

A comparison of the formulas obtained with (7 .11) and (12.7) 
leads to the conclusion that the product. of two state vectors coincides 
with the scalar product of the relevant psi-functions, for example 

(13.15) 

Let us write a matrix element of the operator Q in the r-representa
tion. If the ket vector I rn> is correlated with the function ,Yh'\ 
the state vector Q I rn) must be correlated with the function Q'¢h">. 
Finally, the scalar product. of the state vectors I rm> and Q I rn> 
will correspond to the scalar product of the functions '¢!:;1 and Q'¢h">. 
Therefore, the quantity (9.9) will be written in Dirac notation as 
follows: 

r (13.16) 

For a Hermitian operator, this expression can be interpreted either 
as the product of the bra vector <rm I and the ket vector Q I rn>, 
or as the product of the bra vector (rm I Q and the ket vector I r,.) 
(see (43.5)]. 
· When there is no need to indkate the representation being used, 
expression (13.113) can be written in a simpler form: 

Qmn = (m I Q I n) · (13.17) 

Finally, let us find the Dirac form of writing relation (9.8). Recall 
that this relation expresses the operator equation f = Qq> [see (9.1) l 
in the matrix form. Let uc; correlate the vector I a) with the function 
c:p and the vector I ~) with the function .f. Now the coefficients deter
mined by formulas (9.5) can be written as 

an = (r n I a), b m = (r m I ~) 
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Using these expressions, and also expression (13.16) in formula 
(9.8), we obtain 

(13.18) 

This is exactly formula (9.8) in Dirac notation. It can be written 
in a simpler form: 

(mj~) = ~ (mlQln> (njcx) (13.19) 
n 

Formulas (13.18) and (13.19) determine the transformation of the 
vector 1 ex) into the vector I ~) under the action u£ the operator Q~ 

14. Transformation of Functions and Operators 
from One Representation to Another 

Let us find the general rules for transforming psi-functions and 
()perators from one representation to another. These transformations 
are performed with the aid of what is called the unitary matrix S 
()1' the unitary operator S, and in this connection they arc said to be 
unitary transformat.ions. 

Let us take the> psi-function 'ljla (x) of a state (:c stand!-~ for the set 
of coordinates x, y, z, and ex is the state index). \Ve shall consider 
two different representations of this function, whkh we shall call 
the a-repre3entation and b-representat:on. We shall first consider 
for simplicity's sake that the operators A and B corresponding to 
these representations have discrete spectra of the eigenvalues an 
and b11 • 

In the a-representation, the function 'ljla; (x) is determined by the 
set of coefficients 

(14.1) 

{see (7.11)], where 'ljJ~> are the> eigenfunctions of the operator A. 
The numbers c~> are the coefficients of the expansion of 'h (x) 
in the functions 'ljJ~> (x): 

'ljla; (x) = 2J c~l1p~l (x) (14.2) 
m 

Similarly, "¢a; (x) in the b-representation is determined by the set 
of coefficients 

(14.3) 
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where '¢~l (x) are the eigenfunctions of the operator B. The numbers 
c~l are the coefficients of the expan!'ion 

'i'cx (x) = ~ c~bllp~l (x) (14.4) 
n 

We must note that the function~ 'i'et. (x), 1p~> and ljJ~> in formulas 
(H.t)-('14.4) are psi-functions in a r.oordinate representation. If 
matters were different, these functions could not be integrated over 
V (dV ~= dx dy dz). 

Our task is to eslal'li:>h the rule with whose airl the set of coeffi
cients c~l transforms into the set of coefficients c~l. The transforma
tion of the components vm of the vector v along the axes of the basis 
formed by the unit vectors em into the components v~ of the same 
vector along the axes of the basis formed by the unit vectors e~ 
is a similar problem. This transformation is known to have the form 

( 14.5) 

where CXnm = e~em [see Vol. 1, formulas (VI.36) and (VI.37)]. The 
vector v in the basis representations em and e~ is determined by the 
expressions 

v = ~ Vmem and v = ~:v~e~ 
m n 

(14.6) 

A comparison of expressions (14.2) and (14.4) with (14.6) leads us 
to the conclusion that the systems of eigenfunctions ljJ~l and 1p~> 
can be treated as different bases used for the representation of the 
function lPcx (x), and the sets of the coefficients c~> and c~> as the 
components of this function along the axes of the relevant basis. 

To establish the rule for transition from t.he coefficients c~> to 
the coefficients c~bl, we expand each of the functions '11~> into a series 
in the functions l\i~>: 

>i·(a) = "5: S ,r,(b) 
'1m - nm'Yn 

n 
(14. 7) 

In accordance with the general rule expressed by formula (i .11), 
the coefficients of the expansion designated by the symbol Snm are 
determined as follows: 

(14.8) 

[now we can see the expediency of the sequence of the subscripts 
on S that we adopted in formula (14.7)1. 

Let us introduce expression (14.7) for \jJ~ 1 (x) into formula (14.2): 

'Pa (x) = 2: c~l .2: S nm ljJ~l (x) = ~ ljJ~l (x) ~ S nmc~> 
m n n m 
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A comparison of the expression obtained with formula (14.4) allows
us to eonclude that 

c<b> = ..._, S c<a) n ~ nm m 
m 

In Dirac notation, this formula is written as follows: 

(bn Ia) = ~ (bn lam) {ami a) 
m . 

[see (13.15)]. 

(14.9). 

(14.10} 

Formula (14.9) gives the required rule for a transition from the
a-representation to the b-representation. The coefficients of the· 
transition determined by expression (14.8) form the matrix S with, 
an infmitely great number of rows and columns: 

(
'!Jib> I 'l'~a>) <'Ill b) I 'r~a)) .. : ) 

S (•Hblt•h(a)) (•h(b), 1Ho)} = 't'1 't't 't'2. t2, ••• 

··-···-------. . . . . . . . . . . . . . 
(14.H)o 

We must note that formula (14.9) is similar to formula (14.5),. 
the matrix elements Snm playing the role of the coefficients CGnm 
in the transformation. In this connection, a transformation carried 
out by the matrix S is said to correspond to "rotation" in Hilbert 
space. 

The transformation (14.9) can be written symbolically as 

(14.12} 

where c<bJ is a col11mn matrix with the elements c~>, and c<0 l is a· 
similar matrix with the elements c~>. 

It is obvious that the inverse transformation (i.e. the transforma
tion from the b-representation to the a-representation) is determined 
by the formula 

c<a> = S'c<b>. 

whE>re S' is a matrix with the elements 

S~m= ('il~a)j1~~)) 

(14.13} 

(14.14)· 

[compare with (14.8)1. Introducing (14.12) into (14.13), and then: 
(14.13) into (14.12), we obtain two relations: 

c(a) = S' Sc<a), c<b> = SS' c<b> 

from which it follows that the product of the matrices S and S' ~ 
re£!'ardless of the order of the multipliers. must eoual the unit (identi-
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-ty) matrix I '[the elements of such a matrix equal l>mn; see Vol. 1, 
:formula (VII.24)J: 

S'S=I, SS'=I 

"The matrices S and S' satisfying these relations are said to he the 
•inverse of each other [see Vol. 1, formula (VIL38)J. The inver'3e 
.matrix of S is customarily designated by the symbol S-1 • Hence, 
the matrix S' is the matrix S-1 • By (14.14), we have 

s;~ = N~>I'IJ~>> = <'IJ~>I'!J~>>* 

A comparison with (14.8) shows that 

S-t=S* =S+ nm mn nm 

We have thus established that the matrix S transforming a psi
iunction from one representation to another has the property 

s+ = s-1 (14.15) 

:Since S+ =1= S, the matrix Sis not self-conjugate. Matrices satisfying 
the condition (14.15) are called unitary. This condition can be trans
formed by multiplying both sides of the equation by the matrix S. 
lienee, taking into account that S-1S = I, we obtain 

s+s =I (14.16) 

The operator S satisfying the condition 

(14.17) 
'is also called unitary. 

With a view to everything said above, the formula for the expan
sion of the function 'lj;~> (x) in the functions 'ljl~a> (x) can be written as 

'if~> (x) = ~ S;~'IJ~a) (x) = 2J S;fm'I!J~> (x) (14.18) 
n n 

·[compare with (14.7)]. 
Now let us go over to establishing the rule for the transformation 

-of operators from one representation to another. We take any opera· 
tor Q. in the a-representation, it is depicted by the matrix 

Q~~ = ('IJ~>jQ~J~a)) (14.19) 

.and in the b-representation by the matrix 

(14.20) 

Let us writ-e the expansion of the functions 'ljl~ 1 and 'ljJ~ 1 in the 
iunctions :¢!.a' .and 'ljlja'. In accordance with (14.18) 

¢<b)= 2J s+ 'll(a} 'ljJ(b) = L S+'IJ(a) 
m It ltm It ' . n l ln l 
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Substitution of these expressions into formula (14.20) yields 

Q<b> = (~. s+ • .,<a>IQ~ ~. s+.l,<">> 
mn li hm't'k / ln'tl 

= ~ (S+ )* s+ (•b<a>IQ~ 'l)<a>> ="" s kQ<a>s+ 
- km In 't'k l - m hi In 
k,l h, l 
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First we used the property (7.9), next the rule (9.21), and, finally, 
we took into account expression (14. HJ). We write the result ob
tained as 

Q<b> = ~ S It >; Q<a>S+ 
mn It m l Ill In (14.21} 

The sum over l is the k, n-th matrix element of the product of the 
matrices Qlt~ 1 and Stn· Let us designate it by the symbol [Q<a>s+Jitn· 
Hence 

This expression is the m, n-th element of the product of the matrice!l 
Sand [Q<">S+]. Therefore, designating the matrix with the elements 
Qlf:~ by the symbol Q<">, we can write that 

Q<b> = SQ<a>s+ (14.22) 

Formula (14 .. 22) defines the required rule for the transition from 
the expression of the operator Q in the a-representation to the expres
sion of the same operator in the b-representation. The transition is 
performed with the aid of the matrix S [see (14.11)1 and its conjugate 
matrix S+. The inverse transformation has the form 

(14.23) 

This formula can he obtained by premultiplying relation (14.22) 
by S+, postmultiplying it by S, and taking into account that S+S = 
= S-1S = fl. It is a simple matter to see with the aid of the rule 
(9.12) that for any matrix A the relations !A =AI =A hold. 

Hence, an operator is transformed from one representation to 
another with the aid of the unitary transformation (14.22). V\'e know 
that when a matrix of an operator of a physical quantity is diagonal, 
the diagonal elements equal the eigenvalues of the given quantity. 
It thus follows that the task of determining the eigenvalues of any 
operator Q consists in finding the unitary transformation S that 
gives the matrix Q a diagonal form. This is done in practice as was 
shown at the end of Sec. 9. 

1 The product of matrices is associative. This signifies that ARC = A (BC) = 
= (AB)C. 
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For each matrix relation, there is a similar operator relation. 
Consequently, by introducing the unitary operator S corresponding 
to the matrix S, we can write formula (14.9) in the form 

(14.24) 

where lj.l<a> is a function in the a-representation, and 'Pcb> is the same 
function in the b-representation. 

Formula (14.22) can be written in the operator form as follows: 

(14.25) 

where Q<a> is the operator of the quantity Q in the a-mpresentation. 
and Q<b> is the operator of the same quantity in the b-representation. 
\Ye stress lhat the operators tJca> and Q<b> depict the same physical 
quantity Q. The same quantity will be depicted by an operator 
in any representation other than the a- and b-representations, a 
transition to which is achieved by means of a unitary transformation. 
Consequently, not one, but a multitude of operators between which 
there are relations of the form of (14.25) correspond to every physical 
quantity. It is clear that the properties of a physical quantity (its 
realness, spectrum of possible values, and so on) cannot depend on 
the choice of the representation, i.e. should not change in the unitary 
tran'-formation ('14.25). 

L?t us find the Hermitian conjugate operator of the operator (14.25). 
Having in mincl that. an operator which is the Hermitian conjugate 
of a product of operators equals the prodllct of the Hermitian ~onju
gate factors taken in the opposite sequence rsee (10.11)P, we can write 
that 

Thus, if tlw op!.'rator ijcaJ is self-adjoint, i.e. ijca> = (Q<a>)•, the 
opera tor rjcbJ will also be self-adjoint. Recall that the eigenvalues 
of self-adjoint operators are real. 

We sh&ll show that the spectrum of the eigenvalues of the operator 
does not change in unitary transformations. We act on both sides 
of the e4uation 

(14.26) 

1 Since .the product includes both Q+ and Q, now we are not adhering to the 
rul~ ac~ordmg to which a conjugate operator is placed at the right of the function 
wh1eh It acts on. 
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with the operator §. In addition, we substitute for the function 
1p~a> on the left-hand side the function S + S~p~> equal to it [see (14.17)]. 
The resulting equation 

slj<a>§+SlJl~> = qnSlJl~> 

with account taken of (14.24) and (11.25). can be written as 

Q(b)~J~) = qn ljl~) (14.?7) 

Equations (14.26) and (14.27) contain the same factor qn from which 
it follows that the operators Q<a> and Q<b> have identical eigenvalues. 

Finally, we :;:hall prove that a unitary transformation leaves the 
trace of the matrix Q, i.e. the sum of its cliagonal elements, unchanged. 
Let us introduce the value of Q~in obtainerl by formula (14.21) 
into ~he expression for the trace of fhe matnx Q<b>: 

TrQ<b> = ~ Q~~ = ~ ~ SmkQWStm= 2J QW 2J StmSmk 
m m k, I k, l m 

The sum over m is the l, k-th elemeut of the product of the matrices 
S+ and S. Since S+S = T fsee (14.16)], this matrix element equals 
~!1.· Consequently, 

TrQ<b>=2; QW6zk= )IQ~f>=TrQ<a> (14.28) 
k, I I 

Q.E.D. 
In concluding, let us see how the transition from one representa-

tion to another is performed if the spectra of the operators A and iJ 
are continuous. Now instf'ad of formulas (14.2) and (14.1), we have 

'lla (x) = J c (a) 'lla (x) da 

c (a) = {'lla I 'I' a)= J ~'~ (x) 'I' a (x) dx 

(14.29) 

(14.30) 

{see ('12 .1) and (12. 7) 1. The function c (a) determines ,~~~ in the a
representation. Formulas (14.4) and (14.3) become 

'Pa (x) = j c (b) 'llb (x) db (14.31) 

c (b)= {'l'bl'lla> = J 'I'~ (x) 'l'a (x) dx (14.32) 

Expanding the function ~'a (x) in the function 'l'b (x), we get the 
expression 

..Pa (x) = J S (b, a) 'i'b (x) db (14.33) 
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where 

(14.34} 

Let us introduce expression (14.33) into formula (14.?9). As a result, 
we arrive at the relation 

'l'a (x) = ) c (a) da j s (b, a) 1Jlb (x) db= J 1Jlb (x) db r s (b, a) c (a) da 

Comparing it with expression (14.31), we arrive at the conclusion 
that 

c (b)= J S (b, a) c (a) da (14.35)· 

!compare with (14.9)1. This formula gives the rule for the transition 
from the a-representation to the b-representation for a continuous. 
spectrum. In Dirac notation, it has the form 

(bja.) = \ (bja) (aja.) da 
J 

Assume that the operator A has a discrete gper.trum, and the oper
ator B, a continuous one. Now the following formula is used for the 
transition from the a-representation to the b-representation: 

c (b)=~ S (b, am) c~> (14.36} 
m 

where 

(14.37) 

Finally, assume that the operator A has a conHnuous sp8ctrum. 
and the operator B, a discrete one. Now the formula for the transi
tiofl from the a-representation t.o the b-r!1presentation is 

c~> = J S (bn, a) c (a) da (14.38) 

where 

(14.3!1) 



Chapter Ill 

EIGENVALUES AND EIGENFUNCTIONS 
OF PHYSICAL QUANTITIES 

t S. Operators of Physical Quantities 

Upon comparing formulas (4.3) and (4.4) with expression (7 .14)~ 
we arrive at the conclusion that the operator of any of the coordi-· 
nates is multipliration by the given coordinate: 

X= X, y = y, Z = Z (15.1): 

Similarly, an operator that is to be correlated with any function of 
the coordin~ttes, for instance with the pot2ntial energy U (x, y, z)· 
also consists in multiplication by this function: 

~ u,-: -~ 4- V=U 
on the basis ·of Eq. (7 .3), we can establish the form of the operator 

of another physical quantity. Indeed, designating the operator of 
the total energy by the symbol HI, we can write the equation 

il-tp = E'i' (15.3} 

Comparing this equation with (5.7), we find that 
~ fi2 
H=- 2m V'2+U ( 15 .4)· 

This operator is called the Hamil toni an. 
vVe have just established that U isthe potential ~rgy operator 0. 

The operator His tht~ operator of the total energy. By analogy with 
the classical expression H = T + U, we can conclude that the
operator of the kinetic energy must have the form 

(15.5) 

c,jmparing this expres~ion with the classical relation hetweer. the· 
kinetic energy T and the momentum p of a particle 

T=L 
2m 

1 In quantum mechanics, the energy is always expressed in terms of the mo
mentum, and not of the velocity. In analytical mechanics, the energy expressed 
in terms of the momenta is called the Hamiltonian function or· the Hamiltonian. 
and is designated by H (see Vol. 1, Sec. 30). 
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we can assump that the momentum operator p must be proportior.al 
to n\1 (\liS the Hamiltonian operator). The minus sign in expression 
( 15.5) for the kinetic Pnergy opera tor can be obtainer! by introducing 
into p the imaginary rmmber i = y:__ 1 taken with either a plus or 
a minus sign. Using a limifing process to go over to classical me
-chanics, we can show that the factor i must be taken with the minus 
·sign Consequently, 

p = -i1i'V (15.6) 

.Al·.cordinglya the opet·ators of the momentum componenL!'! will I.Je 

~ . a 
P:~:= -z1i-::-, ox 

~ ·t< a 
P = -Zn-

y ay ' 
~ i} 
Pz= -ilia;: (15.7) 

We have always followed the rule adopted in •ruantum mechanics, 
namely, the relations hetween operators must be sindlar to the relations 
betu·een the relevant physical quantities obserred in classical physics. 
This rul8 is a corollary of lhe correspondence principle mentioned 
in Sec. 2. 

Knowing the form of the operators p and r [by formulas (15.1), 
we have r = r], we Clln write an eJ..pression for the operator 1\I of 
the angular momentum. In classical mechanics, M = [rpl. Therefore, 

M = Crpl = [r, -ili\11 = -i1i [r'V] (15.8) 

We write the vector product in the form of the determinant 

e:~: ey ez 

M= -i1i X y z 
i} a i} 

ax ay az 
whence we can obtain Pxpressions for the operators of the angular 
.moment urn components: 

~ ( a a\ M:~:= -iii y --z-1 i)z iJy ' 

~ ·(a a) M 1 = -zli x--y-
i}y az 

(15.9) 

The operator of the square of the angular momentum is deter 
mined in terms of the operators for the components: 

(15.10) 

It is generally more convenient to use expressions for the operators 
-of the square and components of the angular momentum in spherical 
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coordinates. According to the formulas derived in Appendix I, 
we have 

A {} 

M =-ili-z ac:p 

A [ 1 o ( . a ) 1 {}2 J 
M2 = -/i2 sin tl- aF sm tr 8F + sin2 tl- oc:p2 

(15.11) 

(15.12) 

The f'xpression in brackets in formula (15.12) is the angular part 
of the Laplacian operator (or La plac.ia 11) 1 a ken in spherical coordi
nates lseP Vol. 1, formula (XI.8R)l. Designating this expression by 
the symbol ~~. 'P' we can wdte 

M2 = -n2 t:>.~. cp (15.13) 

We must note that the coordinate r is not contained in any of the 
formulas (15.11)-(15.13). 

The angulat momentum operator is closely related to the operator 
of an infinitely small rotation through the angle 1'\cp. Such a rotation 
can be interpreted in two ways. First, we can consider that the 
coordinate system remains stationary, while the system of particles 
being considererl rotates about the origin of coordinates; second, 
Wf! caa eonsider that the system of particles remains stationary, 
while the system of coordinates rotates (the system K transforms 
into the system K'). In both cases, the coordinates of the particles 
change, i.e. the transformation r--+- r' is carried out: it is evident 
that to obtain an identical change of the coordinates, rotation in 
both caset~ must be performE>d in opposite directions. 

A change in the coordinates in rotation of the coordinate Dxes 
must be con~idered as the result of action of the coordinate transfor-
mation operator g: 

I A 

r=gr 

The inverse transformation has the form 

r = i(-lr' 

(15.14) 

(15.1.J) 

The ehange in the coordinates upon rotation of the system of 

particles can be interpreted as the action of the operator G: 
r' = Gr (15.16) 

It is evident that 

(15.17) 

(The consecutive use of the operators g and G leav2s the coordinates 
of the particles unchanged: G.i = 1.) 

Let us consider the change in the psi-function due to the transfor
mations of the coordinates (15.14) and (15.1n). 
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In rotation of the system of particles (we ~hall consider for simplic
ity that the system consists of a single particle) through the infinitely 
small angle Bcp, the position vector of the particle receives the incre
ment or= [ocp, r] [see Vol. 1, formula (VI.46)], consequently, 

r' = Gr = r +or = r + [Bcp, r] (15.18) 

The relevant change in the psi-function can be lreateci as the action 
of the rotation operator fiG: 

~ 

'¢ (r') = Ra'¢ (r) (15.19) 

(the subscript G indicates that the change in the coordinates is due 
to rotation of the system of particles). With a view to (15.18), we 
can write 

'¢ (r') = '¢ (r +or) = '¢ (r) + V'¢ (r) or = '¢ (r) + {[bcp, rl V} '¢ (r) 

Performing a cyclic transposition in the scalar triple product of tl1e 
vectors in braces, we obtain 

'¢ (r') = 'ljl (r) + Bcp [rV] 'ljl (r) 

= (1 + ocp [r7])"' (r) = {t + (i!n) ocpM} '¢ (r) 

(see (15.8)J. A comparison with (15.1()) yields 

Ra= 1 + ! BcpM (15.20) 

Now let us find Rg-the operator of the transformation of the psi
function in rotation of the coordinate ~ystem through the angle ocp. 
Since rotation of the coordinate system does not change the state of 
the system, the new function of the new coordinates must have 
the same value at a given point of space as the old function of the 
old coordinates, i.e. 

'¢' (r') = '¢ (r) (15.21) 

The rotation operator transforming the psi-function in rotation 
of the coordinate system is determined by the eq11ation 

'¢' (r') = Rg'¢ (r') 

(the designation of the argument of the function is indifferent, we 
can substitute r for r' on both sides of the equation). Ht!nce, taking 
account of (15.21), we obtain 

1p (r) = Rg'¢ (r') (15.22) 

With a view to (15.15), let us alter this relation as follows: 

'¢ (r') = R8-1'¢ (r) 
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A comparison with (15.19) shows that Rg-I = Rc, which agrees 
with (1.5.17). 

We can use relation (15.20) to give a more general oefmition of 
the angular momentum operator than (15.8). This more general 
defmition is nut associated with the notion of "orbital" motion and 
can therefore be extended to more iuvolved cases, for example to 
tl1e spin angular momentum. 

There are a few physical quantities for which operators cannvt be 
ohtair1ed by using analogy with the classical formulas. These includP. 
quantities such as spin having no classical analo~ue. The operators 
of these; quantities will he discussed on a later page. 

16. Rules for Commutation of Operators of Physical Quantities 

The operators of any two coordinates obviously commute 
(xy - yx = 0, etc.). Cr.nsequently, all three coordinates of a particle 
can simultaneously have definite values. The same also holds for 
the components of the momentum (r71fJJ.:·iJ/rly - iJiiJy·a!iJJ· = 0). 

Let us find the commutator of the operators :i: = x and Px = 
= -iliolox. For this end, let us consider the action of a commuta
tor on a function 'lj;: 

[~, Pxl 'P = x (-iii ~; ) - (-iii) :x (x'P) = ili'P 

It follows from this relation that 

[;, p,_l = iii (16. -1) 

By (11.7), the operator K in this case equals li, so that {k) = li, 
and relation (11.9) can be written as follows: 

(16.2) 

We ltaVl' mTi\'ed ut tlw Ilt•isPilberg Hncertninl~· rdnlion thnl is 
usuallv written in lhe form of (2.1). Now we know that ~.r. and 
f!..px i~ relation (2.1) signify the standard deviations of the quanti
ties from their mean values. 

Since x·fh't'liJy = r1 (x~·)/uy, the operators ; an(l p11 commute. 
Consequently, states of the partic!e in which x and Py have definite 
values are possible The same also holcls for x and p 2 , y and Px• etc. 

Using the notation 

X = X 1, y = X 2 , Z = Xa, Px = PJ• P'l = P2• Pz =Po 
5• 
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the entire set of commuting relations between the operators of the 
coortlinates anrl the momentum components can be written as a 
single expression: 

(16.3) 

The coorrlinate x and the momentum component Px are a pal'ticular 
case of thr canonically conjugate quantities q and p (see Vol. 1, 
Sec. 30). The uncertainty relation 

(16.4) 

holds for any pair of canonically conjugate quantities q and p 
providec that the operator:-; of these quantities have bern determined 
on the sHme set of functious. For example, for the Cctnonically conjn
gate variables cp And M z (<p is the azimuth angle), the relation 
f:.<p· t:.M 1 > 1i/2 holds only provided that <(t:.q:>) 2 ) « n 2• This i~ due 
to the fact that the operator 1Vr, is self-adjoint only on the set of 
functions'¢ (<p) that are periodic with the period 2n. The variable <p, 
<JJI the other hAncl, is not an operator on this set of function!" because 
the function cp\j) (•p) does not belong to this set. 

The energy 'lnd time belong to cR.nonically conjugate quantities. 
Consequently, the following relation holds: 

1i t:.E .t:.t-;;;:: 2 (16.5) 

This relation signifies that the determination of the energy within t:.E 
must take a time interval equal at least to .1t '"'"' Iii t:.E. Since the 
proces!;l of measuring the energy of a state of a system can occur 
within the inlerval t:.t not exceeding the lifetime r of the state, 
the energy of the state has the indeterminacy !iF: ....., Mr. This quan
tity is known as the energy level breadth and is designated by the 
~etter f. Hence, 

1i r,..,-
't 

(16.6) 

Let us find the commutation rules for the angular momentum 
'Operators with the operators of the coordinates and momenta. Tak
ing formula (15.9) into account, we obtain 

It thus follows that Lll-f x• ;J = 0. A similar result is obtaiued for 
<>ther operators of the angular momentum anrl coordinates. Hence, 

(16. 7) 
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Now let us act on 1j~ with the commutator [llfx, y]: 

[M x• y] 'iJ = -in { (y _!_- z _!_) (yljJ) - y ( y .!_- z _!_) '!J} az oy oz oy 

=-in {y2~ -zy o'I\J -z1!J- y2 ~ + yz ~} = inz•" az oy az oy 't',. 

Consequently, [M x• Ill = inz. Performiug a cyclic transposition 
we obtain 

{16:8) 

We must note that formulas (16.7) anct (16.8) can be written as 
the single relation 

(16.9) 

where x1 = x, x 2 = y, x 3 = z, 111 1 = Mx, etc., and e1.zm is the 
Kronecker skew-symmetric symbol [see Vol. 1, expression (VI.15)l. 

Inspection of the obtained formulas shows that a component of 
the angular momentum and the corresponding coordinate can have 
simultaneously definite values. The component M x and the'c,)ordi
nate y (or z) cannot be determined simultaneously. The same hold~ 
for Af y and the coordinate z (or x), and also for Mz and the coordi
nate x (or y). 

Let us act on 1p with the commutator [jf[ x• pJ: 

We have fonnd that U\1 x• Pxl = 0. The same result is also obtained 
for the other two similar commutators. l\latters arc different for 
commutators of the form [M x• pyJ: 

The results obtained can he represented by the formula 

[M ,., pz] = ineklmPm 

similar- .to formula (16. 9). 

(16.10) 
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It is a simple matter to obtain the commutators of the angubr 
momentum components with the aid of formulas (16.9) a!ld (16.10): 

[Mx, My}= ifxM11 - Myllfx= Mx (~Px-;Pz)-(;p:-;Pz) ifx 
=if x;Px- M x;Pz- ;pxM x+;PzM x 

Taking advantage of the fact thflt M x commutes both \Vi1 h ; and 
with Px, let us interchallge the operators jYJ,. and x in tlw second 
term, and abo the operators Px and !Ylx in the thirrl term. There
sult is 

[Mx, MvJ = Mx;Px-;lYf xP:-;M xPx+~PzMx 
= (M xZ- zM x) Px- ~ (M xPz- pJf x) 

= iliexzvilix- xuiex:vP" =iii <xp11 - YPx> = iliM z 

[we have used formulas (1G.a) and (16.10); ex:y = e132 = -1]. 
Performing a cyclic transposition, we obtain 

~ ~ ~ 

[M:, MxJ = iliM11 

(16.11) 

(16.12) 

Finally, let us calculate the commutator of the operators l\l 2 

anrl M x· With a view to (15.10), we have 

tif2, M:~:1 = (Mi +if~+ ifn Mx-Mx (Mi + 111~ + M~) 
=M! + M~Mx+ifiMx-Mi- MxM~- MxM~ (16.13) 

Taking advantage of the fact that MxM 11 - M11 Mx = i/i,W, [see 
(HU 1?], we transform the second and fifth terms as follows: 

.M~itx-MxMt = M11 M11 Mx-MxM 11M11 

= M11 (MxM 11 -iliM:)-(M11 Mx+iliM:) M11 =-ili(M11 M:+M:My) 
Using the relation Jill 1 ll.f x - M xM z =c ilil'.f 11 , we perform a similar 
transformation of the third and sixth terms: 

MiM x- if xM~ = M :M :M x- M xM zM z 

= M:(MxM:+ iliM11 )-(MzM=-iliM11 ) M,= iii (M:M,+M,M,> 
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Substitution of the expressions we have transformed into formula 
(16.13) makes the right-hand side e•-tunl zero. The same result i~ 

obtained for tho commutators of the operators ~I2 with lf 11 and ,ff ,. 
Hence, · 

(16.14) 

We conclude from form11las (1G.11) and (Hi. H) that only the square 
of the vector M and one of its projections onto the coordinate axes 
can be determined simultaneously. The other two projections ;n·e 
indeterminate (except when all three components are zero). Con
sequently, all that we can know ahout the vector M is its "length" 
and the angle it makes with a certain 11xis. The direction of the 
vector M, however, does not le11d itself to determinatior1. 

17. Eigenfunctions of the Coordinate and Momentum Operators 

Let u~ find the eigenfunctions of a coordinate uperator. Since; = 
= x, Eq. (7.3) has tlw form 

(17.1) 

where x' is a real number, and '\jl:\·' = 'Vx' (x) is the eigenfunction 
conespondiug to the eigenvalue of x equal to x'. Let us write rela
tion (VIII.6) for the argument x - x': 

(x - x') IS (x - x') = 0 

Removing the parentheses, \W ohtain xB (x - x') - x' 6 (x - x') = 
= 0, whence 

xB (x - x') = x'B (x - x') 

A cumparison with Eq. (ti.t) yields 

~\:• (.:r) = B (:c - x') (17 .2 

This is exactly the eigenftUlction of the operator ; corresponding 
to x = x'. The spectrum of the operator ;. is obviously conlimwus. 

Let liS evaiuatP tlw !'t:<dnr product ol the functions 6 (x - x') 
and b (.r - :r"). Since I he function 6 (x) is f·eal, we have 

+oo 
(6 (x-x')l6 (x-x")) = J 6 (x-x') 6 (x-x") dx 

-oo 

This iutegra1 can be recluc~::d to th€ form (VIII.2) if we assume that 
6 (x - x') = f (x) anfl x" = a. According to (VIII.2), such an inte· 
gral ~::qnals f (a), i.e. IS (x" - .1/). Hence, 

(6 (x - x') I B (x - x")} = IS (x" - x') 
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This signifies that the functions (17 .2) are normalized to a delta 
function [see (12.6)]. 

Let us expand the function 'lj:l:x. (x) (here a is a state inJex) in the 
eigenfunctions (17.2) of the operator x. Py (12.1), Wf\ have 

+~ +~ 

'lj:>a (x) = ~ c (x') 'lls• (x) dx' = ~ c (x') l3 (x-x') dx' = c (x) (17.3) 
-~ -~ 

Thf' result ohtainecl signifies that the psi-function in the coordinate 
representation is 'lla (x) itself. We can arrive at the same conclusion 
by calculating the function c (x') by formula (12.7). The substitu
tion of x' for q yields 

+~ 

c (x') = Nx I 'lla> = ~ 1j;;, (x) \jl 11 (x) dx 
-~ 

The delta function is real, consequently ~·:, = 'llx• = l3 (x - x'). 
Hence, 

+~ 

c (x') = ~ 6 (x-x') 'lla (x) dx= 'lla (x') 
-~ 

Dropping the prime un x, we arriva at the relation c (x) = ~\, (x}. 
In a three-dimensional case, ~,~ = ,Pa (x, y, z) ='¢a (r), anrl 

the eigenfunctions of the operator ; elrual '!Jr• (r) = fJ (r - r') [this 
can be established by performiug calculations similar to those that 
led us to formula (17.2)]. Expanding'lj1,_;< into n sedes in the functions 
'lj,r,, we get a result similar to (17.3): 

'lla (x, y, z) = 'l'a (r) = ~ c (r') 'llr• dV 

= ~ c(r')6(r-r')dV=c(r)=c(x, y, z) ( 17 .4) 

Let us write Eq. {7.3) for the momentum operator Px = -inlJ!f.Jx: 

• 1: 8\jl \jJ 
-ln -=p OX z 

The following function is a solution of this equation: 

\jJ = Ce(i/'h) Pxz 

The spectrum of the operator Px is obviously continuous. 

(17.5) 
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Let us attempt to normalize the function (17.5) to unity. For 
this end, we shall try to evaluate the integral 

+oo +oo +oo r ICe(i/h)PxXlzdx= r ICI2dx= ICI2 r dx 
-oo -oo -oo 

At any value of C =F 0, the integra] will be found to diverge (it 
becomes equal to infinity). It is therefore impossible to normalize
the eigenfunctions of the operator P:~: to unity. It was alrearly noted 
in Sec. 12 that the result we have arriverl at is general for all eigen
functions with a continuous spectrum. In this case, normalization 
to the delta fundion is performed. 

Let us calculate the scalar product of two functions of the form 
of (17.5): 

+oo 

NP~ I 'iJp;> = ) c• exp ( - ~ p~x) • c exp ( ~ p;x) dx 
-oo 

+oo 

= C"'C I exp ( i p';:-;; P~ x) dr 
-oo 

Inter~hanging the roles of k and x in (VIII.12), we obtain the for
mula 

+oo r eiRX dX= 2n6 (k) (17 .6). 
-oo 

According to thi::; formula 

+oo 

~ exp ( i p;;-;; P~ x) dx = 2n6 p';,;: P~ = 2nM (p;- p~) (17. 7} 
-oo 

[we have taken advantage of the property (VIII.7)1. Hence, 

We thus conclude that for the function (17 .5) to be normalized to
the delta function, we must assume that 1 C 1 equals 1/ (2n1i.)112 ~ 
Since the psi-function is determined to within the phase factor eitt, 
we must consider C to be real and equal to 1/(2n1i.)112 • 

ThPrefore, the eigenfunctions of the momentum operator normal
ized to the delta function equal 

'i'P (x) = (2n1i.)- 1/ 2 e(i/fll Pxx (17.8} 
X 
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It is not difficult to see that the eigenfunctions of the operator p 
normalized to the (three-dimensional) delta function have the form 

'¢p = (2nn)- 3/2 e(ilh> pr ( 17. 9) 

18. Momentum and Energy Representations 

Assume that we have the psi-function 'ljlct (x) of a state ~ in a 
coordinate representation (in the x-representation). Let us find the 
expression for the same function in a momentum repre!"entation 
(in the Px-represeutation). In this case, we must assume in formulas 
(14.35) and (14.34) that n = x and b = Px· The result is 

+oo 

c (Px) = I S (Px• x) c (x) dx ( 18.1) 
-oo 
+oo 

S (Px• x) = I 'P~x (x') '¢x (x') dx' (18.2) 
-00 

[we have designated the integration variable by the symbol x' to 
avoid confusing it with the variable :r which S (Px• x) depends on]. 
By (17.8), 'l;~ (x') = (2nn)-1/~e -<il~)pxx'; the funclion ~~x (x') = 

X 

= b (x' - x). Consequently, 
+oo 

.8 (Px 1 X)= (2n/i)-l/2 r e-(i/h) pxx' 6 (x' -X) dx' = (2n/i)-1/2 e-(i/h) PxX 

-00 

Using this expression in (113.1) and taldng into account that by (17.3) 
we have c (x) ='¢a (x), we obtain 

+oo 
Ca (Px) = (2nn)- 112 I e-(i/h) pxx'¢a (x) dx (18.3) 

-oo 

-(we have used the suhscript a on c to stress the circumstance that 
this f•11nction describes the same state as '~rL). Thi:- result can ;:Ji_,r, 
k;<;: (JlJ\i:liued with tlJe 11id of formul11 (12.1 ), substituting Px for y 
in it. 

Formula (18.3) is written in a three-dimensional form as follows: 

ca (p) = (2nn)-3/2 ~ e-(i/h) pr'¢a (r) dV (18.4) 

·(the integral is evaluated over the entire infinite volume). 
Formula (18.3) gives the transformation from '¢a (x) (i.e. the ps!

function in the coordinate representation) to Cc:. (Px) (i.e. the psi
function in the momentum representation). The inverse transforma
·tion (i.E'. the transformation from the momentum representation 
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to the coordinate one) can be obtained by eApailding 1J'a (x) by the 
eigenfunctions (17.8) of tlte operator Px: 

+oo 
~la (x) = (2n:/i)-1/2 J c (Px) e(i/n) Px"' dpx (18.5) 

-00 

A comparison of formulas (18.5) and (18.3) leads us to the conclt<
sion that they are in essence (within the insignificant factor li) 
direct and inverse Fourier transforms [see Vol. 1, formulas (XIV.21) 
and (XIV.22)]. We can therefore say that the function c (Px) is the 
Fourier image of the function ~Ja (x). 

Tntr·oducing the function 'i'x• (x) = & (x - x') into formula (18.3), 
we obtain the eigenfunction of the coordinate in the momentum 
representation (for a value of the coordinate equal to x'): 

+oo 
Cx• (Px) = (2nli)- 112 ~ e-(i/li) Pxxf! (x-x') dx 

-oo 

(18.6) 

This formula differs from (1i .8) in that Px and x have exchan~red 
roles; in addition, the sign of the exponent has changed. 

Now let us take the eigenfunction of the momentum operator 
~,1,~ (x) corresponding to the value Px = p~ as "¢a (x). 

Substitution of this function into (18.3) yields 

+oo 

cp~(P:x)=(2nli)-1!2 f exp (- ~ Pxx) [<2n:h)-t/2exp ( ~ p~x)]ax 
-oo 

+"" 
= (2n:lit1 f exp [ ~ (p~- Px) x J dx = (2nlit1 2n:li6 (p~- Px) 

-oc 

[set' (17.7)]. Hence, with a view to the fact that & (-.r) = 6 (.r), 
we obtain 

Cp' (Px) = 6 (Px- P~) 
X 

(18. 7) 

[compare with (17.2)]. 
Con!:>ider the psi-function in the energy representation. A-;sume 

that the Hamiltonian Ji has a discrete spectrum of eigenvalues: 
E1 , E2 , •••• Let us designate the relevant eigenfunctions by 
'I=~E>, '¢~E>, .... We expand 'I' a (x) into a series in these functions: 

'I' a (x) = ~ c~>lfJ~> (x) 
m 
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According to (14.1), the coefftcients c~> are determined by the expres
sion 

+oo 

cl.fl = Nhf'li'!Ja) = I [~JI,fl (x)]* 'lla (x) dx (18.8)· 
-oo 

The set of coefficients c~> is the psi-fundion of state a. in the energy 
representation. In the Dirac notation 

(18. 9' 

[compare with (13.12)1. 
l\'ow let us establish the form of the operators ;; and p, Ill the· 

p-representation. We know [see (15.1) and (15.7)1 that in the· 
x-representation these operators have the form 

~ a 
X= X, P%= -in ax (18.10). 

We :,;hall proceed from formula (7.j4) for the menn value~ of physi.cal 
quantities. For one dimension, this formula is written ai'1 

+co 

(q) = I 'IJ* (x) Q'IJ (x) dx (18.11) 
-co 

\Ve remind om reader that when using this formula, we must take
the psi-function and the operator in the sama representation. The
result (i.e. the value of (q)) does not !!<•pend on the form oi the repre
sentation. 

By formula (12.3), we have 

+oo +oo 

(p%) = f I C (Px) 12 Px dp:.; = f [ C (px)J* PxC (Px) dpx 
-oo -oo 

On the other baud, hy formula (18.11), we have 

+co 

(Px) = J• [c (PxW PxC (Px) dp% 
- oc 

where P:r is the momentum operator in the p-representation. A com
pari8on of the last t\vo expressions for (p.,.\ shows that the action of 
the moment11m operator iu it.s eigenrepresentation on c (px) eonshlts 
in multiplication of c (p,.) by Px so that 

Px = P'C (18.12) 

Similarly in a coordinate repre:;entation, x = x 
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The mean value of the coordinate xis determined in the coordinate 
representation by the formula 

+co 

(x) = I 'f* (x) x1jl (x) dx (18.13) 
-oa 

.and in the momentum representation, by the formula 

+oa 
(X) = ~ c• (Px) ;;c (Px) dpx (18.14) 

-oo 

where~ is the coordinate operator in the momentum representation. 
We shall show that if we assume 

~ {) 
X= iii- (18.15) 

opx 

~xpression (18.14) transforms into (18.13), i.e. we obtain the correct 
value of (x). 

Let us introduce expression (18.3) for c (p;s:) and expression (18.15) 
for ; into (18.14): 

+oa +oo 
(x) = I { (2nli)-1/2 f e(i/h) Pxi 1Jl* (s) ds} 

-00 -00 

+oo 
Xili O~x {(2nli)-l/2 ~ e-(i/h)PxTJ1jl(t])dt]}dpz 

-co 

Recall that 1jJ* (s) and 1jJ (11) are psi-fu~ctions in a coordinate repre
sentation. To avoid confusion, we have designated the integration 
variable in the expression for c* (p x) by the lette1· s, and in the 
expression for c (px) by the letter 11· Let us perform differentiation 
with respect to the parameter P:>.. in the integral over the variable TJ· 
As a result, the factor -i11lli will appear. which together with iii 
gives rJ. Now we shall write the expression obtained as follows: 

+oo +co +co 

(X)= 2~ ) 1jJ* (s) ds ) 1jJ (1)) t'J dl) ) eXp [ i ~X (s -1)) J d (pxlli) 
-co -co -co 

By (VIII.12), the integral over the variable Pxlli equals 2nc5 (6 ~ 11). 
Hence, 

+co +co +co 

<x> = ) 1Jl* (s) as ) 1Jl (t]) t]cS (6- t]) d1J = ) 1Jl* <sH'i' (6) as 
-~ -~ -~ 
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which differs from expression (18.13) only in the designation of the 
integration variable (£ instead of .c). 

We have thus proved that the coordinate operator in the momen
tum representation has the form of (18.15). In the three-dimensional 
fot·m, thi!' opP-rntor is rlctcrmincrl hy the cxprcs~io1t 

~ = iii V'p (HUo) 

(the subscript p signifies that differentiation is performed over 
P:n Py• Pz). In the coordinate representation, 

p = -i1i \.r (18.t7) 

A comparisou of (18.1fi) with (18.17) shows that when we go over 
from one of these formulas to the other, p and r exchange roles, 
as it were. In addition, these formulas differ in the sign [compare 
with (17.2) and (18.7)]. 

19. Eigenvalues and Eigenfunctions 
of the Angular Momentum Operator 

In Sec. 17, we found the eigennmctions of the coordinate and 
momentum opet·ators and established that thesp operators have 
continuous spectr<l of eigenvalues. The energy operato1· fl indudes 
the potential U as an addend [see (15.4)1. Therefore, tlw form of 
the eigenfunctions and the spectrum of the Pnergy values depend 
on the nature of the force field in which a particle moves. In the 
following, we solve the problem of finding the eigenvalues and eigen
functions of the Pnergy operator for some typical force ftelfls. In 
the present section, we shall find the eigenvalues and eigenfunctions 
of the operator of the angular momentum projection onto a direction 
that we shall call the z-axis, and of the operator of the square of the 
angular momentum. 

We shall conduct our treatment in spherical coordinates. Let us 
writ.e Eq. (7.3) for Mz, taking (15.11) into account: 

- i1i :: = Mz'l' 

The following function will be a solution of this equativn: 

'¢ = Cei(Mzl'h)rp 

(19.1) 

(19.2) 

For this function to be single-valued, the condition '¢ (<p + 21t) = 
= ~' (<p) must be obsNved, i.e. 
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This condition will be satisfied if we assume that M _ = mli. where m 
is a positive or negative integer, or zero. Consequently, M ~can take· 
on only discrete values: 

Mz = mli (m = 0, ±·J, +2 .... ) (19.3} 

so that the operator Jl/ z lws a discrete spectrum. For reasous that 
will be revealed on a later page, m is called the magnetic quantum 
number. 

Introducing M z = mli into (19.2), we obtain the eigenfunctions-
of the operator Jr z: 

(19.4)' 

Let us normalize these functions to unity. The square of the magni
tude of ~Jm equals ICI2 • Consequently, 

2n 2n 

Nm I 'I'm) = ~ '1';;. ~1m d(j: = ~ I C 12 dct = 2n I C 12 

0 0 

This expression shows that for the fuuction (19.4) to he normalized' 
to unity, we must assume that C = (1/V 2n)eia. Omitting the pha!'\e· 
factor eia, we obtain the following expression for the normalizefl 
eigenfunctions: 

(19.5). 

It is not at all difficult to verify that tlw functions (19.5) are mutual
ly orthogonal so that the following condition is observed for them: 

2n 

('IJm·l'i'm")= i tV~·'i'm"dct=6m'm" (19.6} 
0 

Now let us turn to the eigenvalues and eigenfunctions of the op
erator IVF. Substitution of expression (15.12) for the operator into. 
Eq. (7 .3) yields 

-liz [ si~ {t a~ (sin ~ :~ ) + !'in~ {t ~~~ J = M2~, 

Dividing this equation by li2 and transferring all terms to one side
of the equation, we arrive at a differential equation of spherical 
functions [see formula (11.1)] 

t a ( . a¢ ) 1 o21J.' . 
sin 'fr aF sm ~ o{t + sin2 {t a~:p2 -t- a¢= 0 (19. 7) 

in which the parameter a = l\F/Ii 2• 
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It is shown in Appendix II that the eigenvalues of the parameter a 
-are 

M2 
a= 7i2 = l (l + 1) (l = 0, 1, 2, ... ) (19.8) 

·{see (I 1.37)], while the following spherical fuuctions are the eigen
functions: 

m+!ml 
y =(- 1}-2-_1_. I (2l+i)(l-lml)l eimcppm(cos~) (19.9) 

lm Jfr2;r V 2 (l+ lmi)J l 

[see (I I.35)]. 
Examination of the condition (19.8) shows that the square of the 

angular momentum has a discrete spectrum: 

!\'1 2 = 1i2 l (l + 1) (l = 0, 1, 2, •.. ) ('19.10) 

"The quantum numher lis known as the azimuthal (or orbital) quan
tum number. To each eigenvalue of the square of the angular momen
tum (i.e. to each value of Z) there correspond 2l + 1 different func
tionc; Y lm differing in the values of the magnetic quantum number m. 

The function (19.9) can be written as C,eimop, where c, is a coeffi
,cient depending only on 'l't. Hence, it is a simple matter to conclude 
that the functions Y 1m satisfy Eq. (19.1), i.e. are simultaneously 
€igenfunctions of the operator M z· The functions Y lm are non-zero 
{)nlr when lm\ < l [see the text following formula (1!.28)]. There
fore, the operators Iff z and M2 have non-zero eigenfunctions at 

l = 0, 1' 2 ••.. 
m = -l, -l + 1, ... , -1, 0, 1, ... , l -1, l ~19.11) 

The azimuthal quantum number l determines the magnitude of 
the square of the angular momentum by formula (19.10), and the 
magnetic quantum number m determines the projPction of the angu
lar momentum onto the z-axis by formula (19.3). We must note 
that there can never be values of JVJ2 and Jl.[: other than (19.10) and 
·(19.3). Consequently, the angular momenta of macroscopic bodies 
also obey the rules (19.10) and (19.3). True, owing to the smallness 
of li, the discreteness of the angular momenta of macroscopic bodies 
is virtually not detectPd, in the same way as owing to the smallnes<:~ 
of the eleme11 t ary charge e, the discreteness of macroscopic electric 
charges is not detected. 

In concluding, we shall give the expressions for several first 
function:; Y lm determined by formula (11.35): 

Y 00 = tljf 4n, 

Y 10 = j/3/4n cos~. 

Y 20 =V 5/16n(3cos2 -fr-1), 

Y1, ±1 = =t= V3!8n sin "fre±iq, 

Y2, ±1 = + VI57& sin~ cos ~e±icp 
Y2, ±2=V15/32nsin2 ~e±i2op (19.12) 
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20. Parity 

Parity is a purely quantum-mechanical quantity having no 
classical analogue. To arrive at the concept of parity, let u~ consider 
the behaviour of the psi-function upon the inversion of the coordi
nate axes. 

lnver~~ion com.istf; in reversing the direction of all the axes. It 
is not difficult to see that inversion transform~ a right-handed coor
dinate system into a left-handed one and, conwrsely, a left-handed 
system into a right-handed one. In version results in the signs of all 
the coordinates changing and, consequently, the function'¢ (x, y, z) 
transforms into '¢ ( -x, -y, -z). This transition cau he considered 
as a result of the action of the inversion operator P on the psi-func
tion: 

'¢ ( -x, -y, -z) = P'¢ (x, y, z) (20.1) 

By again acting with the oper::ttor P on relation (20.1), we obtain 
the initial function on tht> left., i.e. we arrive at the relatiOn 

'lj., (x, y, z) = P2~i (x, y, z) 

from which it follows that the square of the operator P equals 
unity. 

To determine the eigenvalues of the inversion operator, we must 
solv& t.he equation 

fi~, (.r, y, z) = P~: (.<-, y, z) 

Let ns act on this equation with the inversion opPrator: 

P2~· (x, y, z) = PP'¢ (.:r, y, z) 

Taking into aecount that P2 = 1 and fi'¢ = P'¢, we oht.aiu 

'I' (x, y, z) = P 2'¢ (x, y, z) 

wh~nce it follows that P 2 = 1, i.e. P = ::1::1. 

(20.2) 

Henee, the eigenvalues of the inversion operator are +1 and -1. 
With a view to this circumstance, we can write Eq. (20.2) as follows: 

p~, (x, y, z) = ±'¢ (x, y, z) (20.3) 

Finally, introducing the obtained value of P'¢ into (20.1), we anive 
at the relation 

'P ( -x, -y, -z) = ±'¢ (x, y, z) (20.4) 

The quantity depicted by the operator P is known as the parity. 
The result we have obtained, expressed by formulas (20.3) and 
(20.4.), signifies that psi-functions of states with a definile parity 
6-0196 
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value can be divided into two classes: (1) functions 'IJl<+> that do not 
change when the inversion operator acts on them, and (2) functions 
'IJl< -> that change their sign when the inversion operator acts on 
them. 

The functions 'I-'<+> and 'IJlH satisfy the relations 

(20.5) 

States corresponding to the functions'~<+> are said to be even, and 
those corresponding to the functions 'IJl<-> are said to be odd. The 
parity of a state de5crihed by the function 'ljJ = c1'1Jl<+l + c2'1jJH is 
indeterminate. 

Let us determine the parity of a state with the azimuthal quantum 
number l. In spherical coordinates, the operation of inversion means 
the substilution of n - {} for {} and q! + n for cp. The cosine of {; 
ch::lnges its sign. The change in the sign of cos{} in formula (II.35) 
leads to the appearance of the factor ( -J)I+ImJ [recall that P 1( -x)= 
= ( -1)1P 1 (x): see (II.~i)J. In addition, eim~p trailsforms into 
eim(cp+:tl = (ei:t)meimcp = ( -i)meimcp. We finally obtain that in 
inversion, the spherical function (19.9) is multiplied by 
( -1)1+1mJ+m = ( -i)l. 

Hence, states with even l's have a positive parity, and states 
with odd l's, a negative parity. 

In addition to the parity considerpd above, which is determined 
by the behaviour of the psi-function describing the motion of parti
cles in inversion, there also exists the intrinsic parity of particles1• 

For example, a proton, neutron, and electron have a positive intrin
sic parity, their antiparticles have a negative intrinsic parity, and 
all pi-mesons (n+, n-, n°) have a negative intrinsic parity. 

The parity of a system of particles is evaluated as the product of 
the intrinsic parities of the particles in a system and the parity of 
the psi-function describing the motion of the particles. 

1 Similarly, in addition to the orbital angular momentum, particles have an 
intrinsic angular momentum- a spin. 



Chapter IV 

TIME DEPENDENCE OF PHYSICAL QUANTITIES 

21. The Time Derivative of an Operator 

J n classical mechanics, the finding of the time derivatiYe of a phys
ical quantity is associated with consideration of the values of the 
q11antity at two close instants. Iu quantum nwchmtics, however~· 
a quantity having a del'lllite value at a certain instant no longer 
has a defmite vahte at the following instaut.. Indeed, as WP. noted 
in Sec. 2, a dynamical characteristic of a microobject appears only 
as a result of measurement (this is what we called, for brevity's 
sake, the intel'act ion of a microobject with a macroscopic body). 
A measurement, howeYer, results in an uncontrollable change in the 
state of the microohject. Therefore, measmements of a quantity 
performed for the same system in equal time intenals yield results 
that cannot he plotted on a smooth curve, but will occupy absolutely 
chaotic positions. 

It follows fl"om the above that in quantum mechanics the classical 
concept of the time derivative of a physical qnantity loses its mean
ing. But this concept ean be applied to the mean values of physical 

quantities. Let us determine the time rleri·,;ative Q of the quantity Q 
as a quantity whose mean value equals the timt> <!erivative of the 
mean value of the quantity Q. This definition can be writ ten analyt
ically as follows: 

< ~~ ) = :t (q), or (q) = :t (q) (21.1) 

Let 11s fwd an expression for the operator Q (tlte opt>rator of the 
time deriYative of the quantity Q) satisfying the condition (21.1) .. 
By formula (7.'14), we have 

(q) = i 'i'*Q'i' dV (21.2) 

(q) = ~ ')l*Q¢ dV (21.3) 

Let us differentiate expression (21.2) with respect to time>, assum
iug that both the ftmction 1jJ and the operator Q, may depend explicit
ly on t: 

- (q) =- ')l*Q¢ dt d d ~ ~ 
dt dt 



84 QUANTU!II l\IECHANICS 

If the time were pot rontained explicitly in1~ and i), the integral on 
the right-hand side would be simply a number whose derivative 
with respect to t i~ zero. If the time is contained in the integrand 
explicitly, however, it play~ llte role of the parampter with respert. 
to which differentiation is heiug performed. Conseq11ently, 

-.!!._ (q) = I £ Q\jl dV + I \jl* a'Q lJl dV + I \jl*Q a'i' dV (21.4) 
dt J at J at J at 

The Schri:idinger equation (5.1) can be written as 
~ iJIV 

HlJl = in 7ft (21.5) 

whence 

(21.6) 

Taking the complex conjugate expression of (21.6), we obtain 

iJijJ* i ~ 
--=-H*~'* iJ t fi. (21. 7) 

Let us replace the time derivatives of the psi-function in the first 
and third integrals of formula (21.4) with their expressions (21.6) 
and (21.7): 

;t (q) = ~ J (if*~'*) Q~• dV + J \jl* ~? 'i' dV- ! J ~'*Q (lf1)l) dV 
(21.8) 

Owing t.r, tht~ Ht:rffJifihn r:hnrnclf.!r, Hw op~-r;dfJf r7 .~at.i.'lfins tiw cfJndi
tion (8.13). Therefore, 

J (H*~·*)O'i'dV= J (Q'i')H*'i'*dV= J ~'*H(Q1Jl)dV 
(the;second integr3l is obtained by simply transposing the cofactors). 
Performiug such fl. replacement in the first integral of expression 
(21.8) and then combining all three integrals into a single one, we 
obtain 

;t <q>= J ~'* (fHQ+ ~~-~(58) 1j1dV 

Finally, ll't. us iuiTtHiuce oxpres~ion"i (21.:i) and (21.!1) 
condition (21.1): 

J \jJ*Q'IidV= J 1~* ( ~ HQ+ ~~ -+ rJii) 'JldV 

(21.9) 

inlo th~ 
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It thus follows that 
A A A 

0 iJQ i A A A ' iJQ i A A 

Q=-+-(HQ-QH)=-+-[H Q] at n at li ' 
(21.10) 

where [/l, QI is the commutator of the operators fi anct Q [see formu
la (10.22)1. 

A glance at (21.10) sho\\'S that if the operator Q does not depen~ 
explicitly on the ,time and, in addition, commutes with the Hamilto-

nian, we have Q = 0, and, con::;equelltly, the mban value of the 
quantity Q re:main~ COIIStant: (q) '= CODSt (to verify this Statement, 
formulas f21.3) and (21.1) must he considered}. Quantities having 
such a pr(Jperty are sairl to be conserved. 

In Sec. 31 of Vol. 1, we obtained thf' fol1owing expression for the 
time rierivative of the fUJ1clion f (qh, Ph. t) of the canonical vari
ables y, p 11 and the time t [see formula (31.5) of Vol. 1]: 

df iJf Tt =ae+{H, t} (21.11) 

where 

is what is called I he Poisson bracket for the functions f and H 
(here H is a Hamiltonian function). 

Formulas (2'1.10) anri (21.1'1) are similar in appearance. For this 
reason, the ex pres~ ion 

A ·' i A A i A A A A 

{H, Q} =- [H Q] =- [HQ-Ql/J 
h ' II 

(21.12) 

is called the Poisson quantum bracket. 
Let us find an expression for Lhe operator of the velocity of a 

particle, limiting ours(jlves for simplicity to one dimen11ion. By 
(21.10), we have 

...... . ax i ,.. ,.. i "" ,.. 
Vx=-=x=iit+n (Hx-xH) =n (Hx--xll) 

(recall that x = r.). Introduction of the expres~iou for ii leads to the 
formula 

~=~ {[ _....!!:.__~ +U (x)] x-x[ -~..!!_..LV (x)J} 
/j , 2fflo iJx'J. • 2m.0 ax'J. I 

Elementary calculations :o:how that 

a2 a2"' a"' 
8x2 (X'\j.l)- X ox2 = 2 BX 
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Consequently, 

;=.!__ ( -~) 2 ~= -~_!_ _ Px li 2m0 o.r. m0 ox - mu 

" • Px 
V:e=X=

mo 

In three dimensions, we have 

(21.14) 

'Ve see that the l'Clatiou hclwt>cn the velocily and momentum operators ha~ the same form a~ that between these quantities them
selves in classical mechanics. 

Now we can fincl the operator of t.he ae.celerat.ion of a particle. 
By (21.10) and (21.13), we have 

~ ,.. . ,.. ,.. • • O:e i ,.. • • ,... i ,., ,.. ,.. ,.. 
:r:=ae+T(Hx-xl/) = limo (Hpx- PxH) 

=-t {l-~.!:_-+-u (x)J (-in_!_) limo 2mo a:e2 • ax 

- (-in_!_) [- _!!:.._ _!:__. + u (x>]} ax 2mo ax2 

=-t- {u (x) (-in~)- (-in_!_) u (x>} = --1 !!!._ limo ax ax mo ax 

Hence, 
~ 

• • 1 au X=---m0 ax 
(21.15) 

or for the three-dimensional case 
• 1 
V= --'VU mo 

(21.16) 

The operator equation we have oblaiued coincides in form with the equation of Newton's second law in classical mechanics. 

ll. Time Dependence of Matrix Elements 
For stationary states, the time dependence of the psi-function is 

determined by an e>..ponenti.al factor [see formula (5.6)]: 

'ltln (X, y, z, t) = cpn (x, y, z) e-i(En/11)1 
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Let us introduce this function into expression (9.9) determining 
the matrix elements of the quantity Q: 

Q,.,., (t) = I IJ:.fi(E,.J~'tQr.r~f-i(ET. /t.H dl' 

If the operator Q contains no time derivatin•. the exponent can 
he put outsiot' tiH' opl'rntor s~·mhol. Tht> rt'~ult is 

where 

Qmn (t) = eii<Bm -En>Jh]t \ <p;';.Q<pn dV = ei(l)mn'Qmn 
,; 

(22.1) 

is a quantity known as the transition frec1uency between the states m 
and n, while 

Qmn = J cp;';.Q<pn dV (22.2) 

is a time-independent matrix element. When the time dependence of 
the matrix elements is immaterial, only matrices with the elements 
{22.2) are considered. Particularly, we proceeded in this \Vay in 
Sec. 9, using the letter 1p for the function {Pil (x, y, z). 

l-Ienee, 

Qmn (t) = ei(l)mn1Qmn (22.3) 

Let us write expression (9.25) for the mean value of the qua11tity Q: 

(q) = ~. c;;.Qmn (t) Cn (22.4) 
m,1'1 

{the coefficients c:, and c11 determine'¢* and '¢ of the stattl for which 
(q) is being calculated). 

The mean value of the quantity Q in the same state is deter-

mir1ed by expression (22.4) in which Q must be substituted for Q: 

• "' * • (q) = ---' Cm (Q)mn (t) Cn (22.5) 
m,n 

and in the same way as for Q 

(Q)mn (t) = ei(l)mnt (Q)mn (22.6) 

[see (22.3)]. 
Let us differentiate expression (22.4) with respect to t, remember

ing that c~ and c,_ are numbers: 

(22. 7) 
m,n 
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In the preceding ~ection. we determined the deri\·atiw of a phy~ical 
quantity wit!1 the aid of relati(JTl (21.1), i.e. a:o~uming the quantities 
(22.5) and (22.i) to be equal. Collsequently, the following equality 
must be obsprved: 

• d 
(Q)mn (t) = dt Omn (t) (22.8) 

A matrix element of the quantity Q is on the left, and the time 
derivative of a matrix element of the q11antity Q is on the right. 

Wi lb a view to formuln (22.:~), we l"lJHI that . 
(Q)mn (t) = iWmneiwmn10mn = iWmnOmn (t) 

Finally, introducing expression (22.6) for (Q)mn (t) into the left
hand side of the relation obtained and cancelling the time factor 
on both sides, we arrive at the formula . 

(Q)mn = iWmnOmn (22.9) 

Using relation (21.1) twice, we can write that 

'' d ' d ( d ) dZ 
(q) = dt (q) = dt dt (q) = dtZ (q) (22.10) 

Double differentiation of expression (22.4) with account taken of 
(22.3) yields 

;:~ (q) = ~ C~ [. ;:z Omn (t) J Cn = ~ C~ [- winnOmn (t)] Cn (22.11) 
m,n m,n 

At the same timP., 
• • '\1 •• 

(q) = - C~ (Q)mn (t) Cn (22.12) 
m,n 

[compare with (22.4) and (22.5)]. 
By (22.10), expressions (22.11) a11d (22.12) equal each other. 

Hence, 

(22.13) 

or, after cancelling the time factor, .. 
(Q)mn = - winnOmn (22.14) 

Formulas (22.9) and (22.14) allow us, if we know the matrix of 

the quantity Q, to find the matrices ot the quantities Q unrl (j. Recall 
that all the calculations have been performed assuming that the . 
state in which (q), (q), and (q) were determined is stationary. 



Chapter V 

MOTION OF A PARTICLE IN FORCE FIELDS· 

23 . .A Particle in a Central Force Field 

The potential energy of a particle in a centra 11 y symmetric fore!'" 
field depends only on the d istllnce from the particle to the force
centre: U = U (r). Consequently, the Hamiltonian of the particle 
has the form 

A 1l2 
H = --2-'V2 +U (r) 

mo 
(23.1} 

To avoid confusing the mass of a particle with the magnetic quantum 
number m, we have designated this mass by m0 • 

Owing to the central symmetry of the forcf' field, it is expedient 
to solve the problem in spherical eoordinates. An expression for· 
the Laplacian operator \7 2 in spherieal coordinates is given in Appen
dix XI of Vol. 1 [see formula (Xl.88)]. Sub~<titnting this e~pression 
into (23.1), we obtain 

H= --- ---- r2- ...L A fi2 { 1 a ( a ) 
2mg r2 Or Or I 

1 a( .. G.a) 
r 2 sin flo oflo Sill u oflo 

1 ()2 } + r2sin2 flo iJqJ2 + U (r) (23.2) 

A comparison with expression ('15.12) ~hows t.hat the second and 
third terms in braces are identical with the operator of the square
of the angular momentum M2 rlividecl by -1i2r 2• Therefore, the 
Hamiltonian (23.2) can be written as follows: 

A !i2 a ( a ) ~~2 H=----- r· 2 - +---1-U(r) 2mor2 iJr or 2mor2 (23.3) 

I1 is not difficult to see that the operator (23.3) commutes both with 
the operator JV1 2 and with the operator :11 z· Indeed, tl1e sum of thP
first and la~t terms of expression (23.3) is the operator Q (r, fJ/()r} 
that contains only rand iJ/iJr and does not eontain the angles 'fr, cp~ 
nor derivatives with respect to the Rngles. vVe can thus write tlwL 

A At a) 1 A 

H =Q I r,-;;- +-2--2 M2 
, ur m 0r 
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The operator ~F contains only the ang-Ie {} and dprivatives with 
respect to the angles{} and cp. Therefore, M2 commutes with Q (r, fJ!fJr) 
and does not act on the factor 1/r2• It thus follows that 1\P commutes 
with the operator (23.3). 

The operator Jo.f z contains only the derivative with respect to 
the angle !p [see (1.tJ.11)). It therefore commutes with the operator 

·Q (r, fJ!fJr) and does not act on the factor 1/r2 . In ~:~ddition, Mz is 
known to commute with the operator ~~ 2 [see formula (16.14)1. It 
follows from this that i1 z also commutes with the operator (23.3). 

Hence, the operators ~i2 and M z commute with the operator fi 
of a particle in the field of central forces. This shows (see Sec. 10) 
that such a particle can simultaneously have definite values of the 
energy, the square of the angular momentum, and of the projection 
of this momentum onto the selected direction z. By formulas (19.3), 
(19.10), and (Hl.11), the square and thr. projection of the angular 
momentum can have the values 

M, = m!i 

1\-!2 = !i2 l (l + 1) (l = 0, 1, 2, ... ), 
(n. = -l, -l + 1, ... , -1, 0, -t-1, . .. , 

(23.4) 

l - 1, l) 

(23.5) 

To find the valuPs of the energy of n partide, we must solve the 
eqw1tion 

1i2 iJ ( iJ1jl ) 1 ~ ----- r2- -1- --. M21jJ + U (r) 1jJ = Eljl 
2m0 r2 iJr iJr ' 2m0 r 2 

(23.6) 

[see (7 .3) and (23.3)]. v\'e shall try to seek the solution of this eqlld
tion in the form of the product of two functions, O!le of \vhich depends 
only on r, and the other only on the angles {} and cp: 

,r (r, 'fr, cp) = R (r)·Y (1't, !p) (23.7) 

Substilution of expres~ion (23 .7) into Eq. (23.fi) yields 

- _ ~ y ...!!.._ (rz dR ) + _i_ Rl\l2Y -1- U (r) RY = ERY 
2m0r 2 dr dr 2m0r2 1 

We hC~ve written tbe symbol of the total derivative with respect 
to r becau::re the function R d~;pends ouly on r. Rec:all that the oper-
ator ~1 2 does not contain differentiation with respect to r. 

Multiplying the relation obtained by r 21RY, we reduce it to the 
form 

Ji2 d ( dR ) 1 ~ ---- r 2 - +r2[E-U(r)]=--M2Y 
2m 0R dr dr 2m0Y 

(23.8) 

\Ve c<1n see that the introduction of (~3.7) resulter! in separation of 
the Yari.~ble,;;: the left-hand side of l'elation (23.8) contain~ only 



MO'l'ION OF A PARTICLE IN FORCE FIELDS 91 

the v~riable r, and the right-hand side only the variables 'fr and cp. 
Reliltton (23.8) must be observed at any values of the variables r 
'fr, ([l· Thi:o is possiblA o11ly if the right-hand and the left-hand sidt>~ 
<lf the relation are separately equal to the same c.onstant qua11tity C. 
Consequently, inste<td of Eq. (2.3.8) we can write two equations: 

fi2 d ( dR ) 
2mo dr' r2 -;t; +r2 [E-U(r)] R-CR=O (23.9) 

(23.10) 

Equation (23.10) belongs to the type of (7.3). The eigenfunctions of 
the operator M2 , i.e. the spherical functiur<: Y 1:n (f}, rp) [scr (19.9)] 
.are its solutions, and the I.Jllantities (19.10) are its eigenvalue:;. 
Therefore, the constant C must satisfy the couditiun 

(l = 0, '1, 2, ... ) 

whence 
C = (n2/2m 0 ) l (l -r 1) (l = (1, '1, 2, ... ) (23.11) 

Thu-;, the angulm· pnrt of tlw ps!-funct ion (23. 7) coiucirles with 
the eigenfunctions of the square of the Hllg'lllar momentlllll. 

In accordance with the properties of the solution of Eq. (23:10), 
we shall be interested only in the solutions of Eq. (23.9) that Iii'<' 

·obtained at the values of C determined hy formula (23.11). We 
therefore rewrite Eq. (23.9), replacing- C in it with its value from 
{23.11): 

...!!:___ ~ (r2 dR) +r2 [E-U (r)] R--.!!2_ l (l-L- 1) R = 0 
2m0 dr dr 2m 0 1 

Vl''e transform lhis equation by differenti<tting with re::-pect tor the 
expression in thr first parenthrse~ and divining the entire equation 
by n 2/'21h(,. Tlw r0sult is the followillg differential equation for R (r): 

r 2 ~:~ +2r ~~ + 2~t' [E-U(r)JR-l(l+1)R=0 (23.12) 

To :-ol ve thiR e4uat ion, we must set t lw form of the fulld ion L' (r). 
Hence, tlw rarlinl p:u·t of lht' psi-function (23.1) is dt>tNmined by 
the nature of !he force Jield. The nngtdar part. of the psi-function, 
however, does not depeml on the form of U (r). It is determined by 
the values of thr quantum numbers l and m, i.e. by the magnitude 
of the angular moment urn and of its project ion onto thr :::-axis. 

By solving Eq. (23.12), we can find the eigenvalues of the energy E 
and the flmctions R corresponding to them. These functions depend 
on the quantum number land, conseq'..lent1y, must be written i11 the 
form R 1 (r). Hence, t l:e solution of Eq. (23.G) is 

'ljJ (r, {)·, rp) = R 1 (r) Y 1m (it, rp) (23.13) 
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Superposition of functifJns of 1l1c form of (23.13) will he tltc most 
general solution of Eq. (23.6): 

'11 (r, 'l't, cp) = ~ CtmRz (r) Yzm ('l't, cp) (23.14) 
I, m 

Eqtwtion (2::1.12) does not contain the quC~ntum numher m. Con
sPquently, the values of E do not dcpenri •Jn m. This signifies that 
states with different values of m (there are altogether 2l + 1 snch 
Yalnes) have the same energy. This phenomenon is known as degen
eracy. Therefore, for a particle in a C!'niTal field of forces. degeneracy 
oecurs with r!'spcct to the quanlmn llumlH•r 111, tlw degree of dcgenPr
nc~· lwing 2/ + 'l. 

Degcnet·acy with respPcl tu m is due lu tlw splwrical symmetry 
of the force f1eld. Owing to this symmetry. the ener15y does not 
depend on the orientation of the angnlRr momentum in space, i.e. 
011 the magnit11de of its projl'dion onto an arbitrarily choseu direc
t ion. 

It is customary practice to designate states having different values 
of the angular momentum (i.e. different values of the quantum 
number /) by Roman letters: 

value of l 
symbol of state 

01234567 
spdfghik 

Let us see how the radial function R 1 (r) behaves near the orig·in 
of coordinates and at wry great distances from the force centre. 
It will be more convenient to do this by writing the function as 

1 
Rz(r)=-x(r) r 

(23.15) 

(to make our notation ~impler, we shall not write the subscript l 
on x). Substit11tion of expression (23.1."i) into (2:3.12) yields the 
following equatiou for 'l.. (r): 

d 2x , [ 2m0 (E _ U) _ l (l + 1} J = 0 
dr2 T _ !i2 r2 X (23.16) 

Tllis pqualion is simpler than Eq. (23.12). Tllis justifies the repre
sentation of the radial function iu the form of (23.1.5). 

We must note that Eq. (23.16) coincides formally with the Sehri:i
dinger equation for the one-dimensional motion of a particle in a 
force field: 

Vz (r) = U (r) + ~ l(l}-i) 
2m0 rJ 

(23.17) 

Ben• lliP term 

can be called the centrifugal energy. 
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Let us first establish the form of the radial function at verv small 
I's. Assume that the potential energy near the origin of coorrlinates 
behaves so that 

lim U (r} r2= 0 (23.18) 
r-o 

This condition, particularly, is observed for a particle in a Coulomb 
f1eld, i.e. in a field of the form U = a./r. 

Examination of (23.18) reveals that U (r) grows at a slower rate 
than 1/r2 when r shrinks to zero. For this reason in Eq. (23.16), we 
may disre~ard the term 2m 0 (E - U)ilt2 in comparison with the 
term l (l + 1)/r2 • lleHce, al small r's, the Iuudiou x (r) is a solution 
<Of the equation 

• (23.19) 

The circumstancf' that the coefficients of the equation are propor
tional to 1 and 1/r2 suggests the idea of trying to seek the solution 
in the form of x = cr•, where C is a constant and s is an integer. 
Substitution of this expression into Eq. (23.19) results in a quadratic 
equation for s: 

s (s - 1) = l (l + 1) 

The roots of this equation are 

s = l + 1 and s = -l 
The second root cannot be used because when s = -l we find that 
R oc r-< 1+1) and, consequently, at any l the funetion R would become 
-equal to infinity at r = 0 (recall that l ;;;?- 0). Hence, near the origin 
of coordinates, X oc r1+1, and the radial function is determined by 
the formula 

ll (r) = Cr1 (23.20) 

Now let ns establish the form of the radial function at very great 
r's. If, as is usually done, the value of the potential energy at infinity 
is taken equal to zero, we have 

lim U (r) = 0 (23.21) 

Therefore at larger's, the term -2m0 Uxlli 2 in Eq. (23.16), as well 
as the 1crm l (l + 1) xlr2 , may be disregarded in comparison with 
2m 0Exlli 2 • The equation will now llccomn simplifwd as follows: 

(23.22) 

where 

(23.23) 
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The general solulion of this equation is 

Y. = A Ieikr + A 2rikr (23.24) 

Accordingly, the asymptotic (at r-+ oo) expression for R (r) is 
determined by the formula 

(23.25) 

When the r.nergy E is positive, the parameter k will be real. There
fore, (23.25) is a superposition of a diverging and converging spherical 
waves. If we demand that R 1 (r) be real, the function (23.25) for 
E > 0 can be written as 

Rt (r) o= fiL sin (kr-f-Bt) 
r (23.26) 

Hen~e. at very small r's, the asymptotic expression of tlw radinl 
functio11 i~ dt-lt>l'lllilll'd by f(ll"ltttlla (~:~.~0). while at verv lar2:e ···~ 

I 1.,' ' • , 1 '"> ' •' . • • • -
::)lltr \~ ---.....' . '}v '!r;:•tr•l .iJ .';.:~.:2:,_.. \,\,.-!: l"JlB'; 'JJti';:!: 'cla,-, 'i,l.Jf:St fJ~TI;Ji'; fJ1-

ic e:-;.-pressions <io not depend on the form of the function U (r). It is 
only esset1tial that this function satisfy the conditions (23.18) and 
(23.21). 

The asymptotic form of the function R (r) at very large r's and 
at E < 0 will be co;1sidered in the following section. 

24. An Electron in a Coulomb Field. The Hydrogen Atom 

A Coulomb field is a central one. Therefore, all the results obtainecf 
in the preceding section also relate to the given problem. Limitillg 
ourselves to attraction, we can \\Tite the potential energy of an 
electron as 

Ze2 
U=-

r 
(24.1) 

where e is the elementary charge, and Z is an integer. \Vhen Z = 1. 
expression (24.1) is the potential energy of an electron in a hydrogen 
atom, when Z > 1, it is the potential energy of an electron in a 
hydrogen-like ion. We must note that the function (24.1) satisfies 

-the conditions (23.18) and (23.21 ). 
Substif11tion of the function (2-1.1) into (23.12) yields the equation 

r2 d2R +2r dR +2mer2 [E + Ze2 ]R-l(l+1)R=0 (24.2) 
dr2 dr !i2 r 

(me is the mass of an electron). To get rid of the eumbcrsome coef
ficients in this equation, it is customary practice to go over to what 
we call atomic: unit.5- of physical quantities. 

In atomic units, it is assumed that me= 1, e = 1, and 1i = 1· 
Combinations of me, e, and 1i having the relevant dimension are 
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taken as the units of other quantities. For instance, the unit of length 
is the quantity 

(24.3) 

coinciding will1 the Bohr radius (the radius of the first Bohr orbit). 
The unit of energy is 

me~t eZ 
E0 =---...:2 = -= 27.2 eV = 2 rydbergs 1 

,, ro 
(24.4) 

The unit of time is 

and so on. 
Let us perform tlw following sllhstit11tions in Eq. (2<'1.2): 

fi2 meel 
r=r0p=--2 p, E=E0e=~£ (24.6) mee ,, 

We shall take into account here that, as follows from (24.G), we have 
r (alar) = p (8/Dp) and r 2 (D 2/ar2) = p2 (D2,'op2). These substitutions 
yield 

2 d2R +2 dR -l- 2mer~p2 [E + Ze2 ]R-l(l+1)R=0 
p dp2 p dp ' li 2 o£ roP • 

Taking into account the values of r 0 and E 0 and dividing the equation 
by p2 , we finally obtain 

d2R , ~dR +[2e. ~- l{l+1) ]R=O 
dp2 -r p dp -t- p p2 

(24.7)· 

Rec<~ll that p is the disla11ce from <'Ill l'leclron to lite force centre 
measmed in the units (2·~.3), and F is the energy of the electron 
measured in the units (24.4). 

We must note that if in Eq. (24.2) we assumed me, e, and n to be 
unity, and substituted p for rand e forE, \H: would also arrive at 
Eq. (2~.1). 

\'Ve established in Sec. 23 tlt11l at very small \'<1l11e~ of r, the radial 
function is proportional to r1 [see (23.20)]. Accordingly, 

R (p) oc pz when p-+ 0 (24.8) 

At very large values of p, we m11.y drop all the terms in Eq. (24.7) 
that contain p or p2 in their denominator (owing to the standard 

1 The rydberg (Ry) is defined to be a unit of energy equal to the energy of the
ground state of a hydrogen atom taken with the opposite sign. 



'96 QUANTUM MECHANICS 

conditions, dR!dp must be finite; see the end of Sec. 6). Equation 
(2~.7) thus becomes simplified as follows: 

d2R 
-+2eR=0 dp2 (24.9) 

'This is a well-known equation. Tts solution depends on the sign 
.of tlw energy c:. It was establisherl in Sec. 11 of Volume 1 that when 

1:~ > 0, t lw mot ion of a pari iclP in a field of central forces of attraction 
is inliuile, and when r- < 0, it is fmite. The same relation also holds 
in quant urn mechanics. \:\'e shall be interested only in bound states of 
an electron, i.e. in finite motion. Let us therefore consider the case 
·when e < 0. We shall introrlur,e the notation 

a 2 = -2e > 0 

:Equation (2c!.9) will now be written as 

d2R -a2R=0 
dp2 

The general solution of such an equation is 

R (p) = Ae-etP + Be"P 

(24.10) 

To satisfy the standard conditions (R mu:-t be finite every\vhere), 
we mu~t a~:'<IIUW that n · 11. Tlt>nrl', 1111' i>Phaviout· of H (p) at very 
great clistances from the Jorce centre is shown by the function 

R (p) = Ae-etP (24.11) 

Tlte function 

(24.12) 

will behave as required both: when r- ll (because of the factor f/) 
and when p-+ oc (because of the factor e-"P). \Ye shall therefore 
seek the solution of Eq. (24.7) in the form of (24.12). We meanwhile 
leave an indpfmite numlwr of addPtHls in the sum. \Ve write expression 
(2:'t. I:?) as folltlws: 

(24.13) 

Differentiation of this function with respect to p yields 

dR "'dP = - ae-ap ~ a 11 ph+l + e-ap ~ a11 (k + l) ph+l-·1 (24.14) 
k=O k=O 
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Repeated differentiation leads to the expression 

+ e-a.P ~ ah (k + l) (k + l-1) pk+l-2 (24.15) 
k=O 

Introducing expressions (24.13)-(24.15) into Eq. (24.7) and combin
ing similar sums [recall that by (24.10), wo have a 2 + 2e == 011 
we obtain the following relation: 

e~«~~ { ~ 2 [Z -a (k+ l + 1)] akpk+Z-t 
k=O 

+ ~ [(k+l+1)(k+l)-l(l+1)]akpk+l-2)=0 
k=O 

For the obtained relation to be observed at any values of p, the 
eoeffiCients at all the powers of p must be zero. An identical power 
of p is obtained if in the ftrst sum we take the term with the number k, 
and in the second sum the term with the number k + 1. Consequently, 
at any k, the following condition must be observed: 

2[Z -a(k +l +1)Jah +[(k +l +2)(k +l +1)- l (l + 1)] ak+l 

=0 
Hence we obtain a recurrence formula for tho coefficients ah: 

(24.16) 

With the aid of this formula, knowing the value of a0 , we can cal
culate a 1 , then a 2 , etc. The value of a 0 is determined from the con-I 
clition of normalization of tho psi-function. We must. note that to 
each value of a (i.e. of the energy) there corresponds its own set of 
coefficients ah. 

At large values of k, we may disregard Z in the numerator and 
l (l + 1) in the denominator of· formula (24.16). The recurrence 
formula now becomes 

2a 
ah+t= k+l+ 2 ah (24.17) 

Although relation (24.17) has been obtained for large values of k,, 
we shall extend it to small values. Here we shall introduceno appr~-' 
ciable error into the values of the function (24.12) at large values of 
p because when p >"'> 1 the first terms of the series introduce a negli'-
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gibly small contribution. Using formula (24.'17) to consecutively 
calculate the coefficients, we obtain the following values: 

2c.t 2c.t 
at= 1+2 ao= 1+1+1 ao, 

2c.t (2c.t)1 

as= 1+1+2 at= (i+l+t) (2+1+1) ao, 

(2c.t)k (I+ 1)1 (2c.t)lt+l+l 
ak = (1+1+1H2+Z+1) •.• (k+l+t) ao= (2c.t)l+l (k+l+1)1 ao, 

. . . . . . . . . . . . . . . . . . . . . . . . . 
1-Jence, at large values of p with a high dcgree.of accuracy, we have 

""' It (l + 1)1 ""' (2c.t)lt+l+l It 
L.J akp ~ (2c.t)Z+l L.J (k+Z+1)1 P 

h=O lt=O 

= (l+1)1 p-<1+1) ~ (2c.t)k+l+l pk+l+l 
(2c.t)l+l (k+l+1)1 

lt=O 

Let us introduce the notation s = k + l + 1. Therefore, 

""' a ph~ (l+1)1 p-<Z+t> ""' (2c.t)' p' 
£.J It (2c.t)l+l L.J sl 

1<=0 s=l+l 

(24.18) 

The Maclaurin series for the function e2a:P has the form 
CXI 

e2ap = ""' (2c.t >' p' . 
£.J sl 
s=O 

. ( 

In comparison with this series, the sum (24.18) lacks the first l + 1 
addends that play no appreciable role at large values of p. Con
sequently, within the constant factor (l -1- 1)!/(2a)1+1 we can write 
that 

00 

~ akpk oc p-<1+1)e2a:p 
h=O 

Substitution of this expression into formula (24.12) yields 
R (p) oc e-a:Pp1p-<Z+t>e2a:p= p-tea:P 

This function becomes equal to infinity when p-+ oo. We can thu! 
arrive at the following conclusion: if the number of addends in the 
sum in expression (24.12) were infinite, the function R (p) would 
not satisfy the requirement of being fi,nite at any distance from the 
force centre. Hence, R (p) will satisfy the standard conditions only 
if the series lja11 p11 terminates at a term with the number n7 • For 
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this to occur, it is necessary that the coefficient a" with the mnnber 
n7 + 1 be zero. As a result, owing to the recurrence formula (~4.·16), 
all the following coefficients will also be zero. 

Assume that an ::f= 0, and an +1 = 0. This will occur if at k = n7 r r 
the numerator in formula (24.16) vanishes. This condition is written 
analytically as follows: 

et (n7 + l + 1) - Z = 0 (24.19) 

Recalling that the constant a is associated with the energy of state 
by the relation a 2 = -1:: [see (24.10)], we obtain the energy values 
at which the psi-function satisfies the standard conditions. These 
values are 

Zl 
e =--

n 2n2 

where n is an integer determined by the relation 

n=n7 +l+1 

(24.20) 

(24.21) 

It is called the principal quantum number. The number n, is called 
the radial quantum number. Since n7 cannot be negative, the con
dition 

n>l+1 
must be observed. It thus follows that the maximum possible value 
of the azimuthal quantum number l at a given n is n - 1, i.e. that 

z:::;;n-1 (24..22) 

Formula (24.20) determines the energy of an electron in atomic 
units. To express the energy in ergs, we must multiply fn by E 0 = 
= mee~/n 2 [see (24.4) and (24.6) I. The result is the value 

(24.23) 

coinciding with the value obtained by N. Bohr in his theory of the 
hydrogen atom. 

The energy of a particle in a Coulomb field was found to depend 
only on the principal quantum number n. Consequently, in a Coulomb 
field, there is degeneracy not only with respect to m, but also with 
respect to l. The latter degeneracy is a specific property of a Coulomb 
lield, whereas degeneracy with respect to m, as we established in 
Sec. 23, is observed in a spherically symmetric field of any kind 
(with any dependence on r). The greater a field differs from a Coulomb 
one, the more do the energies of states \vith different values of l 
differ (at identical n 's). 
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According to formulas (24.19) and (24.21), the parameter a can 
have discrete values: 

z an=- (n= 1, 2, ... ) 
n 

(24.24) 

Let us introduce this value into expression (24.12). In addition, we 
shall take account of the fact that beginning from k == n 7 + 1 = 
= n - l, all the coefficients ak equal zero. As a resu1t, we obtain 
the following expression for the radial part of the psi-function: 

!1-/-1 

R (p)- e-Zpfnpl '\ 1 a p'' nl - _, h (24.25) 
h=O 

(we have used the subscripts n and l on R because the expression for 
this function is determined by the values of these quantum numbers). 
The coefficients akin formula (24.25) can be calculated by the recur
rence formula 

2Z (k+l+i-n) 
ak+i = n. (k+l+2) (k+l+1)-l (l+i) ah 

(24.26) 

We obtained this formula by substituting the value (24.24) for a 
into expression (24.16). 

\Ve must note that polynomials with coefficients satisfying formula 
(24.26) coincide to within a constant factor with what are called the 
Laguerre polynomials. We shall not stop to consider them in detail. 

The total psi-function of a hydrogen-like atom has the form 

(24.27) 

Let us find Rnz for the ground state (i.e. for the state with the 
lowest possible energy). In this state, n =' 1, l = 0 [see (24.22)], and 
n - l - 1 = 0 so that the sum contains only one addend corre
sponding to k = 0. Consequently, 

(24.28) 

For n = 2 and l = 0, formulas (24.25) and (24.26) give the expression 

(24.29) 

For n = 2 and l = 1, we obtain 

(24.30) 

and so on. 
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The coefficient a 0 in the expressions we have obtained cau be found 
from the normalization condition for the psi-function: 

) 1Jl*1Jl dV = j (RY)* (RY) p2 sin 'fr dp d'fr d<p = 1 

Let us write this condition as follows: 
00 

I R;zp2 dp) YimYlm sin 'fr d'fr d<p = 1 
0 

(the Juuelion Rnz is real). The spl1erical functions are normalized to 
llllily. We thus arrive at the normalization condition for Rn 1: 

00 i R~1p2 dp= 1 
0 

(24.31) 

Calculations by this formula give the following values for the coef
ficient ao: 2Z312 for RIO> Z31 2!Y2 for R20> and Z312/2 vrr for R211 . 

A volume element in spherical coordinates is determined by the 
expression dl' = p2 sin 'fr dp d'fr d<p = p2 dp dQ (here dQ is an elPment 
of a solid angle; dl' is the volume cut out from a spherical layer of 
radius p and thickness dp by the solid angle dQ). The probability of 
an electron being detected within this volume is 

(24.32) 

Integration of this probability over the a11gles yields 

determining the probability of detecting an electron in a spherical 
layer of thickness dp, i.e. at a distance from the nucleus rnnging from 
p to p + dp. Accordingly, the expression R~1 p2 is the density of the 
probability that the electron is at a distance p from the nucleus. 
For the ground state of a hydrogen atom (n = 1, l = 0, Z = 1), 
the function R~0p2 = a~e-2Pp 2 • It is not difficult to see that the 
maximum of this function is achieved when r = 1. Thus, the Bohr 
radius is the distance from the nucleus at which the probability of 
detecting the electron is the greatest in the ground state of a hydro
gen atom. 

1 If we introduce p = rlr0 [see (24.6)] into (24.31), the factor 11r3 will appear 
in front of the integral. Accordingly, the above values of a0 must he multiplied 
by (1/ro)3f2, 



102 QUANTUM MECHANICS 

Figure 24.1a shows plots of the functions Rnz we have found above 
for the states is (n = 1, l = 0), 2s (n = 2, l = 0), and 2p (n = 2, 
l = 1); Z has been taken equal to unity. We must note that the 
radial quantum number nr = n - l -1 gives the number of nodes 
of the function Rnz, i.e. the number of intersections of the plot of 
this function with the p-axis (except for the origin of coordinates). 
Figure 24.1b shows plots of the probability rlrmsity R~1r2 for tho 
same states. 

If we integrate expression (24.32) with respect to p from 0 to oo, 
we obtain the probability of finding the eleetron within the limits 

of the solid angle dQ (at any 
2 distance from the force centre). 

R In view of (24.31), this prob
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ability is 

dP'(}, '~~ = I Yzm 12 dQ 

The expression I Y zm 12 is the 
density of the probability that 
the electron will he detected 
in a direction determined by 
the angles -6- and q>. It follows 
from the form of the function 
Yzm(-6-,cp) (see formula (19.9)1 

p that the square of its magni
tude does not depend on the 
angle q;. Therefore, the den
sity of the probability of de
tectiHg the electron in a cer
tain direction is svmmetric 
relative to the z-axis. · 

Figure 24.2 contains polar 
diagrams characterizing the 
distribution of the probabil
ity depending on the angle 
-6- for the s- antl p-states of 
an electron. The values of 

P I Y 1m 12 uro delormiuod lly !he 
length of the segment cut 
off by the diagram on a ray 
drawn from the origin of 

coordinates at the angle {}. To obtain a spatial distribution of 
the probability. we must rotate the diagrams depicted in the 
figure about the z-axis. It must be noted that the form of the diagrams 
of I Y zm 12 does not dep£md on the quantum number n. Moreover, 
these diagrams have the same appearance for both a Coulomb field 
and a non-Coulomb ceutrally symmetric field. 
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Using formulas (19.12) and (21t.28)-(24.30), we shall write seYeral 
first psi-functions of a hyclrogpn-like ion: 

'Ptoo= (~)3/2 ~e-Zr/r, 
ro y n 

1[1zoo=(~)3/2 1 c-Zr/2r,(2--;-) 
Tg /a Jf 2tt I II 

( z ) 3/"l. 1 
\jlzu = - -'- ----- e-Zr/Zr. (-'-) e1'1' sin 0 > 

ro 8 Y n ro (24.33) 

( Z ) 3/2 1 ( r ) 1j1zto = - y e-Zr/2r, - cos{} 
ro 4 2n ro 

( Z ) 3/2 1 z 12 ( r ) · . ,, 'Pzt-1 = - ----e- T r, - e-t<p Sill \r 
To 8 y n To J 

To obtain the psi-functions for a hydrogen atom, we must assume 
that Z = 1 in thtJse formulas. 

Up to now, we have treated the motion of an electron in the field 
of a statiouary nucleus. Actually, however, both the electron and 

z z z z 

/=1 m=+1 /=1 m=O 1=1 m=-1 

Fig. 24.2 

the llllcfcu:-; lliOVl' about. l)w Ct~ul.rc of mu::;s of tho sy,;lcm. \Ve sl11dS 
show that in quantum ruechanics, as in classical mechanics, the 
problem of two interacting particles (the two-body problem) reducpl 
to a problem of a paJ·ticle moving in a central force field, the mass of 
this particle being t.aken equal to the reduced mass mred = 
= m1m 2 /fm 1 + m 2 ). 

In cla~sical mechanics, the energy of a system consisting of two 
interacting particles is 

P2 2 
E= -' +_E.!_+ U (r) 

2m 1 2m 2 
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Here m1 and m 2 are lhe masses of the particles, p1 and p2 are their 
momenta, U (r) is the energy of interaction, and r is the distance 
between the particles. Accorrlingly, the Hamiltonian of the system 
has the form 

(24.34) 

where V~ = ~~ is the sum of the :;econd partial derivatives with 
respect to the coordinates of the fir~t particle, and V~ = ~ 2 is the 
s11m of similar flC'rivativcs with respPr.l. to lhl' coOJ"dinalps of tho 
second pari ie.le. 

Let us introduce iustearl or the position vectors r 1 and r 2 of tho 
particles the vector r of the mutual arrangement of the particles and 
the position vector rc of the centre of mass of the system. The vectol's 
we have introduced are related to r 1 and r 2 by the expressions 

or in Cartesian coordinates 

X=X2-Xt, (24.35) 

= ax 2 

2m! az + ( ml ) 2 a2 

-m-1-;-+-'-m-2 ax axe ml +m2 ax& (24.36) 

~imilady 

(24.37) 

Dividing (24.36) hy m1 and (24.37) by m2 and summating the 
expressions obtained, we arrive at the relation 

1 82 1 az ( 1 1 ) a2 1 82 

mt ax~ +m;- cJxi = ~+ m2 ax" +m1 +m2 ax~ 
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The same relations 11re obtained for the derivatives with respect to 
y and z. We thus conclude that 

_1_ ¥'2 + _1_ V'~ = _1_ v: + 1 V'~ 
m1 1 m 2 mred m1 +m2 

where mred = m1m21(m1 + m 2), V'~ is the Laplacian operator with 
respect to the components of the vector r, and Y't is the Laplacian 
operator with respect to the components of the vector rc. 

Substitution into (24.34) yields 

]~[ 11,2 2 11,2 2 u ( ) 
=-2( + )Y'c--.,--Y'r+ r ml m2 ..:.mred 

(21.38) 

The Hamiltonian thus breaks up into the sum of two ind~endent 
Hamiltonians, one of which contains the total mass of the system 
and the position vector of the centre of mass, and the second con
tains the reduced mass and the vector of the mutual arrangement 
of the particles. 

We write the Schrodinger equation: 

-2 (m1h:m2) Vttjl- 2:r2
ed V'~1Jl + U (r) tjJ = E1Jl 

We shall seek its solution in the form of the product of two functions 

tjJ = 1J;c • tjJ r 

where ~'c is a function of rc, and 'ljl7 is a function of r. Substitution 
into the equation yields 

h2 h2 
2 (m1 + m2) 'i'r Vt'i'c- 2mred 1JlcY'Nr + U (r) tPc1Jlr = E1Jlc1Jlr 

Dividing by 'ljlc1~77 we obtain 

{ h2 1 2 } { 1!2 1 } 
-2 (ml +mz) '\jJc Y'c1Jlc + - 2mred Tr Y'Nr + U (r) = E 

The expression in the first braces depends only on rc, and that in 
the second brace5 only on r. The sum of these expressions at any 
values of rc and r must equal the constant quantity E. This is pos
sible only if each of the expressions equals its own constant, and the 
sum of these constants is E. Consequently, we arrive at two differen
tial equations: 

1i2 2 

2 (m 1 + m2) Y' c'i'c = Ec1Jlc (24.39) 
h2 

--2m Y'~lJlr + U (r) tPr = ErlJlr (24.40) 
red 

(here Ec + E 7 = E). 
Equation (24.39) is the Sc.hrodinger equation for a free particle 

having the mass n.1 + m 2 • It is evident that Ec is the kinetic energy 
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of motion of the system as a whole. Equation (24.40) differs from the 
Schrodinger equation for an electron in a central force field only in 
containing the reduced mass of the electron and the nucleus instead 
of the mass of the electron. The quantity Er is the internal energy 
of the system (atom). 

Consequently, when we take into consideration the motion of a 
nucleus, we must write mred instead of me in all the formulas, 
particularly in expression (24.23), for En. Otherwise, the results we 
have obtained remain unchanged. 

25. The Harmonic Oscillator 

A harmonic oscillator is defmed to be a particle with one dcgn~e of 
freedom whose potential energy is expressed by the formula 

k 2 2 2 

U (x) = += mo~ x (25.1) 

where m0 is the mass of the particle, k is the quasielastic force coeffi
.cient, aud w is the natural (classical) frequency of the oscillator equal 
to lfklm0 • 

The Schrodinger equation [see (5.8)1 in the given case is as follows: 

(25.2) 

To simplify the form of Eq. (25.2), let us go over to the dimen'lionles8 
variable 

6=x1/ mt (25.3) 

The result is the differential equation 

:~ + ( ~! - Sz). \jJ = 0 (25.4) 

At v~ry great values of 1;, the 4uantity '2EI!iw may be disregarded 
in compal'ison with s2 • Equation (2;1.4) j,<.; 1herefore simplifiNl as 
follows: 

(25.5) 

The asymptotic solutions of this equation at 6- oo have the form 
~::1:,2/ 2 • Ind~ed, 

d~: e±''/2 = (£Z + 1) e±61/2 ;:::::; sze±,•/2 

-so that Eq. (25.5) is satisfied. Since we are seetdng finite solutions, 
the exponent with the plus sign must be discarded. 
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Hence, the solution of Eq. (25.4} behaves at ~ __.,. oc as e-~2/2. 
We shaH therefore seck the solution in the form 

'ljJ (s) = e-6'12f (£) (25.6) 

Substitution of expression (25.6) into Eq. (25.4) leads lo the following 
differential equation for f (~): 

r m- 2£t' (£) + ( !! -t) t <£) = o (25. 7) 

Solutions of equations of this kind are found in Appendix III. In 
formula (111.1), the coeffieient at f m is Jesignated hy the letter').,, 
Consequently, when usi11g the results obtained in this Appeudix, 
we must have in vi<•w 1hat. 

2E --1=/.. 
!iw 

(25.8) 

By formula (1Il.8), the eigenvalues of the parameter ?, equal 2n 
Hence follows the conditiou 

2E --1=2n (n=O, 1, 2, ... ) 
!iw 

determining the possible values of the oscillator's energy: 

(n = 0, 1, 2, ... ) (25.9) 

We must note that the energy of a harmonic oscillator c~~nnot be 
zero. The minimum value E 0 = !iw/2 is said to be the zero energy. 

The Chebyshev-Hermite polynomials determined by formula 
(II1.11) 

H n (£) = (-it e£' ~: (e-6') (n= 0, 1, 2, ... ) (25.10) 

mo 1 he eigenfenctions of Eq. (25.7). To obtain the rigenfunctions of 
an oscillator, we must multiply the polynomials (25.10] by the 
t'xponcnt e-~2/2 [sl'c (25.G)J. Hence, 

(25.11) 

The coefficient An must be determined from the normalization 
condition. By formula (111.20), we have 

+co +co 

~ \jl~~'nd£=A~) e-s'[Hn(£)]2d£=A~n!2nlfn (25.12) 
-CO -co 
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Therefore, for the functions '¢n (~) to be normalized to unity, we 
must assume that An = [n!2n Vn]-112 , so that 

1Jln (~) = [n! 2n Vn]-lf2 e-6'/2 H n m (25.13) 

By formula (111.19) when n =I= m, we have 

+oo +oo 

~ 1jJ~ '11m d~ =An Am ~ e-~'H n (£) H m m d~ = 0 
-oo -oo 

Consequently, the system of functions (25.'13) is orthonormal. 
Only one fundion 'Pn (£) corresponds to each value of the energy 

En (to each value of n). Hence, the energy levels of an oscillator aw 
not degenerate. 

The eigenfunctions (25.13) are expressed in terms of the dinu•n
sionless variable ~. To go over to the variable x, we must replace £ 
in accordance with (25.3). Such a substitution in the formula express
ing the condition of normalization of the function (25.12) yields 

+oo 

~ l'¢n (x)J2 dx 
-oo 

+oo 
=[n!2nVnr1 ~ e-m.wx'I"'[Hn(xVm0wlnWV mowllidx=t 

-oo 

From a comparison of the integrands, we obtain the following expres
sion for 'P" (x): 

(25.14) 

where 

(25.15)· 

Using formulas (TII.24)-(111.27), we shall write expressions for 
the first folll' functious 1Pn (x): 

'i'o (x) = at/2 [ Vnrlf2 e-a'x'/2 

IJ'1 (x) = a 112 [2 V nr112 e-a•x•f22ax 

¢z (x) = al/2 [8 v-nrlf2 e-a'x'/2 (4a2x2-2) 

¢ 3 (x) = al/2 [ 48 Vnr112 e-a•x•Jz (8a3x3-12ax) 

(25.10)· 

(25.17)· 

(25.18). 

(25.19} 
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Figure 25.1a shows plots of these functions, and Fig. 25.1b, plots of 
the functions ['ljJ7, (x)J2. The latter plots determine the density of the 
probability of detecting an oscillatm at a point with the coordinate x. 

X 

ffi. 
-a () +a X 

~M -a ~oa x 
• -a 0 +a x 

(a) (b) 

Fig. 25.1 

The points -a and +a indicated on: the x-axis correspond to the 
maximum deOPctions (amplitudes) of a classical oscillator. The 
values of a are obtained from the relation En = m0a2ro 2/2. 

26. Solution of the Harmonic Oscillator Problem in the Matrix Form 

In quantum electrodynamics, an electromagnetic field is represent
ed in the form of the superposition of independent quantum oscilla
tors. In this connection, the harmonic o~cillator problem is very 
important. We shall therefore consider its solution in the matrix 
form. Moreover, this· problem was solved for the first time by 
W. HPisenberg in 1925 with the aid of the matrix method. 

The potential energy of an oscillator is determined by tho expres
sion U = m0w2x2/2. Let us write the equation of motion of an oscil-: 
lator in the form of (21.15). Taking into account that aU/ax= 
= m0 w2x, we obtain the operator. equation 

(26.1) 



!f() 

This equation is identical in form with the classical equation for an 
oscillator (roea.ll t.ha.t ; = z). 
~ign6r.ifig the functions of the stationary states of an oscillator 

(i.e. the eigenfunctions of the operator il) by the symbol1!J,. [1~n = 
= 'ljln (x)l, we can write by (2fi.1) . 

+oo ~ +oo ~ +oo 

) ,~~ ('; + ro2X) 'ljln dx = I ~J~~·'Ijln dx + ro2 ) 'ljl~x¢n dx = 0 
-oo -oo -oo 

The first integral is a matrix element of the ac(:eleration, i.e. {;)mn• 

the second integral is th(' matlix element of the coordinate, i.e. 
Xmn· We have thus arrived at an equation of motion in the matrix 
form: .. 

(X)nw + ffi 2Xmn = 0 (26.2) 

By formula (22.14), <~) 7,m = -ro~nXm71 • Substitution of this 
expression into (26.2) yields 

(26.3) 

Since the eigenfunctions of the operator ii were used to calculate 
the matrix elf'ments, we shall solve the problem in the energy repre
sentation. In this representation, the energy matrix is diagonal, and 
the diagonal elements of the matrix equal the eigenvalues of the 
energy. The Hamiltonian of an oscillator is 

~ 

fi = p~ + mow~x~ = m0;1 + mow~x1 (26.4) 
2m0 2 2 2 

To any operator equation there corresponds an analogous matrix 
equation. This can be verified readily by prf'multiplying [as we did 
in deriving Eq. (26.2)1 the operator equation by 'ljl~, postmultiplying 
it by 'ljln, ~nd integrating the relation obtained. The equation 

H E m0 ( • 2) + mow' ( 2) mn= mn=T X m~t -2- X mn 

corrf'sponds to Eq. (26.4). With a view to formula (10.31L we ohtain 
mo "\\ ( • • m0wz "\\ 

Emn = 2 LJ X)mh (x)kn + - 2- LJ XmkXkn 
k k 

Finally, making the substitution (;)mn = iromnXmn [see (22.9)] aud 
combining the two sums into a single one, we arrive at the following 
formula: 

Emn = ~0 ~ (C02 - ffimkffikn) XmkXkn 
k 

(26.5) 



Hence, to find the eigenvalues of the energy, we must calculate 
the frequencies Wmn and the matrix elements Xmn· 

A glance at formula (2G.3) shows that only those elements Xmn 
can be non-zero for which · 

(26.6) 

By (22.1}, the "frequency of the transitiou" between the slates '1-,m 
and ljJ,. is related to the energies of tlJC states by the expression 

(26. 7) 

Consequently, condition (2G.6) signifies that only tho!'e Xmn 's are 
non-zero that corrE>spond to "transitions" between states with energies 
differing by !iw. Let us number the stationary states (i.e. the functions 
~)nand the energy values £ 71 ) so that the subscripts for the states with 
energies differing by fiw differ by unity, the energies of the states 
increa!>ing with the numbE>r n. In accordance with (26.7), this signifies 
that· the numbering must be r-hosen so that 

(iln+t,n = W, (1)~-l.n =· -w (26.8} 

Hence, only the elements x,..;. 1,,. and x,._1, n will be non-zero. To 
find these elements we shall use rule (16.1) for commutation of the 

operators ; = x and Px = m0~, according to which 

= ;;Px - P.; = in. Therefore, 

t!i 
xx-xx=

mo 
(26.9) 

Going over in tlw way indicated above from the operator relation 
(26.9) to the matrix one, we obtain 

• • iii 
(xx)mn- (xx)mn =- 6mn 

mo 

Particularly, when m = n, we have 
• • til 

(xx)nn- (xx)nn =
mo 

Using formula (10.30), we can write that 

Let us make the substitution (;)mn = iwmn:l.mn [see (22.9)}: 



Cancelling imaginary unily and taking into account lhal Xmn = X~m 
because of the Hermitian nature of the matrix, we arrive at the 
formula 

Finally, taking into account that w,.k = -ffi"" [see (26.7)1, w~ obtain 

2 ~ ffittn. I X~tn 12 = ..3:_ 
mo 

I< 

In this sum, only two addends are non-zero. In one of them, k = 
= n + 1 and, consequently, ffi 1m = ffin+t.n = ffi, and in t.he other 
k = n - 1 and ffihn = ffin-t,, = -ffi [see (26.8)]. Hence, 

2 (ffi I Xn+t, 11 12 -ffi I Xn-t, 11 12) = : 0 (26.10} 

Since x,._1, n = x~. n _1 , we have I x, -t, 11 12 = I Xn, n-l j2 • Making 
such a substitution in (26.10), we arrive at. the relation 

1i 
l x j2=1x lz+--n+t, n n, n-t 2moW (26.11) 

Inspection of formula (26.11) shows that the ~quares of the magni
tudes of the matrix elements form an arithmetic progression with no 
upper limit. The lower limit of the progression is determined by 
the requirement that all its terms be greater than zero. The first term 
of the progression is the square of the magnitude of the matrix 
element whose smaller subscript coincides with the number of the 
ground state (the state with the lowest energy). We have meanwhile 
imposed only one restriction on the numbering of the states-we have 
arranged the psi-functions in a series of increasing numbers so that 
the condition ffimn = +ffi is satisfied for a pair of functions whose 
numbers differ by unity and, in addition, so that an increase in the 
number of a state is attended by a growth in its energy E 11 • But we 
shall meanwhile leave the question of what number should be assigned 
to the ground state open. In principle, this number can he assumed 
to equal, say, -12 or +8. It is natural, however, to assign the number 
-zero or unity to the ground state. It is customary practice to assign 
the number zero to it. 

With this choice of the number of the ground state, all the psi
functions with negative numbPrs will be identically equal to zero 
(no corresponding slates exist). Therefore, say, 

+oo 

X0, -t = ~ ljJ~x'i'-t dx = 0 
-oo 

Similarly, all Xn,n-1's with negative values of n will be zero. 
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Introducing the values x0 , _ 1 = 0 into the right-hand side of 
relation (26.11), we obtain I x10 12 = Ji/2m0 w. Next, introducing this 
value into the right-hand side, we ohlain I x21 12 = 2n/2m0w, and 
so on. vVe thus arrive at the formula 

(26.12) 

Let us assume that the matrix elements Xn,, _1 are real. The correct
ness of this assumption will be confirmed by the fact that it will not 
lead us to any contradictions. We thus obtain the following expres
sion1 from (26.12) for the malrix elements of the coordinate: 

/---nil 
Xn, n-t = Xn-1, n = V 2mow i26.13) 

The matrix of the coordinate of a harmonic osr..illator has the form 

( o )II o o ... J 
)II o V2 o 
o V2 o V3 
o o V3 o 
: : : : : : : : : : : : J 

(26.14) 

By (22.9), we have (;)mn = iWmnXmn· The matrix Xmn is symmet
ric; the factor Wmn in transposition of the subscripts reverses its 

sign. Therefore, (;)mn = - (;)nm• i.e. the velocity matrix is anti
symmetric. With a view to (26.8) and (25.13), we obtain 

• • , / nliw • • , / nliw 
(x)n, n-1 = l V 2mo , (x)n-t, n = -l V 2mo (26.15) 

l\fultiplying expression (26.15) by the mass of an oscillator m0 , we 
cau find the matrix elements of the momentum. The momentum 
matrix is as follows: 

( 0 -Vi 0 0 ... ) 
VI 0 -V2 0 ( ( ) ) _ . V m 01iw Px mn - l 2 0 V2 0 -V3 (26.16) 

0 0 )13 0 

1 Upon introducing negative values of n into formula (2G.13), we obtain a 
non-zero imaginary quantity. This would seem to contradict the above state
ment that the xn.n-\'s with negative n's equal zero.·It must.be remembered, how
ever, that expressiOn (26.13) has been obtained from formula (26.12) which 
holds only when n ;:;:;:. 0, so that the introduction of negative values of n into 
formula (26.13) is illegitimate. 

8-0196 
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Now let us find the matrix of the energy of an oscillator with the 
aid of formula (26.5). We shall first see what the value~ of Emn are 
for m =F n. When m - n > 2 and n - m > 2, all the addends of 
the sum (26.5) will be zero either because of the factor XmJ>. or because 
of the factor x~n- The same occurs when m - n = 1 and n - m = 1. 
\Vhen m - n 2, only the product Xmhx 11 ,, in which m - 1 = 
= k = n + J is nf'n-zero, but in this condition the factor in paren
theses is (ro2 -rom. m-Jron+J. n) = 0 [see (26.8)1, so that Emn = 0. 
We can see in a similar way that when n - m = 2, expression (26.5) 
also becomes equal to zero. All the results we have obtained could 
have been foreseen because the energy matrix in its eigenrepresenta
tion must be diagonal. 

Let us calculate the diagonal elements of the matrix. Assuming 
in (26.5) that m = n, we obtain 

Enn = (mo/2) ~ (ro2 - ronh(J)hn) XnhXkn 
h 

= ( m0/2) Lj ( ro2 + roit11) xith = m0ro2 Lj xih 
k k 

(recall that ro~h = -rokn• w;h = w2, XnJ>. = x1m)· In the sum we 
have obtained, only the addends with k = n - 1 and k = n + 1 are 
non-zero. Consequently, 

Enn = moro2 [(xn, n-t)2 + (Xn, n+t)21 
Let us introduce into this equation the values of the matrix element!l 
determined by formula (26.'13): 

Enn = m0ro2 [-2 n1i + (~+f) 1i J = 1i2oo (2n+ 1) 
m0oo m0oo 

The diagonal matrix elements equal the eigenvalues of the, energy 
operator. We can therefore write that · 

(n=0,1,2, ... ) (26.17) 

[comp!lte with formula (25.9)]. The energy matrix has the form 

(1/2 0 0 0 
0 3/2 0 0 

(Emn) = liw 0 0 5/2 0 (26.18) 
0 0 0 7/2 

To find the eigenfunctions of an oscillator, we shall take advantage 
of the circumstanee that the formula 

Q'!Jn = ~ Qmn'l'm (26.19) 
m 
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(~ee (10.5)] hol~s for any operator. Let us take as Q the operators . . 
(x + iwx) and (x - iwx). All the matrix elements of these operatorg 
are clearly equal to zero except those hllYing the !"ubscripts n - 1, n, 
and n + 1, n. Therefore, formula (2li.19) for thesp opNators is 
as follows: 

(~ + ~wx) 'IJJn = (~ + ~roX)n-1, n 'l'n-1 + (~ + ~rox)n+t, n 'l'n+1 } (26•20) 

(x- rrox) 'l'n = (x- rrox)n-1, n ~'n-1 + (x- rwx)n+1. n \jln+t 

To simplify writing of the expressions, we shall introduce the !'>ymbol 

~=~ (26.21) 
2mo 

Hence, by formulas (26.13) and (26.15), we have 

(;+ irox)n-t, n = (;)n-1, n + iroXn-1, n =- i V n~ + iV~ = 0 

(; + irox)n+t, n = i V (n + 1) ~ + i V (n + 1) ~ = 2i V (n + 1) ~ 

Reversing t:ke sign in front of i in these formulas, we obtain 

(;- irox)n-t, n = - 2i V n~ 
(; - iwx)n+I, n = 0 

Introducing into formulas (26.20) the expression for the velocity 
~ 

operator, i.e.;= ( -i1i/m0) a/ax and the found values of the matrix 
elements, we arrive at the differential equations 

[- ( :J :X + rox J 'IJJn = 2 V (n + 1) ~ 'IJJn+t 

[ - ( : 0 ) :X - WX J 'IJJn = - 2 V n~ 'IJJn-1 

(26.22) 

(26.23) 

Equation (26.23) can be used to find the function 'l'o· Since ~'-I;:;;:; 0, 
we obtain the eqnation 

( ..!!._) B'i'o + wxtl'o = 0 
m0 ox 

Writing this equation in the form 

'J:o moW -=---x 
'i'o li 

we easily obtain the expression 

( m0wx2 ) 'ljJ0 =Aexp ---u (26.24} 
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that coincides with (25.1G). Taking into consideration the value of 
the Poisson· integral 

+oo 

.\ e-vx• dx = V n/y 
-oo 

we can see that the constant A has the same value as in formula 
(25.15). 

Equation (2G.22) can be used as a recurrence formula. For this 
purpose, we can rewrite it as follows: 

~jnH = y2 (~+1) (-V n!:w a~ + V mt X) "'n 
Finall~·. going ovpr to the dirnPnsionlcss variable ~ = x V m 0 <ulli 
{Sf'e 1:?.).3\} and decrea;;:inz the number;;: of the functions b,· unitv 
(i.e. replacing n with Tt .::_ 1), we obtain the formula · · 

lJJn = V~n ( - :; + S) lJJn-1 

that can be represented in the form 

'i:n = - ll~n e~'12 d~ (e-~'12 'iJn-t) (26.25) 

Substituting the value (26.22) for 1jl0 into this formula, we can fmd 
'lji1 , then 'lji2 , and so on. 

The eigenfunctions were found to be real. Therefore, the matrix 

elements :rn, n _1 = ~ ljJ~.rlJJn _1 dx =· J 'ljlnX'Ijln _1 dx will also be real. 

This confirms the correctness of our assumption that Xn, n _1 is real. 

27. Annihilation and Creation Operators 

The problem of a harmonic oscillator can be solved very elegantly 

by introducing the adjoint operators ~ and ~+ determined with the 
aid of the following relations: 

a= 1;2 ( v mt X+ v ~oliW Px) ) 
~ 1 ( .. /mffi ~ 1 ~ ) a+=-- v-0-x- p VZ li V m0 1i<ol x 

(27 .1) 

The adjoint character of these operators follows from the circumstance 

that the operators ~ and Px are self-adjoint. Consequently, ;+ = ~. 
and p: = Px· In addition, (ipz)+ = -ip~ [see (10.13)]. 
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The form of the operators (27.1) is greatly simplified if we introduce 
instead of the coordinate x the dimensionless variable £ determined 
by the relation £ = x Y m 0 (oJ!Ii [see (25.3)]. !\laking this substitution 
in expressions (27.1) and taking into 11ccount that 

~ iJ y-- {) 
Px = - iii ax = - iii m0wlli 8f 

we arrive at the formulas 

(27.2) 

• (27 .3) 

As applied to the operators designated by the letter a (lower-case). 
we shall treat the sign"+'' of an adjoint operator simply as a super
script allowing us to distinguish the operators (27 .2) and (27 .3). In 
this conllE.'ction. '"e shall not aclhere to the rull' accordin!! to "·hl.ch 
an adjoint opNator i:O w-ritten at the right ,,f tht' functi,,l\ ,,n whkb. 
it acts. Accordingly, we shall write the condition for these operators 
to be adjoint in the form 

(27 .4) 

[see (S.<'J)J, and not in the form of (8.5). 
We shall show below that by acting on the psi-functions of a 

harmonic oscillator, the operator ~ transforms the function 'i'n into 
'l!'n-1: 

(27.5) 

that is, diminishes the energy of an oscillator, as it were, by a "quan
tum" liw. It is therefore called the annihilation operator. The operator 
" a• transforms the function ~;n into lVn+l: 

~+'Pn = V n + 1 'l'n+t (27.6) 

i.e. increasP-s, as it were, the oscillator energy by liw, and in this 
connection it is called the creation operator 1• 

Let us find the commutator of the operators ~ and ~+: 

r~. ~·1 =~~+-~+~ = 1/2 1(6 + a;a5) (6- alas>- (6- alas> (i + 8/fJs>J 
= 1/2 m2 + a1a5. 6-s ·aiDs- a21as2> 

- (62 - 8/86·6 +6· 8/as- a2/fJ62)l = 8186· 6-6· 818'6 = 1 (27. 7) 

1 We shall disclose the meaning of the terms "creation operator" and "an
nihilation operator" completely when dealing with second quantization (se& 
Sec. 50). 



118 QUANTUM MECHANICS 

(compare with the commutator of the operators a/ax and x, p. 43). 
The commutator thus equals unity: 

(27 .8) 

Substituting plus for minus in the brackets of expression (27. 7), 
we find that 

~~ ~~ a~ 

aa++a+a = 62 - a~:~ 

It is not difficult to see that the operator we have obtained is pro
portional to the Hamiltonian of an oscillator expressed in terms of 
the variable £. Indeed, 

~ p2 m 002x2 n2 a2 m0oosx2 
H = 2;0 + 0 2 = - 2m0 ax2 + 2 

Making the substitution ~ = x V m0w/1i, we arrive at the expression 

HA - 1ioo ( t2 a2 \ 
-2 "'- a~2) 

from which it follows that 
~ 1ioo ~ ~ ~ ~ 

H= 2 (aa++a+a) (27.9) 

Taking into account the commutation rule (27 .8), we can write 
the Hamil toni an as 

(27.10) 

or as 

~ (~~ 1) H =nw a+a+ 2 (27 .11) 

In ~ccordance with the meaning of the Hamiltonian, we have 

(27.12) 

where 1pn is the eigenfunction of the oscillator, and En is its energy. 
~ ~ ~ 

Let us attempt to act with the operator H on the function a11:n ob-

tained as a result of the action of the operator ~ on the function 'IJ.,n· 
Taking the Hamiltonian in the form of (27 .10}, we obtain 

~ ~ (~~ f) H (alJln) = ltw a a+- 2 (alJln) = liw (a a+~¢n- ~ alJln) 

= altw [ ( a+a + ~ ) -1 J 1l'n 
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We have given the expression this form to allow us to write, using 
formula (27 .11), 

ii <~'Pn) =a <if -nw) 'Pn =a (H¢n) -nwa'Pn 

Finnlly, performing the substitution (27.12), we arrive at the relation 

fi (~'Pn) =~(En 'Pn) -liwa'Pn = E n~lfn -1iw~'Pn 
from which we obtain the equation 

fi (~1Jln) = (En - nC!J) (~~'n) 

The result we have arrh'ed at signifies that the function ~~,n is 
t.he eigenfunction 1Jlm of an oscillator corresponding to the eigen
value of the energy Em= En -1iw. Having numbered the states 
of the oscillator in the order of the growth in their energy and assum
ing that there are no other allowed energy values between E11 and Em, 
we must assume th3t m = n - 1. As a result, we finrl that 

~1Jln = c~~ll-11 En-I =En -liw (27.13) 

The coefficient C must be determined so that the function!" 1Jln and 
'i'n-I are normalized to unity. We have thus proved the correctness 

of the statement that the action of the operator ~ transforms the 
function ~-n into 1jl11 _ 1 [see (27 .5)1. 

Now let us attempt to act with the operator fi on the function 

ci+~,n· We shall take the operator in the form of (27.11): 

ii (a+'Pn) = 1iw ( ~+~ + ~ ) (a+tpn) = ~+fiw [ (~a+- f)+ 1 J 1Jln 

=a+ (H + 1iw) 1Pn = ~+(En+ liw) ~'n =(En+ 1iw) (a+¢n) 

The result obtained signifies that 

a~ +,1. -- C'•h E -- E + ~=(o -'11 -- ~ II + I I II +I -- 11 ft (27 .14) 

\Ve hav~) thus pr-oved the :slat ement contained in formula (27 .ti). 

Let us evaluate a diagonal matrix element of the operator H, 
taking this opera tor in the form of (27. U ): 
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[see formulas (10.3) and (27.4)]. We have tlws arrived at the relation 

(27 .15) 
-00 

inspection of which shows that the energy of an oscillator cannot be 
less than /i(u 12. 

Let us assign the su bsrri pt n =-= 0 to the state with the lowest energy. 
The function corrP:-pondinQ" to it will hP 'l\1• Thrrr nrf' no stntrs with 
a lower energy. Ileuce, fur all negative I.-'s. the funetions ~~h == 0. 
Particularly, ljl_1 also identically equals zero. Let us write Eq. (27.13) 
for n = 0: 

(27 .16) 

Substitution of the value (27.16) for ~'IJ:o into (27.15) yiPlds the 
value /i(J)/2 for E 0 = H 00 • 'Ve have established that the interval 
between adjacent levels is nuL Con~equently, 

(27.17) 

A comparison of expressions (27.15) and (27.17) leads us to the 
conclusion that 

+oo 

~ I ~¢n 12 d~ = n 
-oo 

Replacing, according to (27.13), ~'l;n with C1\ln_1, we ohtain the rela
tion 

+oo 

I c 12 J I 'Pn-tl 2 dG=n 

If we assume that 1\'n _1 is normalized to unity, we obtain a value 
equal to y n for I Cl. Owing to the arbitrary nature of the phase 
factor, we as~ume that C equals V n. Substitution of this value into 
(27.13) leads to formula (27.5). 

To fmd the value of the coefficient C' in formula (27.14), let us 

introduce into the expression for ll11 n the operator fi in the form of 
(27. 10): 

H nn = liw ( 'l'n I ( ~~+-+) ¢n) = liw Nn I ~ (~+¢n))- n; 
~ ~ fi(J) 

= liw (a+¢n I a+¢n) -2 



Hence, 
+oo 

H nn = liw J I ~+¢n 12 d6- n; 
-oo 

A comparison of this expres1<ioll with (27 .17) yields 
+oc 

~ l~+¢nl 2 d6=n+1 
-oo 

whence with a view to (27.11,), we have 
+oo 

IC'I 2 ~ l'i'n+tl 2 ds=n+1 
-oo 

Consequently, we obtain the value V ~ for the constant C,. 
in formula (27.14), and we arrive at relation (27.6). 

Introducing expression (27 .2) for ~ in to Eq. (27 .16), we obtain. 
the following differential equation: 

o'ljl 'ljl' 
- 0 +E•t·0 =0 or - 0 = -E 
a~ ~ 't ' 'Po ~ 

The solution of this equation is 

'i'o = Ae- 6•tz 

From the normalization condition 

+oo +oo 

J I 'i'o l2 d6= I A 12 ~ e-''d6= I A l2 V:i=1 
-oo -oo 

we find that A = n-11' (we drop the factor of the form ei~). Hence~ 

[compare with 'lj: 0 (~) obtained from formula (25.12) when n == 0]. 
The other functions can be obtained from 'Po by the consec11tiv& 

action of the operator ~+. From (27.6), we obtain the formula 
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with the aidrof which we find that 
1 ~ 1 ~ 

'i't = V0+1 a+¢o = V 11 a+¢o 

1 ~ 1~~ 1 ~ 

'1'2= V1+1 a+¢1 = Vr21 a+(a+¢o)= V2l (a+)2¢o 

¢n= 1 (~ +)n '" .=,,r- a 't'O 
y nl 

The procedure we have used to find the functions '¢n coincides in 
essence with the method used to determine '¢n in Sec. 26. Notwithstand
ing their similarity, however, we have considered it expedie11t to 
:Set out both methods. 



Chapter VI 

PERTURBA TIOM THEORY 

18. lntroducflon 

An exact solution of Schrodinger's equation is possible only for 
a small number of very simple force fields. Most problems in quan
tum mechanics allow only an approximate solution. We often find, 
howevet·, that. real physical systems do not differ very greatly from 
idealized systems allowing an exact solution. In these cases, the 
approximate solution of the problem on the eigenfunctions and 
eigenvalues consists in fmding corrections to the exact solution of 
the idealized problem. The general method of calculating these 
corrections is known as the perturbation theory. 

Hence, the perturbation theory is one of the ways of approximately 
solving quantum-mechanical problems. It is used wheu the deviation 
of the system being considered from the system allowing an exact 
solution can be represented as a small correction (perturbation) to the 
Hamiltonian of the unperturbed system. 

The corrections to the eigenfunctions and eigenvalues are repre
sented as the sum of quantities of different orders of smallness, next 
the corrections of the same order of smallness as the perturbation are 
evaluated, then the corrections that are quadratic with respect to the 
perturbation, and so on. Consequently, the method of the pertur
bation theory is in essence a method of successive approximations. 

The perturbation theory is divided into stationary and non-sta
tionary theory. Tho former (also called the perturbation theory for 
stationat·y states) rleals \dth time-independent perlnrbalions. The 
non-stationary theory (also called the variation method) deals with 
systems whose Hamiltonifln depends explicitly on the time. 

29. Time-Independent Perturbations 

In this section, we shall set out the fundamentals of the pertur
bation theory for stationary problems with a discrete energy spectrllm. 
For the states of a physical system being considered to be stationary. 

its Hamiltonian ii must not contain the time explicitly. 
The pertmbation theory can be used to solve a given problem if 

the Hamiltonian fi allows breaking up into two terms: 

fi = fio + fr (29.1) 
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where H 0 is 1 be Hamiltonian of the prohlem allowing an exact solu

tion, and ll is a small correction known as the perturbation operator 
(the exact meaning of the definition "!"mall'" will be revealed in the 

following). ·we shall call the OJWrator if 0 an unperturbed Hamil to
niarL By 0111" assmnptio11, both terms do not drpend explicitly 011 the 
time. 

The eig-enfHnctions of the operator lT0 wi1l be desig-nated by the 
symbol 1j·;;", and its Pig-t'll\'allll'S, hy lht' s~mhol f:;:••. Till's!' Pig<'ll
values arc assumed to he non-drgcnera t c. The following relation 
holds: 

HA ¢(0)- E(Ol,.,<O) 
o n -- n 'j'n (29.2) 

"'e slwll c!Psignat e tlw eigenfunctions aJ1d rigenvalues of I he oper

ator ll by 'i'n and £,, re~pectively. With a view to (2!1.1), we can 
write that 

~ ~ 

(Ho + l')lJln = E,\j), (29.3) 

According to our assumption, Eq. (28.2) has an exact solution. 
whereas Eq. (28.3) does not allo\v an exact solution. We slHlll seek 
au approximate solution of Eq. (29.3) in the form of the series 

E, = E~0 > + 1}.£~0 + !Y.E~2 l +... (29.4) 

1Jln = ~;~0) + /) ljl~l) + /) ~;~) +. • • (29.5) 

where f..Eh'' and .t\~·h'' arc corrections of the same order·of smallness 
as tiH' perturbation, 1\E<.;i' and ,3,~-~> are quadratic with respect to the 
pertmbation, etc. 

Let ns expand the function 'l,n in the eigenfnnctions '~/.0 ' of the 

unperturbed operator H 0 : 

~ (0) 
'"=':ck'"· 't'n __ n 'fn 

h 
(n = 1, 2, ... ) (29.6) s 

The task of fmcling the functions (29.5) consists in determining the 
coefficients r.nk· \\'e :-hall al~o seek the approximate values of these 
coefficien1s in the form of the series 

(0) A (I) A (2) 
Cnh = Cnll + LlCnh + LlCnk + ... 

Subs! i tu t ion of rx pres;;ion (29. 7) into formula (2!}.1i) yicltls 

'" _ '\1 c<Ol,1.<ol + "' Aco l,1.<0l + '\1 Ac<Zl,.,<Ol + 'tn- ,:....; nk 'tk .:...; L1 nk'f'k _...; L1 nk 'f'li • • • 

" k " 

(29. 7) 

(29.8) 

1 It must be borne in mind that the quantities cnh cannot be treated as ele
ments of a square matrix. The set of coefficients cnk forms a multitude of column 
matrices differing from one another in the values of n. 
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In the zero approximation, we have 'Pn = ~1~> [see (29.5)J. To obtain 
this result, we must assume that c~k = Bnk· Therefore, the :;:eries 
(29.7) is as follows: 

.1: (I) A (2) 
Cnlt =Unit + ~Cnk + uCnk + . • . (29.9) 

To make the ordeL' of each approximation m.ore obvious, we in
troduce the notation 

A A 

V = /,W (29.10) 

whore W is an operator of the same order of magnitude as fi 0 , and i.. 
is a small dimensionless parameter. vVith such notation, the expres
sions containing /... to the first power will be of the same order of 
smallness as the perturbation; the expression'\ containing 1.2 will 
be quadratic with respect to the perturbation. etc. In the final 

formulas, we shall pass oYer from the auxiliary operator ll- to the 

perturbation operator Tl, replacing t...Tf: with f. 
Aecordingly, let us write the series (29.4) and (29.9) in the form 

En= E~O) +A.E~I) + /..,2£~2) + .. • 
.1: +~ (1)+~2 (2)+ 

Cnk =Unit fi.Cnlt "' Cnk • • • 

(29.11) 

(29.12) 

where R<,:1, E<,{>, ... are quantities of the same order as Ec:/1 , and 
c~h• c~:;: are quantities o[ the order of unity. 

The substitution of the series (29.12) into formula (29.6) leads to 
the expression 

'" _ '"(O) + ~ '\_, c<t >, 1.<0> + ~ 2 "\' c<Z>,"<o> + 
'Yn- 'Yn "' .:._ nk 'tk "' .:....; nk 'Yk • • • 

k k 
(29.13) 

[compare with (2fl.~)]. 
, 

The introduction of expression (29.10) instead of the operator V 
gives Eq. (29.3) the form 

(29.14) 

Let 11s substitute into this equation expressions (29.11) and (29.13) 
for En and ¢,.. We obtain 

(H 0 +AM') (1p~0 > +A L: c~t,2¢k0 > + t..z ~ c~~>¢~0 > + ... ) 
k k 

=(E~o>+J...E~t>+t,zE~z>+ ... ) 

X (\jl~0 >+t, ;.-; c~~ljlk0)+A2 '\; c~7.\pi0>+ .. . ) 
k h 
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Opening the parentheses, we collect together terms of the same order 
of smallness: 

+ f..2 (Lj c~~ H01p~o> + ~ c~~W¢~0>) + ... 
ft k 

= E~o>¢~o> + /.. (E~o> ~ c~~¢ko> + E~'>¢~o>) 
k 

+ 1.2 (E~o> 2j c~~1p~o> + E~o); c~t1¢~o> + E~2)¢~o>) + ... 
k k 

Let us substit11te, in accordance with (29.2), Er1p;o> for expressions 

of the kind H0'1j;j0> (as a result of which the first terms will cancel 
out), and then perform scalar multiplication of both sides of the 
equation by 111~>: 

+1.2 (~c~~E~0)(¢~) I ¢k0)>+1>~V<¢~) I w"'~O)>)+ ..• 
k k 

= /.. (E~0> ~ c~1~ (¢~>I ¢~0 >) + E~1 > (¢~>I¢~>)) 
k 

+ f..2 (E~o> l.J c~z,} ('¢~> I ¢~o>) + E~!) ~ c~ (¢~> I ¢~o>} 
k k 

+ E~2> <¢~> I ¢~o>}) + ... (29.15) 

The expre5sion 

(29.16) 

is a matrix element of the opPrator W in the "E<0 >-representation". 
lJsing the notation (29.16) and t.aking into account that <,W, I 1j>~0') = 
= Br•• we give formula (29.15) the form 

, (E<O> '1\1 (1) .~: + E<t>.~: ) ="' n ~ Cnk Umk n Urnn 
k 

+ ~ 2 (E<O>" (2).~: + E<1>" (1).~: +E<2h ) + 
"' n "'-! Cnk Umk n L....: Cnk Umk n Urnn • • • 

k k 
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In the sums containing 6m1u only the addE>nd with k = m is non
zero. Hence, 

A. (c~~E~> + W mn) +A-2 (c~2~E~> + S c~~>w mk} + ... 
R. 

=A. (E~0>c~1~ + E~06mn) + A.2 (E~0>c~~ + E~1 >c~~ + E~>6mn) + ... 
(29.17} 

Equating the coefficients of identkal powers of A. on the left
hanil and right-hand siiles of Eq. (29.17), we obtain a series of alge
braic equations: 

w - (E(O) E(O)) c(t) + E0 \s mn- n - m nm n nm 
"\1 c<ow - (E<o>- E<o>) c<2> + E<' >c<t > + E<2>~ 
~ nil. mk - n m nm n nm n n m 

I< . . . . . . . . . . . . . . . . . . . . . . . . 
Assuming in Eq. (29.18) that m = n, we find that 

E<,:, = Wnn 

whence it follows that in the first approximation 

En= E~0> +A.E~> ==E~0 > +A.W nn =E~0 > + V nn 

(29.18} 

(29.19} 

(29.20) 

(29.21) 

[see (29.11) and (29.10)]. We must note that the first-order correction 
to E~> equal to 

11£<,:, = Vnn = (~:~' I ~·'P~>) (29.22) 

is exactly the mean value of the pert urhation in the state described 
by the unperturbed function "Pi:'>. 

Assuming in (29.18) that m =r= n, we arrive at the relation Wmn = 
= (Eit - Ei~/) ch1~, from which 

(1) Wmn 
Cnm== E<O>-E<O> (m=l=n) 

n m 
(29.23) 

Consequently, in the first approximation 

(O)+'A (I) Vmn 
Cnm = Cnm Cnm "--" £IO)_£(O) 

n m 
(m =1= n) (29.24) 

This formula gives the values of all the coefficients Cnm except Cnn· 

The latter coefficient must be chosen so that the function 'i-'n is 
normalized to 'vithin the terms of the order of A.. 

Substitution of (29.24) into expression (29.6) yields 

, 1, ,r,(O)+ "10' Vmn ,r,(O) 
't'n = Cnn 't'n L..J E(O) _ E(O) 't'm 

m n m 

(29.25) 
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(the prime on the sum symbol indicates that only addends for which 
.m =t= n are taken). Let us calculate the scalar square of the function 
(29.25), representing Fmn in the form 17 mn = A.vllmn: 

+ 1,2""' < IVmn '"(0) I Wkn ,1,(0)> (29.26) 
~ £(0)_£(0) 'I'm E(Ol_ E(O) 't'k 

m, k n m n k 

The first term in the expression· we have obtained is equal to 
(Cnn'P~Ol I Cnn'P~'} = C~nCnn N~' ! '¢~'> = C~nCnn = I Cnn 12• The sec
~nd term can be transformed to 

~ ""
1 * Whn (0) I (0) 

"' LJ Cnn E(U)_E(O) (lJ'n 'lJk ) 
k n k 

Since in summation the value k = n is excluded all the addends of 
the last sum vanish (because of 0 11 .~). Similarly, w~ can show that the 
sum ,L' in expression (29.26) also vanishes. 

m 
We want to normalize the function ljl 11 to within terms of the order 

·of A.. We may therefore disregard the term in (29.26) that is pro
portional to !. 2 • We thus arrive at the conclusion that with the 
requirerl accuracy, (1J1n I1J1n) = I Cnn 12 • Consequently, for the function 
'Pn to be normalized, the magnitude of C1111 must equal unity: I C1171 12 = 
= 1. Since the psi-function is determined to vvithin an arbitrary 
phase factor, we can assume' that c1111 = 1. \Ve must note that in 
acco1·dance with (29.12), the equality of c1111 to unity signifies that 

(29.27) 

Assuming in (29.25) that cnn = 1, we obtain the final expression 
for 'l'n in the llrst approximation: 

(29.28) 

1 We assume that c1111 = e-icx. Then, multiplyingljl11 by the phase factor eicx, 
we make c1111 equal unity. 
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Hcucc, in the f1rst approximation, the eigenvalues and eigen
functions of the operator (20.1) are calculated by formulas (29.21) 
and (29.28). 

Let us go over to finding the energy in the second approximation. 
ARsuming in Eq. (29.Hl) that m = n, we find that 

~ c<1>W -E<1>c<1>+E<2> L nk nk- n nn n 
k 

whence 

<2> E<t> <l> <t>w '"' <t>w En = - n Cnn + Cnn nn + L Cnh nh 
h 

(we have separated the term with k = n from the sum). But c~'J = 0 
(Ree (29.27)]. Therefore, 

E <2> ~· <l>w n = 2.J Cnk nh 
k 

Substitution of the value (29.23) for c~'~ yields 

E(2) = 'Q' W nkWkn 
n L.J E(Ol_E(O) 

k n k 

By (20.11), the correction to the energy quadratic with respect 
to the perturbation is 

/1E(2)=f....2£(2)= ~~ (A-Wnk)(AWkn) = ""' VnkVkn = ~· I Vnk \2 

n n L.J E(O)_E(O) L.J E(O)_E(O) L.J £(0)_£(0) 
k n k k n k k n .: 

(owing to the Hermitian nature, V 1m = V!11). Consequently, 

(29.29) 

[we have used the letter rn instead of k for the dummy index to make 
the Jtolntion in [ornllllas (29.23) and (29.29) eoincidel. By atlding 
the correction found to expression (29.21), we determine the energy 
in the second approximation: 

(0) V ~ 1 I V nm 12 

En= En + nn + LJ E<O>-E<O> 
m n m 

(29.30) 

The energy of the ground state is minimum. Therefore, if the 
suhseript. n takes 011 a value eorresponding to the ground stale, in 
all t.lw terms of exprcs~ion (29.29) H~' < £<.:'. lt thus follows thaL 
a second-order correction to the energy of the ground state is always 
negative. 

We shall not calculate the psi-functions in the second approxima
tion because it is customary practice to evaluate the energy in the 
second approximation, and the psi-functions in the f1rst approxi-
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mation. It is sometimes necessary, however, to resort to approxi
mations of higher oruers. 

The above method can lead to a correct result if the series of 
snccessi ve approximations will he con verging1 • A necessary con
dition for convergence is the smallness of each higher-orrler correc· 
!.ion in compnri.<;on wilh the preceding one. 11 is not diffinilt to 
conclude from formula (29.30) that fOI' !lEft' to be much smaller than 
!lE~", the inequality 

I Vnm I << I E~' - E~' I (29.31) 

must hold for all m =1= n. Consequently, a condition for perturbation 
theory applicability is the requirement that the non-diagonal elements 
of the matrix V be small in comparison with the differences of the 
relevant values of the nnperturbed energy. 

When rlegeneracy is present, the same energy value is realized in 
several different states, for instanee, in the n-th and m-th ones 
[E~> = Ei:\']. Therefore, infinitely large terms appear in formulas 
(29.28) and (29.30). Consequently, the method of calculation set out 
in this section cannot be nsed when degeneracy is present. 

Let us consider as an illustration to the method of calculation 
treated above the perturbation of the energy levels of a harmonic 
oscillator when a small addend quadratic in :;: is imparted to the 
potential energy. This example, in particular, is interesting in that 
it allows 11s to obtain exact values of the energy in a perturbation 
problem and compare them with the approximate va!11es obtained by 
the methorl of the perturbation theory. 

Recall that the levels of an oscillator are not degenerate so that all 
the formulas of the present section hold. Jn the example heing con-
sidered · 

~ fi d2 axS 
H - + (a = m0w2) 0 ·- 2m 0 d.r2 -2-

V = bx2 (b } 
2 ~a' 

E~o> = ( n + ; ) liw 

(see See. 25). 
The matrix elements Vnm can be written as 

( 9.32) 

1 Sornnt.iTTH!H, tho flr~t approximations of the perturbation thcor)• also give 
good results when the series diverges. 
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[see formula (10.31)]. We established in See. 2fi that only those 
ma lrix elements .T71 m are non-zero who"e subsCJ"i pts differ by uui t y, 
and x·n,n-t =' x,_1,n =' Vnli/2m 0 u) [see (2G.H) and (2fU2)J. Hence, 
only those addends in (29.32) will be non-zero in which k satisfies one 
of tlw following rel a I ions: 

k=n+1=-m-f-1, k=n+1=m-1, 
/,: =' 1l - 1 O.C m + 1 ' k =c II - 1 m -1 

The first and fourth relntions are realizerl when m = J?, the second 
when m = n + 2, ami the third when m ~- n - 2. Ht•nce, only the 
following 1l1ree matrix rlements 111'(' JIO!l-zNo: • 

V n, n-2 = (b/2) Xn, n-IXn-1, n-2 =a V n (n-1) 

V n, n = (b/2) (xn, n-IXn-1, n + Xn, n+I·Xn+l, n) =a (2n + 1) 

V 11 , n+2 = (b/2) Xn, n+IXn+l. n+2 =a V (n + 1)(n --l- 2) 

where a = (b/2) (Ji/2m 0 w) = liul (b.''w). 
The substitution of these values of the mat1·ix elements into 

formulas (29.22) and (29.2fl) gives the following value of t!Je energy 
[reeall tl1at £':/> - E';/ o (n - m) li<•J): 

En . ( n++) liw+a(2n + 1)+ a2nz\7w-1)- a2(n~:,~(n+2) 

Introcluction of the value of a and transformation yield 

E ''-" ( n+.!.) liw ( 1 + _!:__JC_) 
71 2 2a 8a 2 

At the same time, the Hamiltonian 
~ A ~ Ji2 d2 (a+b) x2 

H = H 0 + V = 2m0 dx2 + 2 

describes an oscillator having the l"re<Jlll'IICY lu' == V (a -: b)!m 11 , 

so that. t.]le ex net value of the enPr~~' of the "pprlui"IJl'd" ~~·stpm is 

En = ( n + __:!_) li 1 _./a+ b = ( n + .+--) li -. / ( ..!!__) ( 1 + ~ ) 
2 r lllo 2 ' v mo a 

= ( n + ~ ) liw V 1 + : 

Expanding this expression in powers of the small quantity b!a, we 
arrive at the formula 
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A comparison with (29.33) shows that the value of the energy ob
tained by the method of the perturbation theory is the expansion of 
tlte exnd exprc~sion for the energy in powers of bla taken to within 
the term~ of the ~erond ord£>r of smallnC'~!'. 

30. Case of Two Close Levels 

\\'Jwn nmong the eigt>nvalues of the operator f/ 0 there is al least 
onP \ aluP of H~~· do~(' to /~<.;'. lllP. rondit ion (20.31) is no I obeyed, 
llw cotTI'rl iou!' to 1j··\?' anti E~:'' caleulatlHI hy formulas (2U.2R) aud 
(2fl.2fl) art' large, and lll()sc formulas cannot. lw used. If llw number 
oflcvcls E~' close to 1:}/!.' is not large, however, it is possible to change 
the method of calculations so as to prevent the appearance of large 
correetions. We shall show this on the example of two close levels. 

Assume that thn levels E~01 and E~01 are close to each other, and 
all the other levels arc far from them. Jn this case, the contribution 
of the ftmction '1'~0 ' to t hf' ftrst-order correction to the funetion ~:i0' 
will be large [see (29.28)]. The contribution of the ftmction 'P~o> to 
the t:orrection to 'i'~oJ will also be large. It is therefore expedient 
alreacl~· in the zero approximation to seek the solution in the form 

(30.1) 

Introducing this valne into the equation H'¢ = E¢ (where H = 
~ ~ 

= If 0 -r- V), we obtain 

aH'¢~0 > + blhp~0 l = aE¢~0 ) + bE¢~0 l 

We perform scalar multiplication of this relation first by '~;~0 ) and 
then hy ~J~0'. As a result, we obtain two equatio11s: 

a/1 11 + h/l 12 =- aE, al/ 21 ·I- b!T22 hE (30.2) 

where 

If mn "-' (tjl~) j/J~1~0 )) '-' (¢~) I fj o¢~0)) + (tjl~) I V¢~0)} = E'/!'8mn + V mn 
(30.3) 

\\'e transform Eqs. (30.2) as follows: 

( H 11 - E) a + ff,12b ~~ 0 } 
1l21a + (Tl22 - E) b- 0 

(30.4) 

For this s~:stem to have non-zero solutions, its rleterminant must be 
zero. Hrnce we oLtain a quadratic equation for E: 

(H11 --E) (ll22 -E) -H12ll21 = 0, or 
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The roots of this equation are 

Et = ~ [(Htt + Hzz) + V (lltt- Hd2 +41llt2l2l } 

El== ~ [(Hu+Hd -1f(Hu-Hzz)2+41Hd2J 

(owing to the Hermitian nature, H 12 = n;1). 

Let us investigate exprC'ssion (30.5) in two limiting cases. 
1. We assume that 

133 

(30.5) 

I H •• -~~~~ I» In.~ I no.fi) 

In acco]'(lanee with (30.:~), this signilies t.hlll 

I (E~Ol + Vu) - (E~O) + l'22) I ::::;: I E~O) - E~O) I~· i vl2 I 
i.e. the condition (29.31) for the applicability of the conventional 
perturbation theory treated in See. 29 is observed. ln the rougl1est 
approximation, we may drop ~ I H 12 12 in the radical in (30.5). 
The result is 

Et=Hu=E~0l+ Vu, E'z=H22 =E~0l+ V22 

i.e. the values of the energy in the first approximation of tlH• con
ventional perturbation theory. In a less rough approximation, i.e. 
employing the formula V 1 + x ::::::: 1 + x/2 (x ~ 1), we obtain 

Et = ~ [(Hu + Hzz) + (Hu-lld + ! 1 ~~;z J = 1111 + ~ H 12 ;; 
11 22 11- 22 

= E~O) -f- V 11 -f- E'lt,V~2~<zu 
1 2 

(30.7) 

where E~' = E~' + Vnn· 
Similarly 

(30.8) 

The found values of £ 1 and E 2 virtually coincide with those ohtained 
in the second order by the formulas of the coTJvcnlional perturbation 
theory. A distinc.tion is that the denominator contains the difference 
of the energies of the fi.rst approximation instead of the zero one and, 
in addition, that the terms with m > 2 are absent. By assumption, 
however, o.ll other levels are far from £~0 ' 11nrl E~0 ' so that their 
eon lribution to the sum may he d isroganlorl. 

2. \No nssumc that 
I Hn - H22 I~ I H 12 I (30.9) 

In this case to within the terms of the first order of smallness, we 
have 

1,' - H 11 + H 22 ± { I H I + (H 11 -II 22)2 } 
l~ 1, 2 - 2 12 ~ I 



134 QUANTUM MECHANICS 

Let us investigate the relation between the difference of the energy 
values determined by formulas (30.5) and the difference H 11 - H w 
For this purpose, we assume that 

(30.10) 

where I' is a eo11stant eocrricienl, and :l' is an intlependenl. V<H"iahle. 
Con seq ucn ll y, 

H 11 - H 22 =--' 2'\•.r, ll11 + H 22 = 2ll0 

The relevant substitutions in formulas (30.5) yield 

E2 = H 0 - V 4)'2x 2 + I H12 l2 (30.11) 

Figure 30.1 shows plots of the functions (30.11) (solid lines) and of 
the functions (30.10) (dashed lines) for a ftxed value of I F/ 12 1- The 

0 

Fig_ 30.1 

l/ 11 -II 22 vanishes, there is 
to 2 jl I 12 I ~, 2 I V 12 1-

difference of the ordinates of 
the solid and the elosest dashed 
line gives the second-order cor
rection to the energy values. We 
must note that second-order cor
rections always increase the dis
tance between levels. In this 
connection, we sometimes speak 
of the "repulsion of levels'", un
derstanding this to signify the 
increase in the distance bel ween 
two close levels appearing be-
cause of account. being talum in 
the Hamiltonian of the terms 

x that were dropped in the more 
simplified problem. 

A glance at Fig. 30.1 shows 
tllal even when lhe difference 

a difference bet ween E 1 and E 2 eq11al 

Let us find the psi-functions corresponding to the energy values E 1 

and E 2• For this purpose, we must determine the values of the coeffi
cients a and b in formula (30.1). Ry the ftrst 1 of equations (30.0), 
we have 

1 The same result is obtained if we express the ratio alb from the second 
equation. 
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Introducing E 1 and E 2 determined by expressions (30.5) into this 
equation, we obtain two values of the ratio alb: 

(30.12) 

The plus sign in front or tlw mdirnl ('OI'I't'Sponds to thp subscript 1 
on a/h, and tlw minus ~ign to the suhsc•·ipt :Z. If Wl' intmdurp t.he 
notation 

2 2H12 
tan a= 11 H 

u- 22 
(30.13) 

formula (30.12) beromes 

( a ) tan 2a 
b 1,2 = -1 ± V 1+tan2 2ct 

Simpliftcation of this expression with the aid of trigonometric 
transform a lions yields 

( i ) 1 = cot a, ( ~ ) 2 = - tan a 

For the funetion (30.1) to be normalized, the relation 

a2 + b~ = '1 

(30.14) 

(30.15) 

must he satisfied. It is evident that the conrlitions (30.14) and 
(30.1S) will be satisfied if we assume that 

a 1 = cos a, b1 = sin a; a2 = -sin a, b2 = cos a 

Substituting these values into formula (30:1), we obtain normalized 
psi-fnnctions corresponrling to the energy values E 1 and E 2 : 

¢ 1 = ¢~0) cos a+ ¢~0) sin a } 

¢ 2 = -¢~Dl sin a+ \jJ~Ol cos a 
(30.16) 

By (:30.13), Wh(•n inequality (30.G) holds, W(' have tan 2a -::::' n, ann, 
consequently, 1h ~--' 11'~0 ' ancl1j12 "~' 'i-'~0>, i.e. the new functions coin
cide with tlw initial ones. When inequality (30.9) holds, we have 
tan 2a ~ oo, i.e. a = n:/4 and, consequently, the functions '¢~0 ' and 
~,~o> are contained in 1jJ1 ancl 1jJ2 with the same weight. 

It follows from what has been said abovP that among the energy 
values 

none will he close to one another. Hence, these values and the func
tions 
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corresponding to them can be used as the zero approximation in 
evaluating the psi-functions in the ftrst approximation and the cor
rections lo the energies in the seconrl approximation by formulas 
(29.28) and (29.29). 

The same procedure ean be usecl if E 1 = R 2 , i.e. if there is a do11hly 
tleg-enerate level with the functions 'i'~~' and 11J~~~. All the formulas 
of this section hold if by 'ljl~0 ' in them we understand 'Pi~' and by 'iJ~0 ', 
the function 11J~0;. 

31. Degenerate Case 

Thl' method set out in tho prl'eoding ~!'rlion is also used when all 
I lw lovt>ls an• dPgPnt'r;llt>, I he degree of dPgPnl'racy ex eeed i ng I wo. 

Assume I hat the unperturbed level£<.;.' lias a degeneracy equal to 
s,,I (tliffcreut levels may have different degeneracies). This signifies 
that the energy Eh0 ' is realizcrl in S11 different states described hy the 
funetions 

I (0) ,J.(O) ,h(O) ,h(O) 
11n1' ~'n2' · · ·' 'Ynh' • • ·' 'Yns n 

(31.1) 

We shall desig·nate the system of functions (31.1) by the symbol '~Wk 
(k = 0, 1, ... , sn) and consider it as the initial one in the present 
problem. A drawhRck of these f1mctions is that they change very 
greatly under the influence of a small pertmbation [because of the 
zeros appeRring in 1he clenomioator of formula (29.28)1. 

OwiJ'g I o I he sHpL'rposition principle, insteacl of the functions 
(31.1), we ran take any S11 independent linear combinations of these 
funel ions, i.e. sn expressions of the form 

• 
1h<O! ·- "" c<O} 1h <O> 'Ynt - L...; ntl; 'Ynh 

h=l 
(i=1,2, ... ,sn) (31.2) 

[compare with (30.1)1. Let us attempt to choose these expressions so 
that the values of the perturbed energy corresponrling to them do 
not coincirle2. The set of functions (31.2) satisfying this requirement 
is said to he regular. Hegular functions are characterized by n small 
change under the influence of a small perturbation. 

The initial functions (31.1) belong to the energy value E'n°' and 
therefore satisfy the equation 

H~ 1h<Ol _ £<0> 1 h<Ol 
o'Ynh- n 'Ynk (k=1,2, ... ,sn) (31.3) 

where H 0 is t.he unperturbed Hamiltonian. The regular fnnelions 
(31.2) also bC'long to the C'!ll'rg~· valur H~" and snl isfy the similar 
equation 

H~ •h<O!- E'o',h<O.> 
O'Ynt- n 'Ynt (i=1,2, ... ,sn) (31.4) 

1 To simplify our notation, we shall not always write the subscript n on s. 
2 All the sn functions (31.2), like the functions (31.1), satistfy the equation 

H0'i'= E1jl so that the unperturbed values of the energy coincide for them. 
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We must note that the failure of tho energy of lhu state ,~~{ to 
depend on the subscript i can be considered as degeneracy with re
spect to the ''quantum number" i. 

One of the problems we are confronted with is to find the regular 
functions of the zero approximation, i.e. such values of the coeffi
cien1 s c~lk at which the function~ (31.2) will change only slightly 
under lhe action of a perturbation. In the absence of clegeneracy, 
such a problem did 110t appear-the initial functions 1p~' (see Sec. 29) 
were regular and could be taken as the zero approximation. 

The first step which we can undcrtnke is to find tho functions of 
the zero approximation [i.e. the regular functions 1p~l] and the first
order corrections 11E~u to tlw energ,y values Eh0'. For this p.urpose, 
let us introduce into the Schri.idinger equation written for the opera-

tor H cc-~ f/ 0 .;- lf the psi-functions in the zero approximation and 
the energy values taken in the first approximation. Tho result is the 
rela lion 

(i =--' 1, 2, ... , Sn) 

that with a view to (31.4) is simplified as follows: 

V~ ,r,<O! - "E'' ll,r,<O! (. 1 2 ) 
'l'nt- Ll n 'l'nt £ = ' t • • ·' Sn 

Introducing expression (31.2) for ~~~· into (31.5), 
equation 

(31.5) 

we obtain the 

J 

"" c~;kT''I'·~k = ~ ~E~··c~vik'l'~ (l = 1, 2, ... , Sn) 
11=1 k=! 

Scalar multiplication of both sides of. this equation by the initial 
function 1p~~ [the m-th function of the set (31.1 )] yields 

s 

~ c~l~~ N~~ I V ~~o~> 
k=1 

• 
= ~ .1E'h0c:N~~ N~~ I ~~h) 

11=1 

(i, m= 1, 2, ... , sn} 

The funetions 'i;;.:'~ are assumed to be normalized: Nh% 1 1p~0~) = <~mil· 
Consequently, t.hc relation obtained can he written as . ' 

"\1 <o> V "\1 "E'u <o> ~ LJ Cnill . nm, nk = LJ Ll n CnikVmll 
k=l 11=1 

(i, m = 1, 2, ... , Sn) (31.6) 

where 

T! - 1,(,(0) I v~ •IJn'O.!) Vnm,nk- \'i~nm 'in (m, k = 1, 2, ... , Sn) (31. 7) 
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is the matrix element of the perturbation operator calculated with 
the aid of the initial functions (31.1). 

Transferring all the terms o£ relation (31.6) to the left-hand side 
-of the equation, we obtain a set of s;, equations: 

• 
~ (V nm, nil- 6mhL'1E~') c~;'h = 0 

h=l 
(i, m = 1, 2, ... , Sn) (31.8) 

dil'l'ering from one another in the values of the subscripts i and m. 
Selecting all the equations with an identical value of the subscript i 
from this set (i = canst, m = '1, 2, ... , s,), we obtain a system of 
$n li11ear homogeneous equations in s,. unknowns c~0fh ( i ~= const, 
k = 1, 2, ... , sn). These unknowns are the coefficients in expression 
(31.2) for 'P~l with a given value of i. Consequently, solving such a 
system, we find the regular function~:~{. By solving all the Sn sys
tems (for i = 1, 2, ... , s,), we find all the s, functions lp~0/ (i = 
= 1, 2, ... , s,). 

Let llS fix i and write sn equations of the form of (31.8) (form = 
= 1, 2, ... , s11 ) in the extenderl form: 

(V,,, n1-L'l/:;,t')c~lt+Fnl, n2c~l2+· .. +Vnl,nsc~la==O 
V ' 0 ' + (V "En') <o> + + V '0' 0 n2, n!Cnii n2. n2-Ll n Cni2 • • • n2, nsCni& = (31. 9) 

V ' 0 ' + + (V "E''v) ' 0 ' 0 ns, n2Cn;2 • • · ns, ns- Ll n Cnis = 
For the system of linear homogeneous equations to have non-zero 

solutions, the determinant of the system must be zero: 

V nl, nl- LlEi{' 

V n2, nl 

V nl, n2 

V n2, n2- L'lE~Il 

V nt. ns 

vn2, ns 

Vns.nl Vns,nz ... Vns.ns-LlE~v 

(31.10) 

Evaluating the determinant, we obtain an algebraic equation of the 
sn-th degree in the unknown LlE~0 . This equation is called secular1 . 

The secular equation has, generally speaking, Sn different real 
roots: '!J.E<,.!l (i = 1, 2, ... , 8 11). In a particular case, some of the 
roots may he multiple. In the absence of multiple roots, the unper
turbed sn-fold degenerate level E~01 splits under the action of the 
perturbation V into sn non-coinciding sublevels 

E~{ == E~' -+ LlE~l (i = 1, 2, ... , sn) (31.11) 

Hence, the perturbation removes the degeneracy with respect to the 
"quantum number" i [see the text following formula (31.4)1. When 
the secular equation has multiple roots, the degeneracy will be 
removed partially. 

1 The name has been taken from celestial mechanics. 
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Using in (31.9) the value of flE<,.:' equal to -1E:N. (i = 1), we 
obtain a system of equations having non-zero solutions c~0t', (where 
k = 1, 2, ... , s,). The substitution of these values into (31.2) yields 
the function '¢~j-the function of a perturbed state having the energy 
EiN in the zero approximation. By introdudug consecutively L\£;,'2, 
t>.E;,•~, etc. into (3'1.9), we obtnin the I"(lmnining functions 'IJ~?;'. 

Having dele1·mined in the way described above I he zero-approxima• 
tion regular functions '¢~0j, we can go over to lin ding the form of the 
psi-functions in the first approximation. 

We must note first of all that the matrix Vnm,nk calculated with 
the aid of regular functions [see (31.7)J will be diagonal. Indeed, 

regular functions satisfy Eq. (31.5), i.e. V'ljl~ ~-= t>.Ei,'~'ljl~{ Con
sequently, 

V = (tl·'o' I v~ ,,.,,0>) = ('"10) I A £'1',1''0') = A£1l>.<: (31 12) n m, nk 't nm 't'nk 'f'nm Ll nk 'tnk Ll nkVnm, n k • 

whence it follows that the off-diagonal matrix elements are zero, 
while tl1e diago11al oHes are the relevant first-order cot'l'ections to 
the energy levels: 

AE'-,{/n = Vnm, nm (m = 1, 2, ... , s,) (31.13) 

The determinant (31.10) in this case becomes 

Wnl, ni - ,1£~t>) CVn2, n2 - A£~1>) • · · CVns. ns - A£~:') = 0 

Now we shall follow the procedure adopted in Sec. 29. We shall 
reduce the evaluation of the functions~~, i to finding the coefficients 
of the expansion of these functions in the regular zero-approximation 
functions '¢).~: 

tl• - "\'1 c th(O) 
•fni- Li ni, hP't'kP 

kP . 
(n= 1, 2, ... , i=1, 2, ... ,8 11 ) (31.14) 

[compare with (29.6)]. In this sum, the subscript k takes on the values 
1, 2, ... , n, ... , and the subscript p at the given le-the values 
1, 2, ... , sk. The total number of addencls is s1 + s2 + ... + Sn + 
+· .. . 

We shall represent the eigenvalues of the energy and the coeffi-
cienls Cni,kl• in tho form of series similar to (29.'11) and (29.12): 

Ent=E~0/+1.EW+A.2E~~l+... (31.15) 

c,i, hP = 6ni, hP +I.e~\~ kp + 1.2c~~~ kp +... (31.16) 

The Kronecker delta is non-zero provided that n = k and i = p. 
We next introduce expression (31.15) for En 1 and (31.14) for 'ljlnt 

[in the latter we must replace the coefficients with the series (31.16)1 

into the Schrodinger equation for the operator fi = H0 + V = 
~ ~ 

= fl., + f.W, then multiply the relation obtained by 11'~1. etc. 
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It is evident from what has been said above that the formulas 
which we shall arrive at will differ from those obtained in Sec. 29 
only in that the double subscript ni will appear instead of the sub
script n, the subscript kp instead of k, and ml instead of m. Particular
ly, the substitution of ni for n in (29.21) leads to the equation 

Eni = E~/ + Vni, ni (31.17) 

that coincides with (31.·13). The requirement that 'l,ni be normalized 
to within the terms of tho order of A. leads to the condition 

c'il. ni =-= 0 (31.18) 

[see (29.27)]. 
Let us write Lhe analogues of formulas (29.18) and (29.19): 

W mi. ni = (E~0/- E~l) c~\~ ml + EW6nt. ml (31.19) 

~ cW. kpW ml, hp = (E~0/- E~l) c~~>. ml + E~1;>c~?. ml + E<;/6ni. ml (31.20) 
kp 

Assuming in formula (31.19) that m =I= n, we obtain 

(m =I= n) (31.21) 

[compare with (29.23)]. Now let us write (31.20) for m = n and 
l =I= i: 

~; c~'/.kpW nl, kP = E~\>c~i~ nl 
kp 

[owing to degeneracy, E~0l = E~l]. 

(31.22) 

By (31.13), we have E'il = Wnt,ni [recall that /1£< 1> = J.E(I> and 
V = A.W]. Let us perform such a substitution in (31.22) and, in 
addition, separate from the sum over the subscripts k and p the 
addends in which k = n: 

'5; C~;~ np W nl, np + '\l c~\~ kpW nl. hp = W n i, ntC~1i~ nl 
p kp 

(k=l n) 

The matrix Wnt,np• like the matrix Vnl,nJ:O• is diagonal [see (31.12)]. 
Therefore in the sum over p, only one addend is non-zero (in which 
p = l), and it equals c~?. nl Wnl, nl· With a viow to this circumRtance, 
we can write that 

(I) 1 ~ (I) W 
Cni, nl '·= W ni. nt- W nl. nl L.J Cni, kp nl, k.P 

kp 
(k#n) 
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Finally, substituting for c;{l, 111, its value following from (31.21), we 
obtain the formula 

(l) 
Cni, nl =' 

1 

hp 
(k pn) 

(i=l=l) (31. 23) 

Formulas (31.21) and (31.23) give the values of all the coefficients 
c~i. mz except c~l. ni• but we know the latter to be zero [see (31.18)].We 
can thus write an expression for the psi-function in the first approxi
mation: 

1h . - 1h (O) ..J_ "\", 
't'nl- 't'n-z • L..J 

V ml. ni 1h(0) 
E(O)_E(O) 't'ml 

ml 
(mFn) 

nt ml 

+ '1\1 -=----=-=-
L..., Vnt.nt-Vnz.nl 
l 

(I pi) 

!compare with (29.28)]. 

kp 
(kcfn) 

,,,(O) 
't'nl (31. 24) 

Let us find the correction to the energy in the second approxima
tion. To do this, we shall use relation (31.20), assuming in it that 
m = n and l = i: 

'\1 (!) UT E(!) (1) E(2) 
_ Cni,kpYf nl,kp= niCni,ni+ ni 
kp 

Hence, with a view to (31.18), we find that 

E (2) '\1 (1) J;rT "\."l (1) W 
ni =.._;Cni,np'fni,np+ ~ Cni,kp nt,kP 

p ~ . 
(k'J' n) 

(31.25) 

[we have broken up the sum on the left in (31.25) into two sums]. 
All the addends of the first sum are zero: when p = i because of 
clii, n h and when p =I= i because of the diagonal nature of the matrix 
Wni, np· Therefore, introducing the values (31.21) for the coefficients 
ch?, hi• into the second sum, we obtain the following formula for the 
correction to the energy in the second approximation: 

AE(2_) - ~ 2£(2_) - '1\1 
Ll nt -At nt - L..J 

/tJI 
(It pn) 

(31.26) 

32. Examples of Application of the Stationary Perturbation Theory 

We shall consider the Zeeman effect for a particle having uo spin 
and the Stark effect for a hydrogen atom as examples of stationary 
perturbation theory application. 

Let us begin with the Zeeman effect. Consider a particle differing 
from an electron only in that it has no ~pin. Let the particle move 
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in the Coulomb field of an atomic nucleus. The Hamiltonian of the 
particle thus has the form 

(32.1) 

It was found in See. 24 I hal I he eigenvalues of snch an opera! or ar& 
determined by expression (24.23), while the eigenfunctions have 
the form 

[see (24.27)]. 
Let us find how the Yalues of the energy will change if we act on 

the nucleus-partiele system with the homogeneous constant mngnetic 
field B. For this purpose, we m11st know the expression of the Hamil
tonian for a charged particle moving i11 an elec:lromagnet ic field. 
It \vas established in Sec. 70 of Vol. 1 that the Hamiltonian function 
for a particle having the chargee (and not -e, fiS our pm·ticle has) 
is determined by the expression 

1 ( e ) 2 H=- P--A +ecp 
2me c 

(32.2) 

where P is the gcnc1·alized momentum of the particle, and A and q.. 
are the vector and the scalar potentials of the field at lhe point where 
the particle is [see Vol. 1, formula (70.12)]. 

The same operator -Ui\1 is associated with the generalized momen-

tum Pas with Lhe conventional momentum p. \Ve therefore write p 
instearl of P. Jn the coordinate representation. the operator 1\. = A 
is assoeifllPd with lht> veetor potential, as with any other position 
function. Accordingly, the Hamiltonian is determined by the 'expres
sion 

fi = z!e ( p- : A r + eq> (32.3) 

Openil'lg the parentheses, we obtain 

~ 1' e ~ e ~ es 
H ·"'"''-.- pz--. -pA--. -Ap+-.--2 A 2 i ecp 

:!me 2m.,c 2m.,c 2mec 

It is not difficult to find that the commntfltor of the operntN!' p 
ano A is 

(32.5) 

Consequently, replacing pA with Ap - i'/i'VA, we can write (32.4) as 

(32.6) 
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Recall that this expression of the Hamiltonia11 has been obtained 
for a particle ltaving the charge e. \'\"e are consic!Pring the motion of 
a parliele having the charge -e. For sueh a pal'licle, the Hamiltonian 
must lw \\'l'i I tl•tt as follows: 

(32, 7~ 

It was shown in SPc. !17 of Vol. 1 that the Yector polPitlial of a 
homogeneous eons! an I ftelcl B d irecled along the ::-ax is can b(' t·epi'C
seuterl by the formulas 

1 
Ax= -2By, 

1 
Ay=T B:J:, (32.8)· 

Let us determine the form of the Ilamilloninn (32.7) for the gi\'en 
case. It is not difficult to !Oee llwl for a potential willt the cornponeitts. 
(32.8), we have VA = U. CoHSNJIICHtly, ihe third term in F12.7) 
vanishes. Furtlwr, by (32.8) 

~ 1 ~ 1 ~ 1 ~ ~ 1 ~ 

Ap= -2BY·Px+2 Bx· Py =2B (xpy-YPx) = 2 Bllfz oc B 

(32.9) 

[see (15.11)], 

(32.10} 

If we limit ourselves to a consideration of weak lield~, in formula 
(32.7) the fomth lenn proportional to 1/~ may be rlisregarded in 
r·omparison with the sec:ond term proportional to H. 

Dropping the third and fourth terms in t'ormula (32.7), and al!'o· 
replacing (p with its Vlllne for the field of a nucleus, we al'l'in• at the· 
following expression: 

~ 1 ~ Ze 2 e ~ ~ e ~ 

H=-. -p2 --+-Ap=,H0 +-Ap (32.1'1) 
2me r mec mec 

[see (32.1)]. Hence, !liP Hamiltonian broke up into lite S\llll or the 

unperturbed Hamiltonian 170 ann the pertmLation opt•rntor 

(::\2.12) 

[we have taken advanlage of relation (32.9)]. 
The energy values for tlte 111tpert11rberl slates are dPtennine<! Ly 

fornntla (24.23), and the eigenfunctions ~-~"1~, by formula (2ft.27), 
n-1 

~ (2l -l 1) = n~ functions differing in the values of the quantum 
1=0 
numbers l and m (there is dC'generaey with respect. to l all(! m) cone-
sponding to the n-th Pnergy value. 
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When there is degeneracy, the correct ions to the energy in the 
first approxima lion are found from tl1e solu lion of the secular equation 
(31.10). These corrections cannot be calculated directly by formulas 
(31.·13) and (31.12) with the aid of the functions (24.27) because these 
functions may be "irregular" [recall that the functions in formula 
(31.12) are assumed to be "regular"]. 

To compile a st>cular equation, we must know the matrix elements 

(32.13) 

It was l'~lahlished iu S0e. 23 that tho opl'l'alor (32.1) commutes with 

the operator .~f z· Therefore, the functions ~-nlm are simultaneously 

th<' 0igenfnnelions of the op<'rator M z• i.e. satisfy the equation 

;-1 ,,.(01 - li•' <0> ,,. :'tnlm --· In 'l1nlm 

Consequently, fr~,~l'm' = (eB'2mec) 1ll z,J'~/'m' = (eJJ/2mee) mn');~i'm'• 
Substitution of thio: exprt'ssion into (32.13) yielrls 

Vntm nl'm' = 2eB mli{)nlm nl'm' 
' mec • 

(32.14) 

Hence, at any vnlue of n, the matrix 1' is diagonal. Thio: signifies 
[see the text preceding formula (31.12)] that with respect to the per
turbation (32.12), the functions (24.27) are "regular". In this case, 
the correct ions to the energy in the f1rst approximation equal the 
diagonnl matrix elements (32.14), i.e. 

A£<ll eli B B u ~nzm=-2-- Tn=f.A.B m 
mec 

(32:15) 

where f.A.B is the Bohr m agneton. 
We have established that when a magnetic. fteld acts on an atom 

(with a spinless electron), the energy of the atom becomes dependent 
on the quantum number m (which is why it is called the magnetic 
quantnm number). The magnetic field thus removes the degeneracy 
with respect to m. But since the correction to the energy does not 
depetHl on the quant11m number l, the degeneracy with respect lo l 
renwins so that in the given case the pcrturhat ion removes t IH' d0ge
neracy onl~· part in II~·. 

Now let us consider the Stark effect. Assume that a hydrogen 
atom is acted upon by a weak constant and homogeneous electric 
field of strength E directed along the z-axis. The potential of this 
f1elrl is <p -·EZ -Er cos{}. ConsequPnlly, the perturbation 
operator has the form 

V = eEr cos{} (32.16) 
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The matrix elements of the operator (32.15) evaluated with the aid 
of the funetions (24.27) are as follows: 

V nlm, nl'm' = (iJl~z~ I eEr COS it¢~l·m•) 

"" 
=eE j YtmYz•m•COsitsinitditd<p j RnzRnz•r·r2 dr (32.17) 

0 

The ground state is not degenerate. Renee, the function 'Ptoo is 
regular and hy (31.13) land also by (29.22)], we have 

11£~11 = l\no, 100 = ('IJ\oo I eEr cos it'!J1oo> 

Substituting for ,~100 in this equation its value from (24.33), we 
obtain (Z = 1) 

1 ~ f1E<tl = -.- e-2rfr•eEr cos {}r2 sin it dr dtt dm 
1 :rtr8 -r 

2n n 

Since j d<p ) cos it sin it d{} = 0, we find that 11Et = 0. Conse-
o 0 

quently, for the ground state of a hydrogen atom, the first-order 
Stark effect is absent. 

The first excited state of a hydrogen atom (n = 2) is four-fold 
degenerate -the following functions correspond to the energy E 2 

[see (24.33)]: 

(32.18) 

Of I he Hl malrix clements V21 m, 2 z•m• that can be obtained with the 
aid of I he functions (32.18), only the two corresponding to l =1= l' 
and m = m' are non-zero. This can be seen by direct verification. But 
t,his result also ensues from the following considerations. lt was slwwn 
in Sec. 20 tha l the parity of the function Y lm (i~, fP) coincides with that 
of the quantum m1mber l-this signifies that when we substitute 
:t -it for it and <p -+- :t for <p, the function Y lm is multiplied by 
( -1)1• The radial function Rnl (r) is even (in inversion, r does not 
change). The function cos{} is odd. Consequently, the parity of the 

10-0196 



146 QUANTUM MECHANICS 

integrand in (32.17) is l + z1. + 1. Integration of an odd function of 
the angles over dQ = sin{} d{t dcp within the limits of the round 
solid angle 4n yields zero. The integral is thus non-zero only fot 
even values of l + l' + 1, i.e. for l =F l'. Further, when m =F m', 
expression (32.17) contains the factor 

2:t 

) ei(m-m')cp dcp = 0 
0 

Hence, only the elements V200 , 210 and V210, 200 are non-zero. They 
have the value 

Vzoo, ZiO = v2iO, 200 

00 l't 

= ~312 \ (' e-r/ro ..!.._ ( 2 _ _!_) cos fleEr cos fJ · 2nr2 sin{} dr d{} 
r 0 n ., J r 0 r 0 

0 0 

= -3eEr0 (32.19) 

We must note that in the given case the matrix V is not diagonal 
so that the functions (32.18) are not regula1· with respect to the per
turbation (32.16) [recall that with respect to the perturbation (32.12) 
they were regular]. 

Having chosen the sequence of the subscripts: 200, 210, 211, 21-'1, 
we write the secular equation [see (31.10)] 

0-D.E -3eEr0 0 

-3eEr0 0-D.E 0 
0 0 0-D.E 

0 0 0 

Expanding the determinant, we obtain 

0 
0 

0 
0-D.E 

( -D.E)2 [( -D.E)~ - ( -3eEr0)2] = 0 

The roots of this equation are: 

!J.E1 = 3eE'r0 , !J.E2 = -3eEr0 , 

Having taken I}.E1 , we obtain a system of equations for deter
mining the coefiicieiJts c21m [see (31.9)): 

-3eEr0 ·c1-3eEr0 ·c2 =0} 
- 3eEr0 • c1- 3eEr0 ·c2 = 0 (32_21) 

-3eEr0 ·c3 =0 

-3eEr0 ·c~ = 0 
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Hence, c1 = -c2 , and c3 = c,. = 0. Consequently, the following 
function corresponds to the level £ 0 + L\E1 in the zero approxi-
mation: · 

1 
Wt = c N2oo- '1'2to) = y-2 (¢zoo- tj'2to) 

= " 1 - e-rj2ro [2-~ (1 +cos -fr) J (32.22) 
rr/ 28 V n . ro 

Forming a system similar to (32.21) for t1E 2 = -3eEr0 , we find 
that c1 = c2 , and c3 = c4 = 0. Consrqueutly, the following function 
corresponds to the level E 0 -'- f...£ 2 : ·' 

¢2 = ,;_ (¢200 + tP2to) = 3f 1 v e-rf2ro [2- ..!_ (1- cos -tt)J 
r 2 r 0 28 n ro 

(32.23) 

Introduction of the value f..E = 0 into the system (31.9) yields 
c1 = c, = O· the other coefficients remain indeterminate. We can 
theref;re as~ume that . · • 

(32.24) 

The set of functions (32.22)-(32.24) forms a regular system of zero
approxima lion functions wl1en the pert urba t.ion opera tor has the 
form of (32.16). \Nith the aid of these functions, the first-approxima· 
tion corrections to the energies can be calculated by formula (31.13). 
Substituting, for example, the function (32.22) into this formula, we 
obtain 

ool't 

et!: ~ ~ [ r ]2 f..E=-3 - e-rfr. 2-- (1+cos'tt) 
r064~ r0 

0 0 
X r cos t't. 2:nr2 sin -{} dr dfJ = 3e Er0 

which coincides with .t':l£1 from (32.20). It is not difficult to see that 

<'Va I }\1'3 > = <,1.,. I T7'1J4> = o 
where '1::1 :111rl '1~ 4 arP determined by fonnulas (32.2-1). This result also 
agrees will1 (32.20). 

Summarizing, we can say that of the four degenerate states cotT~ 
sponding ton= 2, in the first approximation two states do not change 
under the aclion of a weak electric field. The other two states d~ 
scribed by the function!' (32.22) and (32.23) acquire the additional 
energy 3eEr0 and --3eEr0 • This can be interpreted to signify that a 
hydrogen atom in the first excited state hPhaves like a dipole having 
the moment 3er 0 and capable of orienting itself parallel to the field 
(one state), antiparallel to the field (one state), and normally to the 
field (two states). 

10* 
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~33. Time-Dependent Perturbations 

Assume that the perturbation operator fr depends on the time 
explicitly. Consequently, the Hamiltonian of the problem being 
considered 

f' (33.1) 

also contains the time explicitly. In this case, we cannot speak about 
,corrections to the> t•igenY;dHPS of the onorgy of the unptn·t.urboll states 
because stationary perlul'bed stales (i.e. stales with a com;tant 
energy) do not exist. Our task will therefore consist in approximately 
evaluating the psi-functions of the pe.rturbed states. 

For this purpose, we assume that originally (at t < 0) the system 
peing considel'ed was in one of the stationary slates described Ly the 

function 'IJ'~> of the unperturbed operator H0 [this signifies that 

.V (t) == 0 when t < 0]. At the instant t = 0, a weak perturbation 
begins to act on the system. Owing to the smallness of this pertur
bation, we can consider that the psi-function of the perturbed state 
changes only slightly with time. 

The psi-functions of the unperturbe<l system, with a view to their 
time dependence, are as follows: 

~~01 (x, t) = ¢:f1 (x) e-(ifhlEnt (n = 1, 2, ... ) (33.2) 

[see (5.G); by xis meant the set of coordinates of the particles in the 
system]. Hccall that the f11nctions 1pi;>' (x) f"atisfy the equation 

if 01j.·;:» (x) =En 'P~o> (x) 

and the functions ~',. (x, t) -the equation 

H~ 11· (0) ( t) - . t; o'(lil'1 (x, t) 
0 't'n x, - lf£ ot (33.3) 

Unlike> Sec. 32, now only unperturbed states are stationary ones 
(i.e. states with a definite energy). Hence, there is no need to use the 
~uperscript "(0)'' on the energy values. 

Since a pPrtmberl state is not stationary, its psi-function cannot 
be repn'st>nted in a form similar lo (33.2) But owing to the complete
ness of the system of functions (33.2), the function 1P (x, t) can for 
any instant be expanded into a series in these functions, i.e. written 
in the form 

(33.4) 

where the coefficients Cnk (t) depend only on t. If, as we assumed, 
the system was originally in the stationary state 'P~' (x, t), at the 



PERTURBATION THEORY 149 

instant t = 0 the condition 'ljJ (x, 0) ='\(';,a' (.r, 0) must be observed. 
By (33.4), this condition will be satisfied if 

(33.5) 

The function 'ljJ (x, t) is a solution of the equation 

(33.6) 

Let us introduce the expression (33.4) for 'P (:1:, t) into Eq. (33.6): 

(Ho+ V (t)] ~ Cnk (t) ¢k01 (x, t) =iii :t ~ Cnh (t) ljlj.0' (x, t) 
k k 

The time is not contained explicitly in fi 0 , and is contained as a 

parameter in V (t). Consequently, the operators H0 and V (t) do not 
act on the coefficients cnk (t). Therefore, the equation we have ob
tained can be transformed as follows: 

b Cnk (t) fi o'i'/t0' (x, t) + 2J Cnk (t) V (t) 'iJl.0' (x, t) 
k k 

cJ•h<Ol (X t) ) 
_ "" (t) "li '~' k ' + "li "" dck ( t ,h<o> ( t) - LJ Cnk ~ ol ~ LJ dt 't'k X, 

k k 

Owing to (33.3), the first sum on the left-hand and right-hand sides 
of the Pquation can be dropped. We multiply the remaining equation 
scalnrly by 1j1::(' (x, t): 

2J Cnk (t) (¢~1 (x, t) IV (t)¢1°1 (x, t)) 
k 

_ .li "" dcnk (t) ( j (O> ( 
- ~ Ll dt "m X' 

k 

Finally, introdudng the notation 

V mk (t) = (tj·~, (x, t) I V (t) 1j·/,01 (:.r:, t)) (33. 7) 

and having in view that ('ljJ~' (x, t) I 'ljJ/t0 ' (x, t)) = l3mk• we can 
write 

iii dcnm (t) = "" V (t) C (t) 
dt ~ mk nh (33.8) 

k 
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We must note that the perturbation matrix element determined 
by formula (33.7) can he written as follows: 

V mk (t) = ('¢~> (x) e-(i!~)Emt J V (t) lJl}t (x) e-(i/~)Ekt) 

= e(i/h) (Em-Ek)t(lp~> (x) J"V (t) lJlit01 (x)) = eiromkt Vmk (t) (33o9) 
where 

Using the notations (33.10) and (33.11), we can write 

V mk (t) = Vmk (t) eiromkt 

(33o10) 

(33.11) 

(33.12) 

Let us return to Eq. (33.8). We shall seek its solution in the form 

cnm (t) = c;!',i, (t) + A.c~~ (t) + A.2c~'.;. (t) + 0. 0 

If we take the unperturbed function ljJ~ 1 (x, t) as the zero approxi
mation, we have c;?~ (t) = ~nm [see (33.5)10 Consequently, 

Cnm (t) = cSnm + AC~~ (t) + A.2ch% (t) + ... 
\. 

= 8nm + Lkh~ (t) + ilc~% (t) + ... (33.13) 

We shall write the matrix elements V mk (t) as A.W mk (t). Equation 
(33.8) will therefore be written as follows: 

·n~ de if,!,. (t) + ·t.~ 2 del(.\, (t) + 
' fl. dt lf£11. dt .•• 

=A 2J W mk (t) 8nk + A2 2J W mk (t) C~~ (t) + ... 
k k 

Equating the coefficients of identical powers of 'A, we obtain a series 
of equatious 

'!i dchl.l, (t) = W (t)l 
l dt mn 

iii dch2
.\, (t) = "' W (t) c1u (t) 
~ ~ mk nk 

k 

(33.14) 

(33.15) 
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Integration of these equations yields the following values for the 
corrections to the coefficients c~h (t) = cSnm 

t t 

dc~h = /..ch~ = - ! ) V mn (t) dt = -+) Vmn (t) e'00 mn1 dt (33.16) 
0 0 

t 

dc~2.:a = /..2ci:.:a = - ~ .2j J V mil (t') de~~,: (t') dt' 
k 0 

t t• 

= ( - *) 2 2j S V mk (t') { S V kn (t") dt"} dt' 
k 0 0 

t t' 

= ( -+ Y 2j J Vmk (t') eiCJlmkt' { ~ Vkn (t") ei 00kn1wldt"} dt' (33.17) 
k 0 0 

• • • • • • I • • • t • o • • • • o o • • o o • • • o • • • • • 

(to avoid confusion, we have designated the integration variable in 
one case by t', and in the other by t" instead of t). Recall that n in 
these formulas signifies the index of the initial, unperturbed state. 

Introducing the corrections evaluated in this way into formula 
(33.13), we find the expansion coefficients Cnm (t) and, consequently, 
the perturbed function (33.4) itself. Hence, solution of the problem 
consists in finding the matrix elements (33.7) and in calculating the 
integrals (33.16), (33.17), etc. 

Therefore, with account taken of formulas (33.5), (33.16), and 
(33.17), we have 

t 

Cnm (t) = 6nm- ~ ) Vmn (t') eiCJlmnt' dt. 
0 

t t• 

+ ( --{-)2 2j J Vmk (t') eimmk1' { J Vkn (t") eiwlw1" dt"} dt' + ... 
k OJ 0 

(33.18) 

Assume that at the instant ,; the perturbation stops its action. 
Beginning from this instant, the coefficients of the expansion take 
on the constant values Cnk (•). Consequently, when t > 't', the state 'lj) 
of the system will be a superposition of the stationary states 

¢ := 2J Cnk (•) ¢ko> (x) e-(i/li)Eht 

A 

[see (33.4)]. In this case, the probability Pnm of the system being in 
a stationary state with the energy Em is determined by the square 
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of the mag nit nde of the coefficient en m ('t). If we limit ourselves to 
the first approximation, by (33.18) we have 

'f 

Cnm ('t) = -+ J Vmn (t) eiromnt dt (m =I= n) 
0 

Accordingly 
'f 

Pnm = lcnm l•)l 2 = li\ I) Vmn (t) ~~mnt dt 12 (m:;i= n) 
0 

(33.19) 

(33.20) 

Expression (33.20) determines the probability of transition of a 
system from the stationary state '¢~' (x) to the stationary state 
'¢~> (x) (m =I= n) during the time of action of a perturbation. 

We must note that the expression we have obtained for Pnm holds 
only if the matrix elements V mn (t) and the perturbation time 't are 
sufficiently small for the corrections IJ.c11 m (•) to be small in com
parison with unity. 

If V (0) = V (-r) = 0 [accordingly, Vmn (0) and Vmn (•) are also zero} 
formula (33.20) can be transformed by taking the integral by parts: 

The first term vanishes upon substitution of tl1e integration limits. 
\V e can therefore write that 

(33.21) 

Up lo now, we have considered the very simple case wl1en the 

operator if 0 has a discrete spectrum of eigenvalues. Accordingly, 
expression (33.20) gives the probability of a transition bet ween 
states belonging to a discrete spectrum. Of great interest is a tran
sition from a sf ate belonging to a discrete spectrum to one belonging 
to a continuou~ spectrum. Such transitions are possil>le when tl1e 

spectrum of the operator if 0 contains bot.h discrete and continuous 
regions. ln this case instead of (33.4), we obtain the formula 

'P (x, t) = ~ ck (t) ~'1°' (x, t) + J Cv (t) ¢~01 (x, t) dv 
k 

(33.22) 
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where the index ,. characterizes the state belonging to the eontinuous 
part of the spectrum [see (12.1)1. After introduction of this expression 
into Eq. (33.6) and simplif1cations, we arrive at the relation 

~ ck (t) V 1jl~01 (x, t) + J Cv (t) V ¢~01 (x, t) dv 
k 

=iii ~ dc~t(t) 'IJ'~OI (X, t) +iii 1 ddt (t) 'IJ'~1 (X, t) d'V (33.23) 
k 

Performing scalar multiplication of (33.23) hy '1'~1 (x, t) an_(l 
taking into account that owiug l.o I. he OJ'I.I1ogoual nul uro of I he eigen
functions (,1,::' 1 '¢~01} = 0, wo ohlain au analogue of Eq. (:1:LS): 

i1i dc~t (t) = ~ V mk (t) ck (t) + J V mv (t) Cv (t) dv (33.24) 
k 

where 

V mv (t) = (1Jl~1 (:r, t) I if,~~~ (x, t)) (33.25) 

while V mk (t) is determined by formula (33.7). Representing in 
(33.24) the required coefficients in the form 

ck (t) = {)nk + A.cku (t) + f..2cit2> (t) +. •. l (33.26) 
Cv (t) = A.dJ1 (t) + "A2c!JI (t) + . . . J 

[we as[';ume that 1jJ (x, 0) = '11~01 (x, 0), therefore all c~01 (t) := 0]. 
and next equating the coefficients at identical powers of "A, we arrive 
at equations similar to (33.14) and (33.15): 

. dclA' 
tli. --;It= W mn (t) (33.27) 

i1i d~7' = ~ W mk (t) Ck11 (t) + ) W mv (t) c!J1 (t) dt (33.28) 
k 

. . . . . . . . . . . . . . . . . . . . . . . . . 
(W mn = V mni"A, etc.). Their solutions have the form 

' ' L\c:A1 = "Ac:A1 = - ! J V mn (t) dt = - ~ } V 11m (!) eiwmnt dt 
0 0 

(33.29) 

t t 

= - T { ~ J V mk (t) c)t1 (t) dt + J dv J V mv (t) cV1 (t) dt} (33.30) 
k 0 0 
. . . . . . . . . . . . . . . . . . . . . . . . . 

[compare with (33.16) and (33.17)]. 
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By multiplying (33.23) scalarly by ')l~~~ (x, t) and performing 
similar calculations1 , we arrive at the equations 

where 

. dc~l) 
t!i ---;:[t = W v'n (t) 

dc12,1 

in -ft-= ~ W v'k {t) .-:kll (t) + J W v'v (t) c~11 (t) dv 
k 

. . . . . . . . . . . . . . . . . . . . . . . . . 
W v'n (t) = (')l~~~ (x, t) I W (t) ¢~01 (x, t)) 

W v'v (t) = (ljl~0•1 (x, t) I W (t) ')l~, (x, t)) 

(33.31) 

(33.32) 

(33.33) 

(33.34) 

Solving Eq. (33.31), we fmd the coefficient Cv• in the first approxi
mation: 

Cv• = !!..c~V = A.c~V 
t t 

i\v (d i\ ta>.td = --n J v'n t) t = -n J Vv•n (t) e "n t 
0 0 

(33.35) 

where 

Vv•n (t) = (¢~~~ (x) p/ (t) "'~01 (x)); (J)~·n = (Ev'- En)/!i (33.36) 

Formula (33.20) determines the probability of the transition from 
the definite state n to the definite state m. Unlike this, for transitions 
into a continuous spectrum, we must consider the probability of a 
transition from the state n into one of the states belonging to the 
interval from v to v --t· dv. The expression for this probability is 
(we have discarded the prime on v) 

'f 

dPnv =I Cv 12 dv = ~21 j Vvn (t) eicuvnt dt 12 dv 
0 

(33.37) 

. We shall consider two limiting cases of the behaviour of the per

turbation V (t): (1) the case when the perturbation, having appeared 
1il.t the instant t = 0, slowly grows from zero to a certain value, and 
then slowly diminishes to zero at the moment t = -r. During the 

~ntire interval from 0 to -r, the derivative di'idt is very small. Such 
a perturbation is said to be adiabatic; (2) the case of a very rapid, 

1 In performing these calculations, we must take into account that 
<~~~ (x, t) 11\1~0 ' (x, t)) = 6 (v' - v) [see (12.6)]. 
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"sudd~n", switching on of the interaction. Having grown in a very 
short 1nterval !J.t from zero to a certain value, tho perturbation then 
changes adiabatically and by tho instant t = -r vanishes adiabatical-

ly. In this case, the derivative dV!dt is very large iu the interval from 
0 to M, and is very small all the other time. 

"·e ~hall c0n::ider that the eigenYalut'::" of tlH' unpt'rturbt'd opt'ralt'r 
are di::crete ;md not degent'rate. Tl) a~.::,'::.:: !Itt' pr\'babililit'::" ,,f .:~. 
transition, we shall use formula (33.21). Assume that 

I d:~n I~ liw~n (33.38) 

(the adiabatic change in tho perturbation). During the time -r, the 
exponential factor in (33.21) pp,rforrns many oscillations. Therefore, 
the comparatively slowly changing factor dvmnldt may be put outside 
the integral, taking a mean value within the interval [0, -r] for it. 
'Ve may thus state that 

/wmn•/2 (eiwmnr:/2 -e -iwmnr:/2) 12 
iWmn 

4 I dvmn 12 . 2 
!i2wtnn ~ Slll 

Taking the condition (33.38) into account, we find that Pnm ~ 1. 
This signifies that a system, which before a perturbation satisfying 
the condition (33;38) begins to act was in the non-degenerate state 

'1\:•11 , remains in this state after the perturbation stops acting. 
When a perturhation begins to act suddenly, the contribution to 

the integral (33.21) will be appreciable only rluring the time tJ.t 
neederl to switch on the perturbation. We shall cousider this time 
to be much smaller than 1/wmn· All the other time, the perturbation 
changes adiahatir.ally so that it cannot make au appreciable contri
Jmtion to the probability of a tran~ition, as was eslablif'hcd above. 
During the very small time 11t, the exponential factor changes slightly 
(wmn M ~ 1), therefore it can be put outside.the integral and assumed 
to equal unity. The result is 

at 

Pnm:::::::; n' \ I r dvdmn dt 12 =~ I Vmn (dt) 12 (33.39) 
Wmn J t "Wmn 

0 

It is obvious that Vmn (!J.t) is determined by the magnitude of the 
suddenly switched on perturbation. 
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34. Perturbations Varying Harmonically with Time 

Let a perturbation within the interval 0 ::::;:; t ::::;:; T have the form 

~ ~ 1 ~ 

V (t) = V (eiwt + e-iwt) = 2 V cos wt (34.1) 

and when t < 0 and t > T, it is zero. Here V is an operator not 
containing the time explicitly. 

Consider a transition from a discrete spectrum to a cont.im10us 
Ollf' ocr.urring undl'r llw inrilli'IH'.e of sueh a JWrlnrhat.ion. In this 
cast>, the matrix cleml'HL V "" (i) leq11al to the product of 'f. and 
expression C~3.33)] ean be written as 

V,n (t) = (~1~0) (x) e-<ifi•)E"t 1 V (eiwt+e-i(J)t) lJl~O) (x) e-(i/h)Ent} 

= <¢~0) (x) 1 VlJl~O) (x)) e;w,nt (eiwt + e-iwt) 

= v vn [ei((J)vn +(J))! + ei((J)vn -(J))!J 

where V vn is simply a number, and Wvn = (Ev - En)lli. 

(34.2) 

Integration of expression (34.2) with respect to time yields 

(34.3} 

The result obtained indicates that there is an especially high prob
ability of transitions to states that are within the interval from v 

to v + dv for which (J) vn ;;:::;; w, i.e. 

E.., liw vn == E" - En :::::::: liw (34.4) 

For this condition to be observed, 
the perturbation frequency w must 
satisfy the requirement 

liw > Eoc -En (34.5) 

where E., is the houndarv between 
Fig. 34.1 1 he cliscrcle anrl the continuous re-

gions of the spectrum (Fig. 34. 1}. We 
shall assume in the following that the condition (34.5) holds, We 
must note that, as follows from Fig. 34.1, we have w,n > 0. 

,.\t a frequency w close to Wvn (w :::::::: Wv11 ), the second term in 
(34.3) will be much larger than the first one. \\'e therefore drop the 
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first term, anrl (34.3) becomes 
"t 

rv ()d v exp(i(Wvn-W)'t)-1 V [·< >'] J Vn t t ~ Vn i (Wvn -W) = vn exp t Wvn- (t) 2 
0 

exp [i (Wvn-W)"t/2]-exp [ -i (wvn-W) T/2) 
X 2i (wvn -w)/2 

_ V [. ( ) 't J sin [(Wvn -w) 't/2) 
- vnexp tWvn-WT (wvn-W)/2 

Squaring the magnitude of this exprcsHion and iutrodneing it into 
(33.37), we ohlain 

dp __ i_IV 12 sin2 [(Wvn-w)-c/2]d __ 1_ V jZf(e }d (346) 
nv- n2 vn [(Wvn-W)/2]2 V- n2 I Vn 'ot 't 'V • 

where £ = £ (v) = ( w vn - w )12 is the argument, and ,; is a para
meter (dPnv is a function of v). 

Figure 34.2 depicts the function 

f (£, -r) = si~22 T~ (34. 7) 

contained in (34.6). A glance at the figure shows that the probability 
is the highest for the transitions for which the values of £ = 

~~~~~-L~~~==~-~ 

- Jrr:/-r -2rr:/-r -rr:J-r rr:f-r- 2rr:/-r Jrr:j-r 

Fig. 34.2 

= (w,.n - w)/2 = (Ev-En- nw)/2n are confined within the limits 
of --±1/-r, i.e. the magnitude of the difference between Ev and 
En + nw does not exeeed -1iJ-r: 

(34.8) 



158 QUANTUM MECHANICS 

The indeterminacy of the energy of the final state also satisfies this 
condition 

(34.9) 

[compare with (1G.5)]. 
Examination of (34.9) reveals that when 't-+ oo, we have /t.,E.,.-+ 0 

so that only transitions to a state with a quite definite energy E.,.,, 
satisfying the condition 

E.,.• -En =lieu (34.10) 

have a non-zero probability. 
V\7e can arrive at the same result in a different way. Let us write 

expression (3-1.6) in the form 

dPnv= :?. I Vvn I 2 F(~, t'}mdv 

where 

F (t ) __ 1_ f (t ) _ sin I-rs 
"'' 't' - 1t't' "'' 't' - 1t't~2 (34.11) 

We shall show that 

lim F (~, •) =lim 8:2~~~ = 6 (S) 
't-oo 't-oo 't' 

(34.12) 

Indeed, since lim (sin 2 ala~) = 1, when £ = 0 expression (34.:12) 
ct-0 

equals •In, i.e. in the limit expands to infinity. Further, at any 
£=/=0, the limit (3·4.12) is zero. Finally, 

-oo -oo 

Hence, expression (34.12) haR all the properties of a 8-fnnction. 
Consequently, at very large values ofT, formula (3·Ui) can be written 
as 

dPnv = ~ I Vvn 12 & ( OOvn;-OO) 't'd'V 

= ~ I v 12 & ( E ... - En- nCJ> ) d 
fi2 vn 2!i 't' '\ 

= 21in I V vn 12 8 (E.,.- En -1iro) 't dv (34.13) 

[we have taken advantage of the property (VITI.7)]. 
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Integration of (31t.13) over v yields the probahility of the system 
passing from the n-th discrete state to one of the states of the con
tinuous spectrum: 

P = ) dPn'IJ= ~'It ) I V'IJn I2 <'>(E'IJ-En-1iro)•dv 

= ~n I v'IJ'n 12 g'l}·• (34.14) 

Here g 'IJ' is the degree of degeneracy of the level with the energy E '1}. 

satisfying the condition (34.10). We have thus again arrived at the 
conclusion that when T-+ co, only transitions to states with the 
energy E'l}· that satisfies the condition (34.10) have a non-wro 
probability. · 

The formulas we have obtained holrl when the changes in th~ 
initial function '¢ho> are relatively small. For this requirement to be 
obeyed, the total probability of a transition, i.e. the quantity 
(34.14), must he much smaller than unity: 

2: I Vv•n j2 gv·•« 1 (34.15} 

Since the left-hand side of this inequality is proportional to T, the 
time of action of the perturbation must not be too great. The limita
tion of • leads, in accordance with (34. ~), to the interval 11E 'I} he in~ 
finite. 

By (34.13), dPn'IJ is proportional to the time • of action of the 
perturbation. Therefore, dividing expression (3;J .13) by T, we obtain 
the probability of a transition to a state within the interval from 
v to v + dv in unit time: 

(34.16) 

The index v characterizing the states of the continuous spectrum 
includes a set of parameters among which may be the energy E 
of a state. Several states iliffering in the values of other parameters 
may correspond to the same value of E. Therefore, to the interval dE 
of enNgy vnlucs there corresponds the interval of the values of the 
index ,. equal to 

dv = g (E) dE (34.17) 

where ~ (E) is a function known as the density of states. Introducing 
(34.17) into (31t.1u) and substituting E for v accordingly, we obtain 

dPnE IM-1 = 2: IV En j2 6 (E-En -liro) g (E) dE (34.18). 

Integration over E yields the total probability of a transition 

P l6t=1 ~ 2; I VE'n j2 g(E') (34.19). 
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where E' satisfies the same condition as E v' in (34.10) [compare with 
{34.14)]. 

The results we have obtained cannot be applied to transitions 
between the states of a discrete speetrum because in the resonance 
~ase (i.e. when cu = CUnm) the corrections to '\fl:t become large and 
the conditions of applicability of the derived formulas are violated. 
Therefore, a different approach is needed in solving problems on 
transitions in a discrete spectrum under the intluence of a pertur
bation of the form of (34.1). 

We shall proceed from the exact equation (33.8) for the eoefficients 
.Cm (t) 

iii dc~/t) = ~ V mk (t) Ck (t) (34.20) 
k 

Substitution into (33.7) of expression (34.1) for fr (t) results in a 
value of V mk (t) differing from (34.2) only in containing the indices 
mk instead of vn. Introducing this value into (34.20), we arrive at 
the equation 

in dc;t> = ~ V mk [ei<romk+w)t + ei<romk-ro)t] c11 (t) (34.21) 
k 

The greatest role in this equation is played by the terms that oscillate 
with the lowest of the frequencies. This can he understood by turn
ing to formula (34.3): the largest term in this formula is the one 
with the smaller denominator, i.e. the term oscillating with the 
lower frequency. We must note that in (34.3) all the CUvn's are greater 
than zero. Formula (34.21), on the other hand, contains terms with 
both positive and negative values of CUmk· 

Let us choose from the entire set of unperturbed states two states 
m and n for which ffimn = (Em - En)lli differs from ffi by the very 
small quantity e: 

(34.22) 

vVe must note that when the levels are not spaced equally, this 
~hoice can be made, generally speaking, in a single way. 

In accordance with the above, the coefficients em (t) and Cn (t) will 
change the most noticeably with time. It is exactly the equations 
(34.21) written for these coefficients that will contain a very slowly 
oscillating term. The variation of the other coefficients with time 
may be disregarded. 

Assume that Em> En. so that CUmn > 0. It is evident that ffinm = 
= -CUmn < 0. Consequently, in Eq. (34.21) written for em, we must 
retain only the term with the exponential ei<romn -w)t = eiet on the 
right. In Eq. (34.21), written for en, on the other hand, we must retain 
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the term with the exponential ei<wnmH>)t = e-iet [(wnm + w) = 
= - ( -Wnm - w) = - (Wmn - w)]. We thus arrive at the fol
lowing system of equations of the form of (34.21): 

• t; dcm (t) 
ltb dt V eietc (t) mn n 

·n den (t) - V -iet (t) z dt - nme Cm 

in de~?) ~ 0 (for all l's not equal to m and n) 

(34.23) 

(34.24) 

To find the coefficients em (t) anrl Cn (t), we must solve the system 
of two differential equations (31L23) and (34.24). Let us intrpduce 
instead of Cn (t) the auxiliary function 

Un (t) = eietcn (t) (34.25) 

Differentiation of this function yields . . 
Cn (t) = [un (t)- ieun (t)J e-iEt (34.26) 

With a view to (34.25) and (34.26), Eqs. (34.23) and (34.24) acquire 
the form 

inCm = V mnUn 

in [~n - ieunl = VnmCm 

We can delete the function em (t) from these equations by prelim
inarily differentiating the second equation with respect to t. As a 
result, we obtain the following differential equation for Un (t): 

(34.27) 

(owing to the Hermitian nature of the operator V, the relation Vnm = 
= V~n holds). 

Solving Eq. (34.27) by introducing un = eiM, we obtain two 
values for A.: 

At= ; +wo, Az= ~ -Wo ( W0 = V 8; + !V;,n1') (34.28) 

Consequently, the general solution of Eq. (34.27) has the form 
Un (t) = Ae""•'+BeH.,t 

In accordance with (34.25), we have 

(34.29) 

where 

cx1 = A.1 - e = w0 - (e/2), CX11 = e - A2 = w0 + (e/2) (34.30) 

tl-0196 
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I!ltroducing the derivative of the function (34.29) into the left-hand 
s1de of Eq. (3~.24), we obtain the following expression for em (t): 

Cm (t) = _1i_ (a2Be-irx,t- a 1Aeirx,t) (34.31) 
Vnm 

w~ _have thus obtained the formulas (31.29) and (34..31) for the 
coefhe1ents Cm (t) and C11 (t). The constants A and B are determined 
from the condition of normalization and the initial conditions. 

Assume that at the instant when the perturbation begins to act 
(i.e. when t = 0), the .F.yt:tem is in ttu! state y~P1 . Then at the instant t, 
the psi-function of the system will he [see (34.4)]: 

'l' (x, t) =en (t) '1\i~O) (x, t)-+- Cm (t) ~~l (x, t) = (Aeirx,t ...L Be-irx,t) 1~(,,0) 

-;- \h,\' ,,,.j (<:~.2 be-·~·~.,: -?. 1Ae"''·•1) lj.'~' 

From the initial condition 'lj.1 (x, 0) = 'lj.i~> (x, 0), we obtain the 
following relations: 

A + B = 1, a 2B - a 1A = 0 

From these relations, with a view to (34.30), we fmd that 

A - ...52 B - .!!:1_ 
- 2w0 ' - 2w0 

Replacing r:x 1 and r:x 2 with their values from (34.30), and also taking 
into account that a 1ct 2 = w~ - ~: 2/4 = I Ymn l211i2 = V mn Vnmlli 2, 

we can write 

'ljJ (x, t) = 2~0 [ ( w0 + ~ ) ei«llo-e/2)t + ( w0 - ~ ) e-i(&}o+t/2)t J '1\i~o) 
+ Vmn [e-i(w0 -ef2)t_ei(w 0 +e/2)t]'ljJ(0) 

2nw0 m 

= e-iet/2 [cos w0t +~sin w0t] ¢< 0> 2w0 n 

-eiet/2 iVmn sinw0t·'l\i(O) (34.32) 
1iwo m 

It is not difficult to sec that the sum of the squares of the magnitudes 
of the coefficients at ,~~?' and 1p~' equals unity. 

The square of the magnitude of the coefficient at '!'~' is 

( ) 12 I V m n I z . 2 t I V m n I 2 ( 1 2 t) (34 33) I Cm t = nzwg sm Wo = 2fi2w& -cos Wo • 

Consequently, the probability of the fact that the system at the 
instant t will be in the state '~1~> (x, t) varies with the frequency 2w 0 

within the limits from zero to I Y mn l 2/1i2w~. Recall that [see (34.28) 
and (3!1. 22) I 

, / -E2::----,.-,l V::-:-m-n--,1~2 1 t V E t )2 + 4 1 V 12 
Wo= V T+ fi2 =z'~ (Em- n-nw mn 
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In exact resonance (i.e. when e = 0), we have w 0 = 1 l' r;t< 
'mn In, 

and (34 .33) becomes 

(34.34) 

Examination of (34.34) shows that the ~ystcm periotlienlly passes 
from the state n to the state m and back. The freqnency of this tran
sition grows with increasing Ill mn I, i.e. when the perturbation 
becomes more intensive. 

We must stress the circumstance that all the results obtained hold 
only if at the instant when the periodic perturbation begins to act, 
thP. !'IY!'Ifl'm i!'o on OTII' or tltl' li'VI'l!'l F., or F,,. "ntic:f\"irw thP l'lllldlli••ll 

(;;;I' '1'1. I' 
lt cau Le shown that if a discrete spectrum is equidistant (as, for 

instance, in a harmonic oscillator), when condition (34.22) is ob
served, the system will pass to higher and higher levels. This corre
sponds to the buildup of a classical oscillator under the action of an 
external force varying with the resonance frequency. 

35. Transitions in a Continuous Spectrum 

Assuming in formula (34.1) that w = 0, we obtain the perturbation 
operator V that does not contain the time explicitly [it is equivalent 
to 2V in (34.1)]. Accordingly, the expression (34.2) for the matrix 
elements will be 

V (t) V ioo.,.nt 
vn = vne 

Integration of a matrix element over t yields 

J't eioo.,.n't -1 . ( '2) 
V vn (t) dt = V vn ------ V eirovn 't/2 Sill COvn 't, 

iWvn - vn COvn/2 
0 

And, further, 

lp == _1_ I V l 2 sin2 (COvn -r/2) d 
( nv !i2 vn (COvn/2)2 V 

By analogy with (34.16), we can write that 

(35.n 

(35.2) 

dPnv IM=1 = li~ !Vvnl 2 & ( CO;n) dv= 2; jV,.n! 2 &(E,.-E11) d\' (35.3) 

A glance at (35.3) shows that a time-independent perturbation 
may cause transitions only between degenerate states. The levels 
of a continuous spectrum are always degenerate (for instance, for a· 
free particle the energy E is realized in a multitude of states differing 
in the direction of the momentum p). For this reason, the action of 

11• 
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a constant perturbation is of interest mainly as applied to the states 
of a continuous spectl'llm. Having this in view, let us rewrite (35.3) 
as follows: 

(35.4) 

Here v0 is the index of the initial state which we now assume to belong 
to a continuous spectrum, and v is the index of the fmal slate. 

We write by analogy with (34.17) that 

dv 
dv = dE dE= g (E) dE (35.5) 

Let us perform such a replacement in (35.4) after which we shall 
integrate over E. The result is the total probability of a transition 
from the state v0 to other states having the same energy E: 

(35.6) 

Let the role of the index v be played by the momentum p of a 
particle. Hence 

dv = dp:r: dpy dpz = p 2 dp dQ = pm0 dQ dE = g (E) dE 

where dQ is a solid angle element, and E = p2!2m0 is the energy of 
the final states of the particle. Substitution of the found value of 
g (E) into (34.G) yields 

P l~t=l = 2; I Vpp0 12 pmo dQ (35.7) 

This formula gives the probability of the fact that a particle having 
the momentum p0lwill pass in unit time to one of the states, the 
directions of whose momenta are within the solid angle dQ. 

36. Potential Energy as a Perturbation 

Let us consider the case when the potential energy of a particle 
in an external field can be dealt with as a perturbation. Here the 
unperturbed Schrodinger equation is an equation of the freely moving 
particle: 

f12 
- 2mo v2~J(O) = E(O\p<O> (36.1) 

If we introduce the notation 

k2 = 2moE<O> p2 
Ji2 =Iii (36.2) 
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(p is the momentum of the particle), Eq. (36.1) can be given the 
form 

(36.3) 

A plane wave is the solution of this equation, namely, 
<!J(O) = eikr (36.4) 

(k = p//i), A 

.\ddim! the perturbation operator L whose role i::. played by the 
po~"'ntial enerrr C. to tb~ o~ratoi H~ = - tfl! ::"\} '! in Eq. 
(36.1), we obtain the equation 

( - __!!!_ v2 + U) 'Jl = EljJ (36.5) 2m0 

To iinrl the psi-function in the first approximation, we introduc13 
'¢ = '¢< 0> + ~'¢< 1> and E = E< 0> into (36.5): 

( - _!!:___ y>2 + u) ( \jJ(O) +~"'(I)) = E(O) ('lj)(O) +~'I: (I>) (36.6) 
2m 0 

Opening the parentheses and taking into account (36.1), we obtain 

_ __!!}__ '\72 ti'lj,<l) + UljJ(O) + U tiljJ(l) o= E(Q) ~\j:(l) 
2m0 

Owing to the smallness of the quantities U and ~'lj)< 1l, we may dis
regard their product. The equation remaining after this has been 
done can be reduced to the following form with the aid of relation 
(36.2): 

(36. 7) 

Let us leave this equation for a while and turn to the d'Alembert 
equation for the scalar potential cp (r, t) produced by charges of the 
density p (r, t), known from electrodynamics: · 

n2 ( t) 1 u2cp (r, t) 4 ( ) 3 
v cp r, -C"2 at2 = - np r, t ( 6.8) 

The retarded potential 

cp(r, t)= J p(r', ~-R/c) dV' (36.9) 

is the solution of this equation. We have introduced the notation 

R = I r- r'l (36.10) 

[see Vol. 1, formulas (76.1) and (76.11)]. . 
Consider the case when the charge density at each point varies 

according to a harmonic law:. 

p (r, t) = Po (r) e-iwt (36.11) 
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Formula (36.9) in this case becomes 

l p (r') e-iw(t-R/c) 
qJ(r, t)= j o R 

where 

) P (r') etwR/c 
<p0 (r) = 0 dV' R 

(36.12) 

(36.13) 

Introducing the functions (36.12) and (36.11) into (36.8) and can
celling the factor e-iwt in all terms, we obtain a differential equation 
for <fo (r): 

(36.14) 

The function (36.13) is a solution of this equation. 
Equation (36.7) which we are interested in is similar to Eq. (36.14). 

Consequently, its solution can be obtained by replacing in formula 
(36.13) w/c with k and p0 (r') with - (m0/2n/i 2) U (r') '1jJ< 0>(r') = 
= - (m0/2n/i2) U (r') eihr' cos"' [see (36.4); \} is the angle between 
the vectors k and r']. As a result, we obtain 

d1jl(1) (r) == -~ i 1 U(r')eik(r'cost;+Jr-r'l) dV' (36.15) 
2nn2 j I r-r' I 

[we have replaced R with I r - r'l; see (36.10)]. Recall that this 
function is a first-order correction to the unperturbed functions 
'\jJ< 0> (r) due to the perturbation T-'" = U (r). 

Let us find the conditions in which the potential U (r) can be 
considered as a perturbation. We shall proceed from the fact that 
the condition for the applicability of the perturbation theory con
sists in the requirement I ~'¢< 1> I ~ I ,~< 0> 1. Since the magnitude of 
the unperturbed function (36.4) is unity, we arrive at the condition 
I ~'¢< 1>1 ~ 1, i.e. 

~I r 1 u (r') eik(r'cos"'+lr-r'l) dV' I~ 1 
2nli2 J I r-r'J 

(36.16) 

Let the function U (r) noticeably differ from zero only when r ~ a 
(the wavy line signifies that we are dealing not with exact values, 
but with the orders of magnitude of the relevant quantities). Hence, 
the main contribution to expression (36.16) is made by the part of 
the integral that relates to the volume of radius a. It thus follows 
that ~'¢< 1> diminishes with r so that if the condition (36.16) is 
observed at r = 0, it will be observed at any r. The condition (36.16) 
can thus be replaced with the condition 

~I r _1 U(r')efkr'(cos,.+1ldV'I~1 
2:rtli2 J r' 

r'~a 

(36.17) 
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Let us assess the integral in two limiting cases: 
1. At such small energies that ka « 1. Accordingly, 

E«~ 
m 0a' (~!l.18) 

(we have dropped the unimportant factor two in the denominator). 
2. At such great energies that ka ~ 1. Accordingly, 

(36.19) 

We must note that the expression li 2/m0a2 gives the order of magni
tude of the kinetic energy that, in accordance with the uncertainty 
relation, a particle confined in a volume with a radius of the order of 
a would have (the momentum of such a particle would be of the order 
of lila). It can also be shown that this expression equals the minimum 
depth of a spherical potential well of radius a at which a bound state 
of a particle with a discrete energy level appears. 

In the first case, the exponential factor in the integrand in the 
entire region of integration virtually equals unity so that (36.17) 
transforms into 

~I \' u (r') dV' I,..;..,~ I (U) I r dV' mo I (U) 12 2.//1 
2nfi2 , r' '"'"' 2rr!i2 J --;:;- = 2nfi2 na ~ 

r'~a r'~a 

where ([/) is the value of the potential energy averaged over the 
region of radius a. The inequality obtained leads to the condition 

I <U> I « : 0:2 (36.20) 

Remember that this condition must be obsel'\"ed for energies satisfy
ing relation (3G.i8). 

In the second case, the exponential factor in (36.ti) varies very 
rapidly a11d in i11tegralion over the region r' ~a it completes many 
cycles of change. Consequently, we replace the comparatively slowly 
varying factor U (r') with its mean value <U> and put it outside the 
integral. As a result, the condition (36.17) becomes 

7z: I (U} lj J eihr'(costl+l> sin '1'1 d'\'1 r' dr' l « 1 
r':s;;;e 

(36.21) 

(we have substituted 2n sin '1'1 d'\'1 r' 2 dr' for dV' and cancelled 2n in 
the numerator and denominator; here '1'1 is the angle between the 
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vectors k and r' measured from the fixed vector k). Evaluation of the 
integral yields · 
a :n 

J r'dr' J eikr'(cos1Ht>siuttd{t 
0 0 

= ii ~ (e2il!r' -1) dr' = i~ [ ezi;;; 1 a J ~- ~ 
0 

(we have disregarded the first term in the brackets because by our 
condition k is very large). 

Introducing the found value of the integral into inequality (36.21}, 
we obtain 

mo I (U) I ...!!.... « 1 
f12 k 

whence 

1 <V> I « Hz2 (36.22) 
m0a 

We remind our reader that the function U must satisfy this con
dition at energy values determined by relation (36.19). We must 
note that the condition (36.22) is weaker than (36.20). Indeed, the 
right-hand side of (36.22) is ka times larger than the right-hand side 
of (36.20), and in case 2 the product ka is very large. Hence, if U 
can be considered as a perturbation at low energies of a particle, 
this is als,) possible at high energies. 

The condition (36.22) can be represented in the form 

I <V> I « ..!!!!._ (36.23) 
a 

where v = hklm0 = p/m0 is the velocity of a partide. 
For a Coulomb field, the potential U = a.!r diminishes so slowly 

that we cannot introduce the concept of the effeetive radius a of the 
region of interaction. Taking arbitrarily a certain quantity a, let us 
tind the value of the Coulomb potential averaged over a sphere of 
radius a: 

a 
,. a: ct 

(U) = - 4:--=-- J -;- 4nr2 dr ~-a-
3 :raa 0 

Hence, the product (U > a does not depend on the choice of a and 
equals a.. The condition (36.23) for a Coulomb field can thus be 
written as 

(36.24) 

Particularly, if the potential is set up by a nucleus having the charge 
Ze, while the particle has the charge e, the condition (36.24) is as 
follows: 

(36.25) 



·,Chapter. VII•, .. ; 

THE OUASICLASSICAL APPROXIMATION: 

37. The Classical Limit 

The behaviour of microobjects quite often differs only slightly 
from the classical behaviour. An example is the motion of an EJlectron 
in a cathode-ray tube. In such cases, an approximate methorl of: 
solving quantum-mechanical problems known as the quasiclassicaJ: 
approximation1 is helpful. This method is based on the expansion of 
a psi-function in powers of 1i and the dropping of the terms of higher· 
degrees of smallness relative to li. 

In the same way as we write a complex number in the form pei" 
(p is the modulus, and ex is the phase or argument of the number) •. 
we can write the psi-function of a particle as 

~' (r, t) = cp (r, t, Ji) exp {if (r, t, Ji)} (37.1} 

To emphasize the circumstance that the psi-function may include li,. 
we have introduced this constant into cp and f as a parameter. 

Let us transform the function (37 .1) as follows: 

\f ( r, t) = ex p { i [ f ( r, t, 1i) - i l n cp ( r, t, ·Ji)]} 

Finally, designating the function in brackets by (1/!i) S (r, t, Ji), we
obtain 

ljJ(r, t)=exp{,}-s(r, t, n)} (37.2)· 

When considering a quasiclassical approximation, it is very con
venient to represent the psi-function in the form of (37.2). In the
following, we shall write the designation of the functionS asS (r, t),. 
dropping the parameter li. 

Introducing the function (37 .2) into the Schri:idinger equation. 
(5.1), we obtain 

_ ~ \l2e(i/'hlS + u e(i/'hlS =iii.!__ e<ilhlS 
2mo at 

1 It is also known as the Wentzel-Kramers-Brillouin (WKB) approximation,. 
or the WKB method. • 
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Performing differentiation1 and cancelling the common factor e(i!h)S, 

we arrive at an equation for the function S (r, t) 

t tli as 
-(V'S)2---V'2S+U= --
2m0 2m0 ~ 

(37 .3) 

Performing the formal limiting process 1i - 0 in (37 .3), we obtain 
the equation 

_t_ (V'S)2+ U = - as 
2m0 ot 

that coincides With the Hamilton-J aeobi equation known from 
-classical mechanics [see Vol. 1, formula (32.15)]. It is exactly this 
-circumstance that is had in mind when the equations of quantum 
mechanics are said to transform into those of classical mechanics at 
li- 0. 

But we are interested in the quasiclassical case when the quantum 
ilffects, although very small, are nevertheless non-zero. For this 
.reason, we must investigate Eq. (37 .3). To simplify our task, we shall 
write it for stationary states and, in additioil, limit ourselves to a 
treatment of one-dimensional motions. The time enters the psi
function of stationary states through the factor e-(i/~)Et. Therefore, 
the function S (r, t) in (37.2) has the following form for stationary 
:StatPs: 

S (r, t) = S (r) - Et (37 .4) 

.Substitution of (37.4) into Eq. (37.3) leads to the following equation 
for the function S (r): 

- 1- (Y' S)2 - ....!..!!:_ V 2S + U = E 
2m0 2m 0 

(37 .5) 

o0r for one dimension 

(37 .f)) 

By S in (37 .6) and in all the following formulas is meant the function 
.S (x). 

Let us attempt to find the solution of Eq. (37 .6) in lhe form of the 
:Series 

(37. 7) 

1 v2ekf(r) = v (vekl) = '\. (ekfk\f) = ekl [k2 (vj)l +kv2JJ (here k is a constant). 
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where the quantities S 0 , S1 , S 2 , etc. no longer contain 1i. Substitution 
into (37.6) yields 

_1_ [ dS0 • ..!!_ dS 1 + (.!!..)2 dS~ ]2 
2m 0 d:r 1 i dx i dx + · · · 

-~[d2So+~d2St+(~)2 d2S2 + ]+U=E (3i.8) 
2m0 _ dx2 i d:r2 \ i dx2 • • • 

We open the parentheses and brackets, writing only the terms con
taining li/i to a power not higher than the ftrst: 

_1_1 dS0 )2 _1_ 2 dS 0 !!._ dS 1 + _ _iE__ d2So _ +U-E 
2m0 \ dx + 2m0 dx i d:r • • · 2m0 dxi · · · -

Equating the coefficients at irlentical powers of 1i, we obtain a 
series of equations 

-, 1_(dS0 )2+U=E ) 2m 0 d.r 

2 dS0 dS 1 , d2S 0 = O 
d:r dx 1 dx~ 

........... 

(37.9) 

The first equation is a one-dimensional Hamilton-Jacobi equation 
for contracted action [see Vol.1, Eq. (32.16)]. Solution of this equation 
relative to dS 01dx yields 

dS V dxo = ± 2m0 [E-U (x)] = ± p (x) (3i.10) 

where 

Px = V2m 0 [E- U (x)] (37 .11) 

When E > U, the ·quantity p (x) is real, when E < U, it is imagi
nary. In the latter case, we shall designate it by i I p (x) j. 

I nlegra lion of Eq. (3i .1 0) yields 
X 

S 0 (x) = ± J p (x) dx (3i .12) 

(the choice of the lower integration limit will be treated below). 
Differentiating (37 .10) with respect to x, we find that 

(37 .13) 

Let us solve the second of Eqs. (37.9) relative to dS 11dx and intro
duce into the result the values of the derivatives of S 0 with respect 
to x from (37.10) and (37.'13). We obtain the differential equation 

(37 .14) 
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Integration of (37 .14) yields the function S 1 (x): 

1 
S 1 (x) = - 2 In p + const (37.15) 

Hence, with an accuracy to within the terms of the order of !iii, 
the function (37. 7) becomes 

X 

S (x) = ± I p (x) dx- ..}~In p + const' J w l 
(37.16) 

To take into Hccount both signs in (37.1t~). we shall write the 
expression for the psi-function in the form of two addends: 

X 

{ i [ \" 1 1i ']} ~'(X),-f1exp-;;. p(.r)dx- 2 Tlnp+const 

X 

+Bexp·{~ [- J p(x)dx- ~ ~ lnp+const']} 
:co 

Introducing the not at ion C 1 = A e<ifh)const', C 2 = JJe(i/h)const', we 
obtain the following expressions for the psi-function: 

X 

'IJ(x)=C1 Y~(:r) exp{~ J p(x)d.r} 
'"o 

X 

l { i ' } + c2 v exp -li p (x) d.x 
p (:r) l • 

(E > U) (37.17) 
:co 

X 

'I' (x) = c~ I 1 exp { ~ r I p (x) I dx} 
l IP (.r) I 1 J 

xo 

X 

+C~ V 1 exp {-{ f jp(x)l dx} (E<U) (37.18) 
IP (x) 1 z J 

xo 

\Ve can now see that only the values of the coefficients C and C' 
depend on I he choice of I he lo\\'l'r integra 1 ion lim it; the nature of the 
psi-functions does not. depend on this choice. 

The two solutions obtained differ appreciably from each other. 
When a particle travels in the classically allowed region (E > U, the 
momentum is real), the psi-function has an oscillating character, 
whereas in motion that cannot be realized from the classical viewpoint 
(E < U, the momentum is imaginary), the psi-function is the sum 
of two exponents. 
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At points where E = U, known as turning points, the momentum 
vanishes, and expressions (37 .17) and (37 .18) lose their meaning. 
Consequently, the method we have developed cannot be applied near 
the turning points. The behaviour of the psi-functions near the 
turning points, however, must be known to determine the coefHcients 
C1 , C2 , C~ and c; in the expressions for the psi-functions, i.e. to 
"link" the psi-functions at the turning point. It is evident from the 
above that the lower integration limit in (37.17) and (:17.18) must be 
chosen so that the interval [.1:0, x] in which integration is being per
formed contains no turning points. 

We must note that the faclor 11V p ex:: 1/V v in the expressions for 
the psi-functions has a simple meaning. Owing to this factor, the 
probability of a particle being within the interval from x to x + dx 
equal to j1p (x) 12 dx is mainly proportional to dx/v = dt, i.e. to the 
time interval during which a "'classical" particle is within dx. 

Let us establish the conditions of applicability of the quasiclassical 
approximation. The role of the quantum effects is characterized by 
the relative magnitude of the term ( -in/2m0 ) V2S in Eq. (37 .5) 
(when this term vanishes, we obtain a purely classical equation). 
We must therefore take the requirement that the magnitude of this 
term be much smaller than the first term in (37 .5) as the condition 
for the quasiclassical character, i.e. 

n I V 2S I ~ ("V S)~ 

For one dimension, this inequality is 

1i I d2S I ~ ( ~) 2 
dx2 dx 

(37.19) 

The derivative of the action with respect to the coordinate gives the 
component of the momentum corresponding to this coordinate [see 
Vol. 1, formula (32.6); this also follows from (37.12)]. Consequently, 
(37 .19) signifies that the following relation must be observed: 

n 1 :~ 1 ~ p 2 (37.20) 

Examination of (37.11) shows that 

l 'dp 1=~1 dU I 
dx p dx 

Substitution of this expression in to (37 .20) leads to the condition of 
the applicability of the quasiclassical approximation 

nmo 1 r~~ 1 ~ p 3 (37.21) 

Hence, the quasiclassical approximation holds for sufficiently rapid 
particles (a large value of p) moving in a field that does not vary too 
much from point to point (a small value of dU!dx). 
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The condition (37 .20) can be expressed in terms of the de Broglie 
wavelength. For this purpose, we replace p in accordance with the 
equation k = rtlp 1• The result is 

~: ~ 1 (37 .22) 

or 

The left-hand side of the last inequality is the change in k occurring 
when a particle moves over the distance !1x = k. Consequently, the 
condition for the quasiclassical character can be formulated as the 
requirement that the change in the wavelength over the length 'A be 
much smaller than 'A itself. 

From condition (37 .21), it is easy to gauge the distance to the 
turning point over which we may still use the quasiclassical approxi
mation. Let the coordinate of the tnrning point. he a. At this point~ 
the potential energy equals the total enel'gy: U (a) = E. Let us ex
pand the potential energy into a series in the vicinity of the point a 
and take only the first two terms 

dU dU 
U (x) = U (a) +d;" (x-a) = E +Tx (x-a) 

Introducing this expansion into (37.'11), we obtain 

p2= 2m0 I~~ I !x-aJ 

Finally, deleting I dU ldx I from this expression and from (37 .21). 
we arrive at the relation 

Jx- aJ ~ _li_ = ~ (x) = "- (x) (37.23) 
2p (x) 2 4n 

where f.. (x) is the de Broglie wavelength which a particle has at the 
point :.~;,.. This relation determines the distance I x -a I to the turn
ing point at which the quasiclassical approximation still holds. 

38. Boundary Conditions at a Turning Point 

Figure 38.1 shows a turning point with the coordinate x = a. To the 
left of the hatched region, the psi-function is determined by expres
sion (37.18) (we designate it by t!Jt), and to the right, by expression 
(37 .17) (we designate it by th). To link these two functions into a 

1 The quantity .t is 1/2n of the de] Broglie wavelength A. determined by the 
relation I. = 2n1i/p. 
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single one, i.e. to establish the relations between the coefficients 
c 1' c 2 and c;' c~. we must know how the psi-function behaves in 
the hatched region. In this region, the quasiclassiral approximation 
cannot be applied, therefore, we !;;hall have to find an approximate 
solution of the exact Schrodinger equation for it. This solution will 
be used as an intermediate unit in linking the functions 'ljJ1 and '1jJ 2 • 

This task is facilitated by th0 fact that owing to the relative smallness 
of the size of the hatched region, the potential energy in this region 
can be considered to vary linearly 
with X. U(X) 

Hence, we expand U (x) into a 
series, taking only the zero- and 
first-order terms: 

U (x) = U (a)+ U' (a) (x- a) (38.1) 

Having in view that U (a) = E 
and -U' (a) equals the force Fx 
acting on a particle, we ean write 
(38.1) as 

U (x) = E- Fx·(x- a) (38.2) 

<¥1 

We must note that in the vicini- Fig. 38.1 
ty of the point x = a, the force 

X 

F_,. > 0 (see Fig. 38.1). For simplification, we shall drop the sub
script "x" on F in the following. 

From (38.2), we obtain 

E - U (x) = F · (x - a) (38.3) 

Introducing this value of E - U (x) into the Schrodinger equation 
(5.8), we have 

(38.4} 

Let us pass from the variable x to a new variable s associated with x 
by the relation 

~£ = x- a (38.5) 

We choose the constant 1-> so that the coefficients ut d2~~/ds2 and 
at £~1 in the equation obtained become the same. Substitution of 
(38.5) into (38.4) yields 

1. d2'¢ 2m0 F A 0 
W a~2 + -,r ~-'s'~ = 

We find from the condition 1/~2 = 2m0FIVIi 2 that we must take 

= (~)1/3 ~ 2m0 F (38.6) 
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At the right-hand boundary of the hatched region, 1he functions 
(37.17) and (38.17) must coincide. lf x0 =a, this occurs provided 
that 

C' = ~ ein/4 
1 '). ' -l 

C'= -~ -i:rr./4 
2 2i e 

as a result of which (37 .17) lransforms into (38.17). 

(38.'19) 

Formulas (38.18) and (38.19) determine the boundary conditions at 
a turning point of the type depicted in Fig. 38.1. 

U(.\) 

b X 

Fig. 38.2 

Hence, the functions of a quasiclassical approximation in the 
region of their applicability have the form of (38.15) to the left of 
x =a and of (38.17) to the right of x =a. 

(a) (b) 

Fig. 38.3 

The same reasoning for a turning point of the lype depicted in 
Fig. 38.2 gives the following formulas for the functions of a quasiclas
sical approximation: 

X 

\j)(x)= ·> 1B exp {- i, 11p(x)l dx} (x>b, E<U) (38.20) 
- l I P (.r) I b 

X 

lJl (x) = V; (x) sin {-{- I p (x) dx + ~ } (x < b, E > U) (38.21) 
b 

Let us summarize the rules for linking functions at the boundaries 
of a potential well (Fig. 38.3a) or a potential hump (Fig. 38.3b): 
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to the left of a 

~ ~· n' ~P (x)l exP{! ~ IP (x) I dx} 1 
to the right of a l 

J 

(38.22) 
X 

ljl = V; (x) sin { ! ~ p (x) dx + ~ } 
fl 

to I he left. of !J 

to the right of b (38.23) 
X 

ljl- B exp {- ! I IP (x) I dx} 
·- 2 V!P(x}! " t 

We must note that, say, the function determined by expression 
(38.22) contains only one arbitrary constant, A [the same holds with 
respect to the function determined by expression (38.23)]. Conse
quently, it cannot be a general solution of a second-order differential 
equation as the Schrodinger e_quation is. A general solution can be 
obtained in the form of the sum of two linearly independent solutions. 
The method of linking functions with the aid of the asymptotic 
expressions for the Airy function allows us to find only one of such 
solutions. To fmd the second one, we have to invent other methods. 

To find the second solution, we need a relation which we shall 
now derive. Let ·¢1 (x) and 'P2 (x) be two non-coinciding solutions of 
the Schrodinger equation. Each of them satisfies the equation 
¢" + (2m 0/n 2) (E - U) 'ljl = 0, or 'ljl"/'ljl = (2m0/n2) (U -E). We 
can therefore write 

_1_ d2ljl1 = _1_ d2\jl2 = 2mo (U _ E) 
\jl1 dx2 ljl2 dx' JiZ 

whence 
\jl" \jl" _1 __ 2 =0 
'i't "'2 

Reducing this expression to a common denominator and dropping 
the latter because it is not identical to zero, we obtain 

"'; ¢2 -ljlt¢: = ( ljl~ ¢2- 'h 'ljl;)' = 0 
or 

'ljl~ 'ljl2 - 'ljl1ljl~ = const 

This is just the relation we need. 

(38.24) 
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Let us take the function (38.22) as '¢1 and attempt to construct the 
function '¢ 2 that is linearly independent of 1j11 and that togethor 
with '¢1 would satisfy relation (38.24). We can therefore be confident 
that 1jJ2 is a solution of the Schrodinger equation and, <!-onsequenlly, 
can bo used to obtain a general solution. It is natural to take the 
following function for I he expression to the left of a that is inde
pendent of (38.22): 

X 

1\J= VA' exp { ---}) lp(x)l dx} 
2 Jp(x)l a 

(x <a) (38.25) 

(the functions ex and e-x are linearly independent). In the same 
way, it is natural to take the following function for the expression 
to the right of a: 

X 

'¢=VA" sin{--}~p(x)dx+a} 
p (:r) ! ,, 

(x >a) (38.2G) 

where a =1=- n/4. Let us verify whether the function (38.22), con
sidered as 1~1 , and the function '¢2 , determined by expressions (38.25) 
and (38.26), satisfy relation (38.24). We have: 

to the left of a 
X X 

exp [! ) IPI dx]} { 2 :;Pi exp [ -+ i IPI dx ]} 
a a 

X 

- { 2 ) 1 
P J exp [ {- J I pI dx }} 

a 

X 

d { A' [. 1 f . J- } AA' 
X ""([X. 2 VIPI exp ---,;: J IPI dx =~2'ii (38.27) 

• 
to "the right of a 

· d { A [ 1 Jx :n: ]} { A" [ 1 J.: ]} - ---sin -:- pdx+- -_-sin -- pdx+a 
dx y p _ h 4 y p . 1i 

n a 

X X 

- { )-p sin [! J p dx + ~ ]} d: { ~~ sin [- ! J p dx +a]} 
a · a 

AA" . ( :n: ) = -n- sw a +4 (38.28) 

·Hence, for the functions being considered, relation (38.24) is 
observed both to the left and to the right of the point a. Since we are 
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considering the psi-function of the same state to the left and to the 
right, the constants (38.27) and (38.28) must be identical. It thus 
follows that 

A' A" . ( I :n:) - 2-= s1n a,--, ., ' 

It is the simplest to satisfy this condition by assuming that 

A" .4' d n (38 29) =z- an a=T . 

Consequently, the solution linearly independent of (38.22) has the 
form 

X 

'P = VA' exp {-} ~ I p (x) I dx} 
2 lp(x)l " 

(x <a) (38.30) 

X 

A' . { 1 ~ d it } ~J = Slll --- p (x) X+-
2 y p (x) n 4 

(x >a) (38.31) 
a 

Similar reasoning gives the following formulas for the function 
linearly independent of (38.23): 

X 

\f= ZV~~(x)l exp {! ~ lp(x)l dx} 
b 

(x> b) (38.32) 

X 

B' { 1 f n} 1p = 1 sin T J p (x) dx + 4 2 l p (x) b · 
(x< b) (38.33) 

Hence, the gelleral solution of the Schrorlinger equation in the 
quasiclassical approximation has the form: 

to the left of a 
X 

~-- 1 {11 e:qJ f ~~ l' I p (x) I d.x._j 
- 2 Vlp(.r)l ' l .. 

X 

·\·A' exp r --+ .\ IP (x)l dx_j} (x <a) (38.34) 
a 

to the right of a 
X 

tjl V; (x) {A sin l ! J p (x) dx + ~ J 
a 

X 

A' [ 1 (' :-r J} + 2 sin _ - T J p (x) dx + T (.r >a) (3R.35) 
a 
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to the left of b 

ll: 

ljJ = lr P (.r) { B sin [- ! i p (x) dx-+- ~ J 
I> 

).' 

+ ~· sin [ f J p (x) dx-"- ~ ]} (x <b) (38.3G) 
b 

to the right of h 

X 

~ = 21/ ~p (.r) I { B cxp r -+ I I p (x) I dx J , 
X 

+B'exp r + .\ lp(x)! dx]} (x > b) (38.37) 
b 

The function (38.35), like the function (38.36), is the superposition 
of two plane waves running in opposite directions [compare with 
formulas (5.13) and (5.14)]. Let us set out these waves, expressing 
the sines in terms of exponents. After simple transformations, we 
obtain · 

X 

~ = 11 P (.-c) { C 1 exp [ :, i p (x) ax] 
a 

X 

+C2 exp[- :i i p(x)dx]} (38.38) 
n 

whet·e 

The factor of C1 in (38.38) is a wave running to the right along the 
x-axis, and tlw factor of c2 is a wave nmning to the left along this 
axis. It is not difficult. to understand this Ly assuming that. p (.r) = 
= c.onst. Now the first factor becomes ei~<'x(k =pili), 1\lld the second 
becomes e-ihx [compare with formula (5.13)1. 

It is quite simple to verify that when 

A' = -2iA (38.'10) 
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the coefiicient c2 vanishes, ann the coefficient cl becomes equal to 
Ae-in/4_ In this case, the quasiclassical psi-function to the right of 
t.he point x = a has the form 

X 

'i'= Y;(x) Ae-in/4exp{~ J p(x)dx} 
a 

X 

= l/ :(x) exp {i r! ) p (x) ax-~ D (38.41) 
a 

i.e. is a wave running to the right along the x-axis. 
Substitution of the value (38.40) for A' into formula (38.34) leads 

to the following expression for the psi-function to the left of the point 
x =a: 

X 

-2iexp[-! .lip(x)jdx]} (38.42) 
a 

Expressing the sines in terms of the exponentials in formula 
(38.36), we can write the psi-function to the left of the point x = bas 

1 {B'einf4_2Be-inf4 [ i f . ..1 
'i' = -y-=p=(=x),_. 4i exp .. T J P (x) dx 

h 

2Bein/4_B'e-ht/4 [ i f ]} + 4i exp _ - Tt J p (x) dx 
b 

X 

= 4 Y~(x) {(28-iB')exp {i [! J p(x) dx+ ~ ]} 
b 

X 

+ (2H + iB') exp {- i [ + J p (x) dx-!- ~ ]} } (:18A~~) 
b 

The frrst term in this formula corresponds to the wave running from 
the left to the right, and the second, to the wave running from the 
right to the left. 
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39. Bohr-Sommerfeld Quantization Rule 

Consider the motion of a particle in a potential well (Fig. 39.1) in 
the quasiclassical approximation. We shall assume that apart from 
this potential well. there are no allowed regions of motion of the 
particle. We dcsignatr tho total energy of thr particle l1y E". 

We can represent the psi-function of the particle within the con
fmes of the well in two ways [see (38.22) and (38.23)]: 

(3\J.i) 

(in the second expression, we have gotten rid of the minus in front 
of the integral by interchanging the integration limits). Both expres
sions must have the same value at every point of the interval [a, b). 

U(x) 

X 

Fig. 3\l.i 

This requirement sets the relations between the coefficients A and B, 
and also between the <ll"gumenls of the sine in both formulas. We 

choose the last relation so that it includes the integral ~ p d:1: evalu

ated" within the limits from a to b. For this purpose, we use the for
mula1 sin a.= (-it sin [(n + 1) n- a.]. According to this formula, 

. both expressions (39.1) will coincide if we assume that B = ( -1t A 
and 

b 

~ p (x) dx = ( n + +) nn (n=O, 1, 2, ... ) (39.2) 
0 

[since within the limits of the well p (x) > 0 and b > a, the integral 
(39.2) can have only positive non-zero values]. 

1 The simplest way oJ verifying the conel:tness of this formula is to consider 
the cases n = 0, ±1, ±2, etc. using a "trigonometric circle". 
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We must therefore take the expre~sion 
X 

'Pn (x) = 1 A sin { ! (' p (x) dx + ~} 
l p (:c). J (39.3)· 

(l 

llf' thn quasir.lRssienl psi-funr.t.ion dcsnibing the lwlwYiolll' of a par
tide in a potential well. The index n on 111 (:~:) indiralest that tho· 
argument of the sine varies from n/~ at the point a to [(n + 1/2) n + 
+ n/4] at the point b, i.e. receives an increment equal to (n + 1/2) n. 
It is not difficult to see that here the sine hecomes equal to zero n
times. Consequently, the function 'lln has n nodes. 

Let x 0 and x 0 + b.x be the coordinates of adjacent points at which. 
ti)n (x) vanishes. The phases of the sine at these points differ by n. 
Consequently, 

x11 +lix 
0 1 J p (x) dx ~ T p (x) !lx 

xo 

whence we have ~x ~ n [lilp (x)] ='"' n7, (:r:). Therefore, the distance· 
between adjacent zeros of the psi-function has the order of magnitude· 
of the de Broglie wavelength. We established in Sec. 37 that the· 
formulas of the quasiclassical approximation hold beginning with 
distances from a turning point of the order of several de Broglie 
wavelengths [see inequality (37 .23)]. At the same time, when n ,..,_, 10,. 
the middle of a potential well is at this distance from the points a 
<tlld b. It thus follows that formula (39.3) holds only for Yery large 
n's, and the results obtained with the aid of the quasiclassical 
approximation will be more accurate when n grows. 

Let us determine the coefficient A in formula (39.3) from the ron
diLion of normalization. The psi-function diminishes mpidly to the 
left of the point a and to the right of the point /1. For this reasou. the 
contribution of these intervals to the normalizing integral may be 
disregarded. The normalization condition will thus be as follows:. 

b b X 

J I'Pn(x)J2dx=A2 J pd(:) sinz{~ J p(x')dx'·+· ~}=t (:~9.4) 
a 11 n 

Since the square of the sine oscillates very rapidly in the interval 
[a, b] (n is vAry large), it may be replaced with the mea!l value equal 
to 1/2. As a result, the conditiou (3!:).-'J) becomes 

b 
A2 (' dx _ 1 
2 J p (:r) -

(39.5)· 

a 

1 Now it is clear why we used the symbol En for thr• total energy (see Fi~. 39.1). 
The index underlines that we have in view the energy of a particle in the ~tale 1Jln · 
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Let us transform the integral in (39.5) as follows: 

b h b 
\ d.r 1 I' d;r 1 r 1 Jt 

.' ~=~ ~ ~= m0 J dt= 2m0 't= m0w (39.6) 
(l a 

where -r is tlte period of mot.ion 1 of a classical particle in the potential 
well (the time needed for a "round trip" between the points a and b), 
and (IJ is the cyclic frequency of a classical particle. The introduet ion 
of (39.!i) into (39.5) leads to the following value of the eoefficient A: 

Renee, the normalized quasiclassieal psi-fuuetion for a particle i11 
a potential well is determined by the formula 

--- X 

~'n (x) = V n2v~;) sin { ! ) p (x) dx + ~ } (39.8) 

[we have inserted (39.7) into 
.P = m 0v]. In connection with 

Fig. 39.2 

n 

(39.3) and taken into account that 
the faet that the frequency depends 

on the energy of the state 
[through p (x) and the integration 
limits; see (39.6) and Fig. 3!1. J] 
we have used the subscript n 
on w. 

The motion of a classical par
ticle in Lhe conditions being 
considered is depicted on a phase 
plaue by a closed curve that. is 
svmmetric relative to the x-axis 
(Fig. 39.2). This curve is known 
as a phase trajectory. Its shape 
depends on the form of U (x). 

lf within the confmes of the entire well U (x) ex x2 , the phase 
trajectory has the shape of an ellipse. We must note that Px in 
Fig. :~!1.2 Hlands for tlw proj•~dion of 1 hn mom.:nt.urn onto the 
:r-uxi~, whm·Pa'! f' Cr) i11 lhn illtt,V,ral of 1:1!1)~) HlaruiH for tJw rnug
lll111dt· nl' tl1" lll'llllf'll'tlllll ut. tl11• (H1i11t :1:. 

'l'l11· u,.,,,. f'llf'lnHt·d l1y the plwKn 1 ruj~~··.I.IH'Y iH 

/, 

,<..,' • ~ f'x dx • L. ~ p (x) dx (3$).9) 
a 

1. A duH~i··ul pa r·tid~· lw viu~or a 111111-zero total Pnergy wi II l"lrform o~illating 
•lllol1"11 l11•1 w""" t.l1<• JIOIIII.M" urul /, wlwn it iM i11 a pot•mlial well. 
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With a view to formula (39.2), we fmtl that 

~ Px dx =~ ( n + ~ ) 2nli (n = 0, 1, 2, ... ) (39.10) 

Relation (39.10) determines the stationary states of a particle in 
the quasielassical case. It corresponds to the Bohr-Sommerfeld 
quantization rule in the ol1l quantum tlu~ory (in this theory the 
addend 1/2 was absent at n). 

Inspection of formulas (39.9) and (39.10) reveals that upon a tran
sition from the n-th to the (n + 1)th state, the area enclosed by the 
phasP trajectory grows by 2rrli (see Fig. ~!1.2). By (3~L!l), for this· 
purpose, il is necessary that. t.he values of Lite function p (x) (i.e. the 
difference E --C) increase, or that tlte integration interval [a, b] 
grow. A glance at Fig. 39.1 shows that these two processes are related. 
The energy level ~.:orresponding to the (n + t)th state is depicted by 
a dashed straight line. Therefore, an increase in n. is attended by a 
growth in the energy of the state. 

From the fact that in a transition from the n-th to the (n + 1)th 
state the area enclosed by the phase trajectory grows by 2rrli, it also 
follows that a cell having an area equal to 2:cn corresponds to each 
quantum state on the phase plane. Generalizing this result for motion 
in three-dimensional space, we find that a cell with a volume of 
(2:-rli) 3 corresponds to each state in the phase space. Hence, the number 
of :;tales corresponding to the phase volume ~Q = ~x ~y ~z X 
><. flpx !1p 11 ~Pz is 

~Q ~.r ~y ~z f\.Px ~Py ~Pz 
flN =c (2:rr1i.)3 = (2rtfi)3 (39.11) 

Formula (39.11) is a fundamental one in statistical physics. 
Finnlly, let us gauge the distance f...E between adjacent energy 

levels, i.e. En+l -En (naturally, for large n's). Since for large 
n's the inequality !!.E ~ En is observed, we may consider that 

ap 
p,. +I (.r)- Pn (.r) ~-- ,;£ j E 

Integrating thi~ relation owr the pt>riod of motion of a particle and 
taking into account (3~.10). we find that 

•I ~ A L" h <1l' I '}' .~ d.r _n 1 .,.. l..l'-" 'j' ar: t .r '-· '-' ~ j (aE/Op) 

From tltt• t'Xlll"t':<:<it~n F = l'l~m,, t U (:t). ""'' han• {11-.jtJ-p -:::. pjml) = 
= v. Couscqtwn t ly, 

2 t. , § dx 2n~E Jll~ === !1E - = 11ET: = -~ • v (J) 

whence 
(39.12) 
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At large n's, the inequality (().E/ E) ~ 1 holds, and accordingly 
(/).(J)/(J)) ~ 1; therefore the frequencies (J)" for a group of adjacent 
levels may he considered to be approximately identical. It thus 
follows that within the limits of small regions of the qu asiclassical 
part of the spectrum, the levels are virtually equidistanl. 

The fOI"mulas obtained in this section bold, generally :;peaking, 
only for large n's. For a harmonic oscillator, formula (39.12) is exact 
for any n, and (J) does not depend on n [see (25.9)]. 

40. Penetration of a Potential Barrier 

A potential barrier is defined to be a region 011 which the potential 
energy U (x) exceeds the total energy E of a particle (Fig. t'JO.'l). 

U(x) 

b a 

Fig. 40.1 

A classical particle cannot pene
trate such a barrier. A quantum
mechanical particle, on the other 
hand, has a non-zero probabil
ity of getting to the other side 
of the barrier. i.e. to pass, as it 
were, through a tunnel in the bar
rier (the tunnel effect).For observ-

x ing the conditions of applica
bility of the quasielassical ap
proximation, the barrier must be 
broad and not too steep [see 
(37.21)]. 

Let a particle approach the barrier from the left. Behind the barrier 
(i.e. at x >a), there can exist only a wave propagating to the right 
along the x-axis. Such a 'vave is described by the formula 

(lt0.1) 

[see (38.41)]. In the region b ~ x ~a, the psi-function has the form 

X 

'i'= 211 :p(z)l {exp [ ~. ~ IP (x)! dxj 
a 

X 

-2iexp r-! J IP (x)l dx]} (1\0.2) 

" 
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[sec (:)o.-12)). The same function, according· to (::lo.37), ca11 Le written 
as 

X 

~l= 211 ~p(.l·)i {Bexp[- ~ ~· IP(Jo)l dx] 
/o 

:\" 

+ B' exp [ ~ J IP (x)l dxj} (40.3) 
b 

To bring expressions (40.2) and (40.3) into agreement, we shall 
take into account that 

Hence, introducing the notation 
a 

y = ~ ~ I p (x) I dx (40.4) 
b 

we can write formula (40.3) as follows: 
:ot 

~'= 2 y~p(x)l {Be-Vexp[-!) ip(x)!dx] 
(1 

X 

+B'e"exp [! \ IP (x)l dx ]} (40.5) 
a 

Expressions (40.2) and (40.5) coincide provided that Be-v = -2iA 
and B'ev = A, i.e. 

1J = -2iAeY, B' = Ae-v 

Introducing these values of the coefficients B and B' into formula 
(38.1:::\), we l'llld the psi-function ahead of the potential burrier (for 
:r <b): 

X 

lp= 4i:p(x) {(4e~"+e-'1')exp{i[~ J' p(x)dx+ ~J} 
b 

X 

+(4eY-e-Y)exp{·-i[~ j'p(x)dx+~J}} (40.6) 
b 

Assume that a beam of particles is incident on a potential barrie.r. 
Part of them are reflected from the harrier, after which they move m 
the opposite direction, anfl part of them pass "through" the barrier 
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anrl continue to move in the initial direction. In this case, the incident 
particles are described by t.he lirst term in (10.6), the reflected par
ticles, by the second term in (40.6), and the transmitted particles, 
by the function (40.1). The density of the probability flux j rletermined 
by formula (6.5) can be associated with each particle flux. The ratio 
of I hrans I to I j 111r I determines the transmission coelHcient of 
partielC's, which we shall designate by t.hc symbol D: 

Similarly, 

D = itrans 
ilnc 

R = iren 
itnc 

is the reflection coellicient of particles. 

( 40. 7) 

(40.8) 

Let us calculate the flux rlensities at a sufficiently great distance 
from the barrier, where the momentum of a particle and, consequently, 
the factor 1/V p (x) may be r.onsidered constant in calculations. 

By formula (6 . .1), for one rlimension, we have 

·=I~("'*~-"'~) I l 2m0 z dx dx (40.9) 

All the functions by means of which we shall calculate the fluxes and 
the derivatives of these functions have the form 

X 

'¢= ;p exp {+i r! ~ pdx+a ]} 
xo 

(40.10) 

dtp =til ( +i .!...) 
dx - 1i 

Consequently, 

('I'* :; -til d!* ) = 'IJJ*tp ( +i ~ ) - (tl'~'*) ( +i ~ ) 

= +tl111;*2i ..E..= +2iJ£.!.: 
-t 1i - 1i 

Substitution of this value into (40.9) yields 

. JCJ2 ] =----;;;;- (40.11) 

Calculation of the flux density thus consists in finding the square of 
the magnitude of the coefficient in the function (40.10). 

For the transmitted flux, by (40.1), I C 12 = I A l2 , for the incident 
11ux [the first term in (40.6)], 1 C 12 = 1 A 12 (eY + e-V/4) 2, and, 
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finally, for the reflected flux, I C 12 = I A 12 (eV - e-V/4_)2. With_ 
aceount taken of these values, we have 

(1+-{-e-2vr 
(1--{-e-2'1')2 
(1+fe-2v)2 

It is not difficult to see that iJ + R = 1. 

(40.12), 

(40.13)· 

We have already noted that the quasiclassical approximation holds
only for a sufficiently wide potential barrier. In this case, the quantity 
y determined by formula (40.L!) is large, and e-2v « 1. Therefore,. 
the denominator in formula (40.12) can be considered equal to unity, 
so that 

a 

D~e-2Y=exp[- ~ J lp(x)l dx] 
b 

(40.14) 

Formula (40.14) determines the probability of a particle penetrat
ing a potential barrier. Remember that this formula holds only 
when the conditions of applicability of a quasiclassical approxi
mation are observed. These conditions, in addition to a great width 
of the barrier, provide for a sufficiently smooth, not too steep path 
of the function U (x). In practice, one often has to do with barriers
for which U (x) at one side is so steep that the quasiclassical appoxi
mation is not applicable. The relevant calculations give in this case 
an expression for D that apart from exactly the same exponential 
function as in (40.14) also contains a preexponential factor. 



Chapter VIII 

SEMIEMPIRICAL THEORY 
OF PARTICLES WITH SPIN 

-41. Psi-Function of a Particle with Spin 

A number of experimental facts (the fine structure of spectral 
flines, the anomalous Zeeman effect, etc.) show that microparticles 
'have a specific internal degree of freedom. The intrinsic angular 
momentum Ms o£ a particle called the spin is associated with this 
.degree of freedom. 

Spin has a purely quantum character. When going over to r.lassical 
·mechanics (at !i -+ 0), the spin vanishes. This is why it has no clas
-sical analogue. 

The existence and the magnitude of the spin of an electron strictly 
'follow from relativistic quantum mechanics. A number of properties 
,of particles having spin can be obtained, however, even without 
involving the relativistic theory, on the basis of general quantum
-mechanical considerations and a small number of experimental facts. 
"The present chapter deals with the semiempirieal theory of particles 
with spin. 

The psi-function of a particle with spin depends not only on its 
.space coordinates, but also on a fourth coordinate a characterizing 
the internal state of the particle: 

'¥ = "¥ (x, y, z, a, t) (41.1) 

"The magnitude of the projection of the spin Msz onto the arbitrary 
.axis z expressed in units of !i (Msz = ali) is taken as the coordinate a. 
'The lattet· takes on 2s + 1 discrete values differing from one another 
by unity: 

a = s, s - 1, ... , -s + 1, -s (41.2) 

where s is a quantum number determining the magnitude of the 
-square of the spin by a formula similar to (19.10): 

(41.3) 

Owing to the discreteness of the variable a, its values can be as
:Signed to the psi-function as a subscript. Consequently, the function 
•(41.1) can be considered as a sot of several different functions of space 
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coordinates differing in the value of the subscript a. This set can be 
written as a column matrix with 2s + 1. rows: 

(

'¢0'1 ) 
1Pcr2 

'¢= . 

~0'28+1 
(41.4) 

The expression i'Pa1 (x, y, z, t) !2 dV determines the probability 
of the fact that at a given instant a particle is in the volume element 
dV, the projection of its spin onto the z-axis being tw·i· The quantity 

P;== ~i'¢a 1;(x, y, z, t)i 2 dV 

gives the probability of the fact that at a given instant a particle at 
a point in space has a spin projection equal to na 1• The sum of such 
probabilities must be unity. Consequently, the normalization con
dition for the function (41.4) has the form 

~ J l'¢cr1 (x, y, z, t)i 2 dV= 1 
(i 

(41.5) 

In the following, we shall consider mainly particles with a spin 
equal to 1/2 (s = 1/2). In this case, the coordinate a can take on 
only two values: a1 = +112, and a 2 = -1/2, so that 

'ljJ = ('¢+1/2) (41.6) 
'¢-1/2 

If the probabilities for the spin projections do not depend on the 
coordinates of a particle, i.e. the probability of having a certain 
value of the spin projection and the probability of being at different 
points of space do not depend on each other, the function (41.1) can 
be written as the product of two functions: 

'ljJ (x, y, z, a, t) = 'ljJ (x, y, z, t)·cp (a) (41.7) 

The factor 'P (x, y, z, t) is a conventional (position) psi-function, and 
the factor cp (a) is a spin psi-function that can take on only two1 

values: 

1 In the general case, 2s + 1 values. 

13-0196 
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Upon substituting expression (41.7) into (41.6), the position function 
can be put outside the matrix symbol, as a result of which we obtain 
the following expression for 'l)l: 

'i'Hx, y, z, a, t) = 'l)l (x, y, z, t) (::) (41.8) 

Consequently, 

cp (a)=(::) (41.9) 

where a1 and a 2 are, generally speaking, complex numbers. The 
quantities I a1 12 and I a 2 12 give the probabilities of the spin pro
jections Msz having values of +fi/2 and -!i/2, respectively. For 
a normalized psi-function, the condition 

(41.10) 

must be satisfied. 
If 

cp (a)= ( ~) (41.11) 

i.e. a1 = 1, and a1 = 0, the projection of the spin has a definite value 
equal to +1il2. If 

cp(a)=(~) (41.12) 

the projection oi the spin has a definite value equal to -li/2. If both 
numbers, a1 and a 2 , are non-zero, the particle will be in a state in 
which the projection of the spin has no definite value. 

42. Spin Operators 

Let U1' find the form of the linear operators Q that can act on spin 
functions. Their action on a spin function cp (a) must transform it 
into another, also spin function I (a): 

I (a) = Q<p (a) (42.1) 

By (41.9), the functions cp (a) and I (a) are column matrices: 

<p (o) = (::.), I (a)= G:) (42.2) 
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It thus follows that the operator Q must have the form of a two-row 
[in the general case, of a (2s + 1)-row] square matrix: 

Q~ = (QII Qu) 
Q21 Q~2 

(42.3) 

Substitution of the matrices (42.2) and (42.3) into Eq. {42.t) yields 

( bt) = (Qu Qt2) (a1) =(Quat+ Qtzaz) 
b2 Qzl Q22 a~ Q21a1 + Qzza2 

(we have multiplied the matrices Q and a). Hence, the action of the 

operator Q on a function with the components a1 and a 2 transforms 
it into a function with the components • 

b1 = Q ua1 + Q 12a2 and bz = Qztal + Q22a2 

the above process can be written as 

Qrp = (Qu Ql2) (at)= (Quat+ Q12a2) 
Q21 Qz2 az Q21a1 + Q22a2 

(42.4) 

If it is impossihle to break up the psi-function into a coordinate 
and spin components, formula (42.4) must be modified as follows: 

Q'l' = (Qu Qtz) ('i'a1) = (Qu'i'al + Q121Jla2) (42 .5) 
Q21 Q22 'i'a2 Q21'i'a1 + Q2z'l'a2 

Hence, any operator acting on the spin function (41.6) must have 
the form of (42.3). Particularly, the operator of the square of the 
spin s2 and those of the spin projections onto the coordinate axes 
,;x, sy, Sz must have such a form. The same transposition relations 
hold for these operators as for those of the orbital angular momentum 
[see (16.12) and (16.15)], namely: 

~ ~ ~ 

SySz- SzSy = insx, SzSx- SxSz = insy 

s2~_;zs2=0 

(42.6) 

(42.7) 

The operators of the square of the spin and of its projections ara 
related by the expression [see (15.10)1 

(42.8) 

It follows from the commutation rules that the square of the spin 
and, say, the projection of the spin onto the z-axis can simultaneously 
have definite values so that their matrices can be simultaneously 
reduced to the diagonal form. The other two spin projections will be 
indefinite, and their matrices will be non-diagonal. 
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If we consider the operators s2 and Sz in their eigenrepresentation, 
the diagonal elements of the relevant matrices will equal the eigen
values of the operators, while the non-diagonal elements will be zero. 
The eigenvalues of the operator s2 are n2s (s + 1) = !i 2 (1/2) (1 + 1/2) = 
= 3n2/4. The eigenvalues of the operator Sz are +li/2 and -n/2. 
Consequently, 

(42.9) 

~ li (1 0) Sz=T 0 -1 (42.10) 

The square of the operator (42.10) is 

~~= ~2 (~ -~) (~ -~)= :2 (~ ~)=! g2 (42.11) 

To find the operators sx and s11 , we first determine the form of the 
auxiliary operators: 

,.. ,.... ,.. ,.. ,.. ,.. 
s+ = s:t: + isy and s_ =Sx- is11 (42.12) 

[compare with (!.3)]. Like the operators sx and sy, these auxiliary 
operators are square two-row matrices. Having established the form 
of the operators s"-t and s_ and taken their sum, we obtain sx, whereas 
their difference yields s11• 

Let us find the commutators of the operators (42.12) with the oper-
ator Sz. Using formulas (42.6), we obtain 

J;+> iz] = (i:.: + i;y) iz-iz (i:.: + ii11 ) 

= (s.xS:z-8;%) + i (sy;z_;;;y) = ( -in;11 ) + i (inix) 
~ ~ ~ 

= -!i (sx+ is11 ) = -ns+ 
Hence, 

[;+, ;zl = ;+;z- ;z;+ = - n~ 
Similar calculations yield 

(42.13) 

[s_, sz]=s_sz-;;_=n;_ (42.14) 

· ' Designating the eigenvalue of the operator Sz by the symbol (J!i, 
·we can write · 

(42.15) 
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where tPa is the eigenfunction of the operator Sz corresponding to the 
eigenvalue ant. Let us act with the operators+ on Eq. (42.15): 

S+Sz ~'a = ans+ ~'a 
Transforming the left-hand side with the aid of relation (42.13), we 
obtain 

iz;+ 'i'a -is+ 'i'a = an;+ 'i'o 
which can be written as follows: 

( 42.16) 

The result obtained signifies that the function s+'¢a within the 
arbitrary constant factor A coincides with the eigenfunction of the 
operator Sz corresponding to the eigenvalue (a+ 1) n. Consequently, 

the operators+ acting on the function 'i'a transforms it into A'¢ 0 +1: 

s+'¢o = A'l/la+I 

The dimension of s+ coincides with that of n [see (42.12) and (42.10), 
the dimensions of s:, s11 , and s, are the same]. The constant A can 
therefore be written as A = nc11 where c1 is a dimensionless constant. 
As a result, we obtain the relation 

(42.17) 

Acting on Eq. (42.15) with the operator s_ and using relation 
(42.14), it is not difficult to see that 

(42.18) 

We can now find the matrix elements of the operators s+ and $_ 
in the s,-representation. For s+, we have 

(42.19) 

The subscripts a anrl a' take on two values: +1/ 2 and - 1/ 2 • Only 
the matrix element for whieh a= a' + 1 is non-zero (and equal !ic1). 

Consequently, 

~ ((s+)'/,. '/, (s+).1,, _,1, ) _ (0 1) 
s+ = -net 

(s+)-•;,, 'lr (s+)-•/,, -'/, 0 0 
(42.20) 

1 The opcratorss2,; , and H commute and, consequently, have common eigen
functions. Accordinfly, the matrices of these operators can be reduced simul.ta
neously to a diagona form. By 'ljla in (42.15) is meant the common eigenfunctwn 
of the three operators. In particular, it is also the eigenfunction of the operator 
s:. The function 1p0 , in addition to (42.15), satisfies two other equations: 

FI'Ijla = E'i'o. S2'\jla = M~'ljlo 
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[we arranged the values of the subscript a in the series (41.2) so that 
its numerical values diminish from left to right]. 

Let us find the elements of the matrix of $_. By (42.18), 

(s_)a, a'= ('/la Is -'l'a•) = ('/la !1ic2¢a•-t) = 1icl3a, a'-1 (42.21) 

In this matrix, only the element for which a = o' - 1 is non-zero. 
Therefore, 

~ ((s_).,,. '/, 
s = 
- (s_)_•/,. '/, 

(s_).1,. _,1, ) (0 0) 
= 1ic2 

(s_)-•;,, -•;, 1 0 
(42.22) 

Operators, like psi-functions, are determined to within an arbitrary 
phase factor. The constants c1 and c2 in (42.20) and (42.22) can thus 
be considered as real. 

There is a relation between the elements of the matrices (42.20) 
and (42.22) that allows us to establish the relation between the con
stants c1 and c2 • 

To find this relation, let us write the following two equations in 
accordance with formulas (42.12): 

(s+)a, a' = (sx)a, a'+ i (s 11) a, a• ( 42.23) 
(s_)a, a'= (sx)a, a'- i (s11 )0 , a• (42.24) 

Inspection of (42.24) shows that (s_)~·.a = (sx)~·.a + i (s11)~·.a· But 
owing to the Hermitian nature of the operators ix and s11 , the con
ditions (sx)~·.a = (sx)a,a' and (s11)~·.a = (s 11 )a, a' are satisfied. Con
sequently, 

(42.25) 

This is exactly the required relation. 
It follows from (42.20) and (42.22) that (s+)112• _ 1, 2 = 1iclt and 

(s_)~1t 2 • 1t 2 = (s_)_1/ 2, 1t 2 = 1ic2 • According to (42.25), we have 
(s_)~1t 2 • 1t 2 = (s+ht 2 • _112 , whence we find that c1 = c2 = c. There
fore, the subscripts 1 and 2 on c in the matrices (42.20) and (42.22) 
may be dropped. 

By (42. 12), the operator sx equals the half-sum of the matrices 
(42.20) and (42.22), i.e. 

~ 1i (0 1) 
Sx = C 2 1 O (42.26) 

Dividing the difference of the matrices (42.20) and (42.22) by 2i 
(which is equivalent to multiplying it by -i/2}, we find that 

~ 11 (0 - i) s =e-
ll 2 i 0 (42.27) 
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Squaring the matrices (42.26) and (42.27), we obtain 

~ 1i,2 (0 1) (0 1) 1i,2 (1 0) I 8~ = c2 T 1 0 1 0 = c2 T 0 1 

A 2 = 2 ..!!:: (o -i)(o -i)= 2 ..£_(1 o) 
Sy C 4 i 0 i 0 C 4 0 1 

(42.28) 

Let us fi.nd the sum of the matrices (42.28) and (42.11): 

~ ~ ~ fiZ (1 0) fi2 (1 0) 1i,2 (1 0) 
s:+s~+s~=c2 T 0 1 +c24 0 1 +4 0 1 

_ .£_ ( 1 + 2c2 0 ) 
- 4 0 1+2c2 

According to (42.8), the matrix we have obtained must coincide 
with the matrix (42.9). For this purpose, we must assume that 
c = 1. Introducing this value into (42.26) and (42.27), we finally 
obtain 

~ 1i (0 1) 
Sx=-z 1 0 (42.29) 

;y =: (~ -~) (42.30) 

By formulas (42.11) and (42.28) (we must assume that c2 = 1 in 
the latter), we find that 

(42.31) 

The matrices 

(0 1). 
Ox= 1 0 ' ( 0 -i) 

Oy = i 0 ' (42.32) 

are known as the Pauli·spin matrices. Using these matrices, we can 
write expressions (42.29), (42.30), and (42.10) as follows: 

(42.33) 

Let us tind the products of the matrices Ox and oy: 

0xf1y=(~ ~)G -~)=(~ -~)=i(~ -~)=iOz 
OyOx= (~ -~) (~ ~) =( -~ ~) = -i (~ -~) = -ia, 
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Similar formulas are also obtained for other pairs of matrices. Con
sequently, 

a,p11 =-a11ax=iatt a11az=-aiJ11 =iax, azax=-OxOz=i011 
(42.34) 

It is not difficult to obtain the commutation rules for the Pauli 
spin rna trices from rela lions (<'12.3-1): 

axo11 -a11ax=2iaz, a11az-azay= 2iox, Oz0x-Ox0z=2io11 

(42.35) 

It also follows from (42.34) that 

Oxay + a110x = 0, ayaz +a zOy = 0, OzOx + OxOz = 0 ( 42.36) 

Equations (42.36) signify that the Pauli spin matrices anticommute 
[see (10.21)1. It is evident that similar rules of anticommutation 
also hold for the operators of the spin projections: 

It is a simple matter to see that the squares of the Pauli spin 
matrices equal a unit matrix: 

oi = o; =a:= ( ~ -i) (42.38) 

It thus follows with a view to (42.33) that 

A A A Ji2 (1 o1) 8 2 _ 8 2_ 8 2_ 
x- y- z- 4 0 (42.39) 

which agrees with (42.8) and (42.9). 
We have obtained expressions of the operators for the case when 

the spin of a particle equals one-half. For other spin values, the 
operators are found in a similar way. For instance, if the spin equals 
unity,·the eigenvalu~ of the operator s2 is 1i2 ·>1 (1 + 1) = 21i 2 , while 
the eigenvalues of Sz equal +1, 0, and -1. Consequently, 

( 1 0 0) 
~ 2 = 21i2 0 1 0 

0 0 1 
(42.40) 

(the spin function in this case has three components), and 

( 1 0 0) 
~z = 1i 0 0 0 

0 0 -1 
(42.41) 
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Formulas (42.19) and (42.21) were obtained without specifying the
value of the spin. Consequently, they also hold for s = 1. Using 
these formulas, we obtain 1 

(
(s+)l, 1 (s+)f, o (s+k -1 ) ( 0 1 0) 

s+ = (s+)o. 1 (s+)o. 0 (s+)o. -1 =lie 0 0 1 (42.42) 
(s+)-1, 1 (s+)-t, 0 (s+)-1. -t 0 0 0 

( 
(s_)t. 1 (s_)t, 0 (s_)l, -t ) ( 0 0 0) 

;_ = ~s_)o. 1 (s-)0, 0 (sJo.-1 =lie 1 0 0 :(42.43) 
s_)-1, 1 (s_)-f,o (s_)-1, -1 0 1 0 

Taking first the half-sum of these matrices, and then their difference
divided by 2i, we find that 

Sz=C ~ (~ ~ ~)• ;11 =c ~ (~ -~ -~) (42.44} 
010 0 i 0 

The squares of the matrices (42.44) and (42.41) are 

si= "~2 (~ ~ ~). ;~= "~2 
( ~ ~ -~). :s;=li2(~ ~ ~). 

101 -10 1 001 
(42.45} 

Their 

To make this expression agree with (42.10), we must assume that. 
c2 = 2. Hence, c = Y 2. Substituting this value into (42.44), we
obtain 

( 0 1 0) 
~ ft 
S:x: = ,r 1 0 1 , 

r 2 0 1 0 

(
0 - i 0' 

~ h 0 0 s11 = ~~ l 0 -c) 
l 2 0 i 0 

(42.46) 

We must note that according to (42.4.5), when s = 1 the square& 
of the operators of the spin projections do not coincide (si =I= s~ =I= s;> 
as they did for s = 1/ 2 [see (42.31)]. For the matrices (42.46) and 
(42.41), there are also no relations similar to (42.37). The commuta
tion rules (42.6) and (42. 7) are naturally observed, which can be seen 
by direct verification. 

1 We can show in the same way as for s = 112 that the coefficient c in the
matrices (42.42) and (42.43) is the same. 
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43. Eigenvalues and Eigenfunctions of Spin Operators 

Equation (7 .3) for the operators s~, Sy, Sz has the form 

(i = x, y, z) (43.1) 

where <i'i is a column with two rows [see (41.9)1. Introducing expres
sion (42.29) for ;x, we obtain the equation 

!!:_ ( 0 1 ) ( a1 ) = Sx ( a1 ) 
210 a2 a2 

Multiplication of the matrices on the left yields 

.!!. ( a2 ) = ( a1 ) 
2 a Sx a , 

1 2 

In equal matrices, the corresponding elements are equal. We thus 
obtain two linear homogeneous equations with the unknowns a1 
and a 2 : 

(43.2) 

For this system to have non-zero solutions, its determinant must be 
zero: 

I ~~2- n~~ I = o 
whence -si + (n/2)2 = 0. This equation has the solutions· 

(43.3) 

These are exactly the eigenvalues of the spin projection onto the 
x-axis. 

Introducing sx = n/2 into (43.2) and cancelling n/2 lead to the 
system 

a 1 - a2 = 0 
a2 - a1 = 0 

from which we find that a1 = a2 = a. Therefore, 

<i'sx-b/2 = (:) 
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Examination of the normalization condition 
2 j a 12 = 1, whence a = (1/V 2) eia1. Hence, 

1 . ( 1) 
(j)sll:=n/2 = v2 eta, 1 

(41.10) shows that 

(43.4) 

Using sx = -n/2 in (43.2) and solving the system obtained lead 
to the second eigenfunction of the operator ix: 

(43.5) 

Now let us write Eq. (43.1) for Sy. With a view to (42.30), we have 

T ( ~ - ~) ( ~:) = Sy ( ::) 

Multiplying the matrices and equating the relevant elements, we 
obtain the system 

Sybi + i ~ b2 = 0} 
i ~ b1- Syb2 = 0 

(43.6) 

Assuming that the determinant of the system is zero, we obtain the 
equation 

Its solutions 
1i 1i 

Sy= +2 and s 11 = -2 (43. 7) 

are eigenvalues of the operator sy. 
Introducing sy = n/2 into (43.6), we obtain the following system 

of equations after cancelling n/2: 

bl + ib2 = 0 
ibl - b2 = 0 

from which it follows that b2 = ib1 and, therefore, I b2 I = I b1 I· 
According to the normalization condition, 1 = I b1 12 + I b2 12 = 
= 2 I b1 12 = 2 I b2 12• Hence 

b 1 . 
1 --- eta, - y2 , 
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We thus obtain 

1 . ( 1) 
cpsy=h/2 = V2 eta• i (43.8) 

Similar calculations show that 

1 . ( 1) 
q>,y=-h/2 = 112 e'a• - i (43.9) 

Using expression (42.10) for Sz in (43.1) and solving the system of 
equations obtained, we get an already known result: 

1i 
Sz= +2• 

cp, z=h/2 = eia, ( ~ ) , 

[see (41.11) and (41.12)]. 

l!i 
Sz=-2 

cp•z=-h/2 = eia. ( ~) 

(43.10) 

(43.11) 

We must note that the eigenvalues of all three spin projections 
are identical and equal ±nJ2, while the eigenfunctions are different 
(recall that our treatment is being conducted in the Sz-representation). 
The arbitrary phase factors of the form eia. in expressions (43.4), 
(43.5), (43.8), (43.9), and (43.11) may naturally be assumed equal 
to unity (i.e. we may assume that ct = 0). 

Equation (7 .3) for the operator s2 has the following form: 

[see (42.9)1. After multiplication of the matrices, we obtain the 
relation 

from which we can see that the eigenvalue of the operator s2 is s2 = 
= 31i2/4, while its eigenfunction is any column of the kind 

whose elements satisfy the normalization condition I a1 12 + I a 2 12 = 
=1. 
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44. Spinors 

We shall show in the present section that the spin psi-functions 
are spinors. 

A spinor is defined to be a multicomponent mathematical quantity 
that transforms in a special way (differing, particularly, from that 
of tensor transformation) upon changes in the system of coordinates. 
A spinor of rank one is the simplest example. It has two compo
nents-the complex quantities z1 and z2 transforming according 
to the law 

( 44.1) 

where z1 , z2 are the spinor components in the coordinate system K; 
z~, z~ are the spinor components in the coordinate system K'; and 
a, ~. y, 0 are the elements of the transformation matrix satisfying 

2 z' z 
z' z' 

y y y 

x' 

(a) (b) (C) 

Fig. 44.t 

the condition D = a6 - ~'\' = 1 (D is the determinant of the 
matrix). 

A spinor of rank two is defined to be a set of four complex quanti
ties that transform like the products of the components of two spi
nors of rank one (similarly, the components of a tensor of rank two 
transform like the products of the components of two tensors of rank 
one, i.e. vectors). Spinors of higher ranks are defined in a similar 
way. 

An arbitrary rotation of the coordinate system K' relative to the 
Rystem K can be characterized with the aid of the Euler angles 
<p, -&, '¢1 (see Vol. 1, Sec. 22). Rotation is performed in three steps 
(Fig. 44.1): 

1 Although the letters q> and 'ljJ are also used to designate psi-functions, we 
have used the standard symbols for the Euler angles. This cannot cause any am
biguity because the Euler angles will be encountered in the formulas only pre
ceded by trigonometric functions. 
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(a) rotation about the coinciding axes z and z' through the 
angle cp; 

(b) rotation about the new position of the x-axis (about the nodal 
line) through the anglE> -&; 

(c) rotation about the z'-axis through the angle \jJ. 
·when the change in the coordinate system consists of rotation 

about the origin of coorcl inates, the trausformat ion matrix in (44 .1) 
has the form 

( 
ex ~ ) ( ei (cp+.Pl/2 cos -fr/2 ie-i (cp-.PJ/2 sin -fr/2) 
y 6 = iei (cp-I!JJ/2 sin -fr/2 e-i (cp+l!•l/ 2 cos -fr/2 (44.2) 

(it is quite simple to see that the determinant of this matrix is 
unity). The difference in the ways of transforming spinors and tensors 
can be reYealed especially clearly if we consider rotation about the 
y-axis through the angle-&. Such rotation can be performed by means 
of consecutive rotations through the angles <p = n/2, -& = -&, and 
'~ = -n/2. Introducing these values into (44.2), we obtain the 
matrix 

( cos {)/2 sin ft/2 ) 
-sin ft/2 cos ft/2 

(44.3) 

that differs from the matrix of a similar transformation of tensors 
of rank one (i.e. vectors) in containing half the angle of rotation {} 
instead of the complete one. For this reason, spinors are also known 
as semivectors. 

Now let us turn to establishing the formulas for transformation 
of the spin operators and spin functions upon rotations of the coor
dinate system. Consider two coordinate systems: the system K with 
the axes x, y, z and the system K' with the axes x', y', z' turned 
relative to it. The spin function of the physical system being con
sidered can be written either in the system K: q;<Kl, or in the sys
tem K': q;<K'l. These functions deline the same state in two diflerent 
representations: the first in the K-representation, and the second 
in the K' -representation. 

It was established in Sec. 14 that the transformation of functions 
and operators in a transition from one representation to another is 
accomplished with tho aid of a unitary operator. In tho given case, 

the rotation operator R (see the end of Sec. 15) is this operator. 
Since it h;; unitary, its Hermitian conjugate equals the inverse 
operator: 

iu = il.-1 (44.4) 
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[see (14.15)]. By (14.24) and (14.25), we have 

<p<K') = Rcp<K> 

;<K'>=R;<x>fl+=R;<x>fl-t (m=x, y, z) 
m m m 

(44.5} 

(44.6) 

The components of any vector in a transition from one coordinat& 
sy~\~m t<.o ai10\b.u ar~ t!an.Sorm~d by the formulas 

(44. 7) 

where CX.mn = e:r,en = cos (x;,., Xn) (see Vol. 1, Appendix VI). 
Particularly, when the system K' is turned relative to the system K 
about the z-axis through the angle <p, the matrix of the transfor
mation coefficients CX.mn has the form 

(arnnl~ (-i;~: :~: D 
and by formulas (44.7) 

b~ = bx cos <p +by sin <p, b~ = - bx sin <p +by cos <p, 

bx = b~ cos <p- b~ sin <p, by= b~ sin <p + b~ cos <p, 

b; = b% (44.8) 

bz=b; (44.9) 

The angular momentum, particularly the spin, is a pseudovectorp 
therefore its components are transformed by formulas (44.8) and 
(44.9). The same relations exist between operators as between the
quantities they depict. We thus conclude that the operators sx, 
sy, Sz must transform in rotation of the coordinate system according 
to formulas (44.8) and (44.9), it being possible to write these fm·
mulas in both the K-representation and the K'-representation. 

Let us agree to understand by sx, sy, s z the operators of the spin 
projections onto the axes of the system K, and by sx', sy', Sz', the 
operators of the spin projections onto the axes of the system [(' 
[in formulas (44. 7), the components bm correspond to sx, sy, s2 , and 
the components b:r, correspond to sx'• Sy•, Sz•]. Let us write formulas 
(44.9) in the K-representation: 

(44.10) 

~(K) = ;(K) 
r z' 
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In the K'-representation, they have the same form: 

) 
I 

J 
(44.11) 

The two coordinate systems are absolutely equivalent. Therefore, 
Say, the operator S<xr:') has exactly the same form as s~K) (both are 
rletermined by formula (42.29)]. The same relates to the other two 
operators. Consequently, 

i (K') = i (K) i (K') = i (K) ;(K') =; (K) 
:e' x t y' y ' z' z (44.12) 

With a view to these relations, formulas (44.11) can be altered as 
follows: 

i (K') = i (K) COS cp- ;(K) sin cp l 
X X Y 

i (K') =; (K) sin cp +; (K) COS cp ~ 
y X y I 

i<K') =; (K) J 
% % 

(44.13) 

We have obtained formulas for transforming the operators of the 
spin projections from the K-representation to the K'-representation. 
By (44.6}, these formulas can be written with the aid of the unitary 
rotation operator R:: 

i<K'>=R i<K> R-1) 
X z X z I 

i<K'>=Ri<x>fl.-1 t (44.14) y z y z I 

i<K'> = R. s<K> fl.-1 j z z z z 

(to underline that we have in view rotation about. the z-axis, we have 
used the subscript z on il). 

A comparison of formulas (44.13) and (44.14) allows us to find 

the operator Rz· By comparing the last of the formulas (44.13) with 
t.he last of the formulas (44.14), we find that 

i<K> =R i<x>fl.-1 
z z z z 

Postmultiplying both sides of the equation by Rz, we obtain 

; ( /l) 11. = Fi ; (}() 
' :: ... l -· 
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(R; 1Rz = 1), whence it follows that the operators slK> and liz com
mute. The matrices of commuting operators can be reduced simul
taneously to the diagonal form (see the last paragraph of Sec. 9). 
The operatorS: is represented by the diagonal matrix (42.10). There
fore, the matrix of the operator Rz must also be diagonal, i.e. have 
the form 

(44.15) 

The Hermitian conjugate operator is determined by the matrix 

~ ( xT 0 ) Ri= 0 Xz (44.16) 

[see (9.19)]. Owing to unitarity, the product of the matrices (44.15) 
and (4.4.Hi) must equal a unit matrix: 

( ~ 1 ~2 ) ( ~ i ~2 ) = ( I ~ 1 12 I ~2l 2 ) = ( ~ ~ ) 
Hence, I x 1 12 =-= I x 2 12 = 1. With this in view, let us write the 
matrix (44.15) in the form 

~ ( ei~~ 0 ) 
Rz = 0 eia., (44.17) 

where a.1 and a. 2 are real. 
We have meanwhile used only the third equations of (44.13) and 

(44.14). To find the relation between the phases a.1 and a. 2 , let us 
use the remaining equations. Postmultiplying the first of the equa
tions (44.14) by Rz; we arrive at the relation 

Let us substitute S<xK') in it in accordance with the first of the equa
tions (44.13). The result is 

;u<>fi cosrn-~CK>R sinm=R ;cx> (44.18) 
X z 't' ll z 't' Zx 

In the following, we shall have to do only with operators of the spin 
projections in the K-representation. We shall therefore suppress 
the superscript (K). Let us substitute into (.'J.4.18) the matrix (42.29) 
for ~x• the matrix (42.30) for Sy, and the matrix (44.17) for Rz: 

; coscr(~ ~)C~' e~a..)-~sincpG -~)(e~· ei~,) 
= ~ C';~, e;a.,) (~ ~) 

H-0196 
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l\Iultiplication of the matrices yields (we cancel n/2) 

cos <p ( ? eia,)- i sin <p ( ? - eia,) = ( 0 eia,) 
eta, 0 eta, 0 e'a• 0 

(give attention to the fact that the operators sx and R z do not com
mute). Equating the relevant matrix elements, we obtain ~two equa
tions: 

cos <p eia, + i sin <p eia, = eia, } 

cos <p eia, - i sin <p eia, = eia, 
(44.19) 

Expressing sin rp and cos <p in them in terms of the exponentials, 
we arrive at the relations 

(44.20) 

\Ve must note that if we had taken the second of the equations 
(44.14) and performed the same transformations, we would also have 
arrived at Eqs. (4!1.19). 

The simplest condition in which relations (44.20) are satisfied 
states that a 1 - a 2 = cp. Let us assume that cx 1 = cx 0 + rp/2, 
ex~ = cx 0 - cp/2, and introduce these values into (44.17). The result is 

~ (eiff!/2 0 ) R - eia, 
z- 0 e-iff!/2 

The arbitrary phase factor eiao may be dropped. Consequently, the 
operator of rotation of the coordinate system about the z-axis through 
the angle cp has the form 

~ (eiff!/2 0 ) 
Rz (cp) = 0 e-iff!/2 (44.21) 

This operator can be written as follows: 

• (cos cp/2 + i sin cp/2 
Rz(cp)= O cos cp/2 - ~ sin cp/2 ) 

=cos cp/2 G ~) + i sin cp/2 (~ _ ~) 
The multiplier of cos qJ/2 is the unit matrix/, and that of i sin 1p/2 
is the Pauli spin matrix o 1 [see (12.82)]. Hence, 

(44.22) 

In expressions of this kind, the symbol I may be suppressed. Since 
the second term contains a two-row square matrix, the first term 
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must also contain a two-row square matrix, which, if not indicated, 
can Le only an irlentity one. Hence, (44.22) can be abbreviated to 

Rz(cp)=cos !+i(sin ~)oz (44.23) 

If the angle of rotation is infinitely small, expression (44.23) becomes 
A &(j> i A 

Rz (6cp) = 1 + i 2 Oz = 1 + h cScp·Sz (44.24) 

[compare with (15.20)]. 
The operator of rotation about any other axis has the same form· 

as (44.23), it being necessary only to replace Oz with the Pauli spinl 
matrix for the relevant axis. Consequently, 

Rx ({})=cos ~ + iox sin ~ (44.25) 

Introducing the matrices I, ax, and ay into expressions (44.25) 
and (44.26), we obtain 

~ (1 0) (0 1) (cos~ isin ~) 
Rx(fr)=cos ~ 0 1 +isin ~ 1 0 = isin ~ cos~ (44.27): 

( {)- . {)-) 
~ 'l'l-(10) 'l'l-(0-i) cosy smy 

Ry ({})=cos 2 0 1 + i sin y . 0 = . 1l- 1l- (44.28)\ 
~ -Sill- COS-

. 2 2 ' 

A comparison of (44.28) with (44.3) shows that upon rotation about 
the y-axis, the matrix of transformation of spin functions coincides 
with the matrix of transformation of a spinor. Let us convince our
selves that this also occurs in an arbitrary rotation of the coordinate 
system. 

An arbitrary rotation, as was indicated at the beginning of this 
section, can be performed with the aid of three consecutive rotations 
through the angles cp, 'fr, and 'ljl. The first rotation is described by the 
operator fiz (cp), the second by the operator fix ('fr), and the third 
by the operator Rz (,p)l. The operator of the resultant rotation equals 
!.he product of these three operators: 

.R ('iJ, -o, cr) = .Rz ('I') flx ('fr) ilz <cr> 

1 We have omitted the prime on the subscript z because az' = az and, con

equently, in accordance with (44.23) we have Rz' = Rz. 
14* 
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~ntroducing expression (44.21) for Rz and (44.27) for Rx, we obtain 

( ~ .. ~) 
= (ehP/2 0 ) COS z l Sill z ( i ~/2 0. ) 

R. ('ljl, 'l't, cp) 0 e-i.P/2 . . ~ ~ o e-'~;z 
l Sin T COST 

(
ei <~+.Pl/2 cos ~ ie-i <~-.P>I2 sin ~ ) 

= . ~ . D 
iei <~-'lll/2 sin - e-t <~H,l/2 cos-

2 . 2 
(44.29) 

[compare with (44.2)1. 
The spin function of a particle with a spin of 1/ 2 has the form of 

the column <p = ( =~ ) [see (41.9)]. Consequently, the formula for 
the transformation of this function upon rotation of the coordinate 
system is as follows: 

(a\) ~ (a•) a~ = R ('IJl, '1'}, cp) a'! (44.30) 

where it ('lj.l, 'l't, cp) is the matrix (44..29) coinciding with the matrix 
of transformation of a spinor of rank one. We have thus proved that 
a spin function is a spinor. The spin function of a system of two 
particles with a spin of 1/ 2 is a spinor of rank two. 

For any spinor fP = ( ;~ ) , we can always find an operator 

A I ( 1 ) R ('ljl, 'l't, cp) such that transforms If' into <p = 0 . Now, the angles 
<p, 'l't, 'ljJ determine the direction in which the spin of a particle is 
"oriented" (i.e. the direction for which the projection of the spin 
is +1). 

Introducing the matrix (44.27) into (44.30) and performing mul
tiplication, we find that1 

Le.t us perform rotation through {)- = 2:n:. Here a~ = -a1 and a; = 
= -a2 , i.e. the spinor reverses its sign. The same evidently holds 
in rotation through 2:n: about an arbitrary axis (the y-axis docs not 
differ in any way from any other axis). It thus follows that a spinor 
cannot have a direct physical meaning (any physical quantity upon 

· I Transformations of such a kind, i.e. transformations of the kind a; = 
= a:a1 + ~a2 , are called binary. 
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rotation through 2n transforms into itself). This is not surprising
we know that a spinor is a psi-function, and the latter has no direct 
physical meaning. 

Only bilinear expressions of the kind a1b2 - a 2b1, where ( :: ) 

and ( ~: ) are two spinors, can have a physical meaning. In rotation 
through 2:rr, both spinors reverse their sign, but their product remains 
unchanged. 



Chapter IX 

SYSTEMS CONSISTING 
OF IDENTICAL PARTICLES 

45. Principle of Indistinguishability of Identical Particles 

In classical mechanics, particles of an identical nature (for in
stanc~, electrons) can be distinguished in principle. Numbering 
them at a certain initial instant t 0 , we can observe each of them as 
it moves in its trajectory and at any instant t indicate the numbe1 
that was assigned to a definite particle. 

In quantum meehanics, matters are radically different. Owing 
to the uneertainty prineiple, the concept of the trajectory of a par
ticle loses its meaning. Even if the position of a particle has been 
determined at a certain instant, already after an infinitely small 
time interval elapses, the coordinates of the particle are absolutely 
indeterminate. Therefore, even if we have localized all the particles 
at the instant t0 and have numbered them, we will not he able to 
indicate which of the particles will be localized at the instant tat 
a definite point of space. Consequently, it is impossible to watch 
every one of identical particles and thus distinguish them. Hence, 
in quantum mechanics, particles of an identical nature completely 
lose their "individllality" -such particles are absolutely indistin
guishable. This statement is known as the principle of indistinguish
ability of identical particles. 

The impossibility in principle of distinguishing between identical 
particles leads to deep-seated physical consequences. It plays the 
main role in considering systems consisting of identical particles. 

Assume that we have a system of N identical particles. Let us 
designate tlw set of coordinates and the projection of the spin of 
the i-th partide by the symbol £;. The psi-function of the system 
will therefore be 

Let us inlerchauge lhe i-Lh auJ k-Lh parlides, i.e. replace in Lhe 
psi-function the coordinates and the projection of the spin of the 
i-th particle with the coordinates and the projection of the spin of 
the k-th particle and vice versa. Owing to the principle of indistin
guishability of the particles, the state of the system cannot change as 
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a r·esult of this replacement, and, consequently, the psi-function can 
change only by an insignificant phase factor: 

'1'(~17 S2• •.. ' Sl<• ... ' Si• ..• ' SN· t) 
;_y, t) 

If we interchange the i-th and the k-th particles once more, the psi• 
function will again be multiplied by eia, and at the same time it 
must take on its original form. We can therefore write that 

~;(~~o £z, ... , £t, ... , SIP ... , £N, t) 

= eia'HSt• ~21 • .. , Sk• .. ·, Sl• .. · • SN• t) 
"t t) ... ' '::::\"• . 

whence we can see that e:!i:r = l and ei« = ~ \. 
Hence, in the transposition of two identical partideg, the psi

function of the system can behave in one of two ways: either remain 
unchanged, or reverse its sign. Psi-functions of the first kind are 
said to be symmetric, and of the second, antisymmetric. 

Let us introduce the exchange operator P;" determined by the 
relation 

.Pik1Hst. £2 .... , Si• ... , Sk· ... , SN• t) 

= 1v <s 1, s2. . .. , sk • . .. , s i, ... ' SN• t) 

As a result of the fact that 1V ( ... , 1;,, ... , L ... ) = 
= +1jl ( ... , S;, ... , 6,., ... ), we have 

(45.1) 

It thus fo1lows that the eigenvalues of the exchange operator are +1. 
The symmetric functions of a system of particles are the eigenfunc-
tions of the operator Pi, corresponding to the eigenvalue +1, while 
the antisymmetric functions are the eigenfunctions corresponding 
to the eigenvalue -1. 

'rhe Hamiltonian of a system of particles has the form 

(45.2) 

where U (s;, t) is the potential corresponding to the interaction of 
a particle with the external field, and U (1;1, 1; 2 , ••• , SN) is the 
energy of interaction of the particles with one another. It is evident 
that this Hamiltonian does not change in the transposition of two 
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particles. Consequently, P1k (H'\j)) = £l (P11,'\j)), whence it can be 
seen that the exchange operator commutes with the Hamiltonian: 

Iifi,, -P0 ,/I =0 

lt was shown in Sec. 21 that ii an operator of a quantity does 
not depend explicitly on the time and, in addition, commutes with 
the Hamiltonian, this quantity is conserved. The properties of sym
metry of the psi-function of a system of given particles are thus con
served in time (are an integral of motion). In this connection, we can 
assume that the type of symmetry of the psi-function is determined 
by the nature of the particles forming a system. It is proved in 
relativistic quantum mechanics that particles with an integral 
(particularly, zero) spin are described by symmetric functions; 
particles with a half-integral spin are described by antisymmetric 
functions. 

1 1 1\rticlt'~ with nn inll,grnl (ntul zero) spin are called bosons, and 
~t\id'* \Y\\b. a. b.a.lf-i.utegrlll ~pin. tennioos. 
~ type oi ~ !!~JiliDet,...~ oi ihe }&-kDctim.. ~~~ ~.col

lection of identical compound particles (for example, nucle1 or 
atoms) depends on the magnitude of the resultant spin of a given 
compound particle. With an integral (and zero) resultant spin, the 
psi-function is symmetric, with a half-integral one, it is antisym
metric. 

46. Psi-Fundions for Systems of Particles. The Pauli Principle 

The Hamiltonian of a system of non-interacting (or very weakly 
interacting) identical particles in a stationary external 'field is 
determined by the expression 

(46.1) 

[compare with (45.2); we have disregarded the energy of interaction 
of the particles owing to its smallness]. Consequently, the eigen
functions of the system can be found by solving the equation 

N 

~ [- 21i~o vr' + u <£,> ]'~ <s .. £2. • .. , sN > = E'Hs .. £2, .... £N > 
i=l 

(46.2) 

Let us attempt to find the solution of this equation in the)orm 

(46.3) 
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where til1 (~ 1) is the function of the coordinates and the projection 
of the spin of only the i-th particle. Substitution into (46.2) yields 

N 

Lj "'t <£~> "'2 <~2> ... "''-1 <s,-t> "'I+ I <s,+t> ... ~'N <£ N > 

Dividing both sides of the equation by 't, we obtain 
N 

~ 'Pt~;;)[- 2!i;o Vi+U(;,) ]4·;(;,)=£ 
t-1 

The left-hand side of this relation is the sum of expressions, each 
of which depends on its own variable 61• For such a sum to equal 
the constant quantity E at arbitrary values of the variables ;,,.. 
each of the addends must equal its own constant E 1• Hence follow 
the conditions 

fi2 2 
- 2mo Vi'¢, (s,)+V (s,) "'' (s,) = E,'\f, (sf) 

(i = 1, 2, ... , N) 
N 

~ E 1=E 
i=l 

(46.4~ 

(46.5}. 

Owing to the identity of the particles, the function U (£ 1) and 
Eq. (46.4) have an identical form for all the particles. By s-olving· 
this equation, we find the functions '¢ 1 (£;) corresponding to E 1• 

Next, multiplying the functions tilt (£ 1), we obtain the solution of; 
Eq. (46.2). The quantity E 1 is the energy of the i-th particle. 

The functions tilt (£ 1) are different eigenfunctions of the operator 

(46.o). 

Therefore, the subscript i on til; indicates what stationary state of 
the operator (46.6) the i-th particle is in. Each stationary state is
characterized by a set of certain quantum numbers. Designating 
this set of numbers by the symbol m;, we shall write lfmt. instead of 
tilt in the following. 

The solutions of Eq. (46.2) are thus 

(46. 7). 
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Any superposition of functions of the form of (46. 7) differing in the 
values of mi on each of the factors will also be a solution. 

Since, generally speaking, 

tlw function (4G. 7) in a general case will be neither symmetric nor 
antisymmetric. A function, the nature of whose symmetry corre
sponds to the nature of the particles forming the system, can be 
obtninPd in tlw form of a propPrly sclcc.tcd s11pcrposition of solutions 
of the form of (4G.i). 

'Ye shall explain the above on the example of a system of two 
partieles. The following two functions are solutions of Eq. (46.2) 
·corresponrling to the energy E = E 1 + E 2 : 

lJ: 1 (61' S2) = 'll1 (61) lJlz (£2) } 

'll2 (sb £2) = 'll2 (£,) '~1 1 (sz) 
(46.8) 

where '¢1 is the eigenfunction of the operator (46.6) corresponding 
to the energy of a particle equal to £ 1 , and \jl 2 is a similar function 
corresponding to the energy £ 2 • Both functions (46.8) correspond 
to the same energy E of the system. 

We can use the functions (46.8) to form a symmetric 'Ills and anti
symmetric 'lla fnnct ions of the system: 

~'s = c, r 'IJ, (£,) 'h (sz) + 'll2 (£,) '1Jl, (£2) 1 

~·a = C2 ['h (£,) 'b (£2)- ~'2 (£,) lJl1 (£2)] 

(46.9) 

(46.10) 

It is not difficult to see that the transposition of the coordinates s1 and s2 leaves the function (46.9) unchanged, while the sign of the 
funelion (4H.10) changes. The coefficients c1 and c2 are determined 
from the normalization conditions, which in the given case are as 
follows: 

1 Such a transposition signifies that the k-th pat·ticle tmnsfers to a state 
with the set mi of quantum numbers, and the i-th particle to a state with the 
set mk of quantum numbers. · · · 
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Assuming that the functions 1\Ji (~i) are normalized to unity, we 
obtain 

1 = ~ 1\JNs dV t dV 2 = c:c, ) [1\J: (~1) ¢: (~2) + ¢; (~1) ¢: (~2)J 
X [¢1 (~1) '~2 (~2) + 1\Jz (~t) ~J~ (~~)] dV1 dVz 

= c:c1 { .\ <lj; (~1) 'Pt (s1) dV, ) '~; (~z) 'Pz (~z) dV2 

+ .\ ¢: (~1) 'Pz (~.) dV 1 ~ '~= (~2) 11-'t (~2) dY 2 

+ 1 ~,= (~1) 1\Jdst) dVt J ¢: (~2) ,,,2 (s2) dV2 

+ J ¢; (~,) 1\J2 (st) dV t J ¢: (~2) 'Pt (~2) dV 2} 

=c:cd1·1 +0·0+0·0+ 1-1}=21 c1 12 (46.11) 

(the second and thit·d terms are zero owing to the orthogonality of 
the functions \jl1 and '¢2 ). Hence, c1 = ilV 2 with an accuracy to 
the phase faetor. Similar calculations show that c2 in (46.10) has 
the same value as c1 , 

Introducing the values of the coefficients obtained into (46.9) 
and (46.10), we get the normalized functions of the symmetric and 
antisymmetric states: 

1 
'Ps = 112 ['¢1 (£,) lP2 (~2) + 'h (~,) 'h (62)] (46.12) 

1 
tPa = 112 ['¢1 (~1) 'Pt <~2)- ~J2 (61) tP1 (~2)] (46.13) 

Let 11s generalize the results obtained for a system of N non
interacting particles. lf the latter are bosons, the psi-function of the 
system must be symmetric. The following superposition of the func
tions (46.3) will have such a property: 

'Ps=Ct :6 lPm,(~t)'Pm,(~2) ... ~1mN(~N) (46.14) 
[m,, m,, ... , mN] 

Summation is performed over all possible permutations of the 
subscripts m1 , m 2 , ••• , m,v1• If all these subscripts have differ
ent values, the number of permutations and, consequently, the 
numher of addends in the sum (46.14) will be N!. It must be taken 
into account, however, that some particles may be in identical 
single-particle slates. 

1 l'errnutatiun of the indices corresponds to permutations of states with 
different quantum numbers among particles arranged in the order of an increase 
in their numbers, or, which is the same, to permutations of the particles among 
state> with difh·rent qwmtum IlUmben:. 



Assume that two particles-a first and a second one-are in the
state with the set m1 of quantum numbers. Now the indices m1 and 
m 2 coincide, and all the permutations in which m 1 and m 2 exchange 
places correspond to irlentical addends. Since in superposition, each 
state is taken only once, the number of addends in (46.14) will 
be Nl/2 in the case being considered. 

If there are ni particles in the state mil then nil permutations of 
these particles correspond to one addend in (46.14), so that the 
number of addends in (46.14) will be Nlln;l. Assume that n1 particles 
are in the state m1 , n2 particles are in the state m2 , and so on (the 
sum of these numbers must equal the total number of particles: 
n1 + n 2 + ... = N). Hence, the number of addends in (46.14) 
will be Nl/n1!n21 ... 1 • 

The coefficient c1 in (46.14) is determined from the normalization 
condition: 

1 =) l{l:~18 dV1 dV2 ••• dV N = c:ct ~ [ 2_! l{l:a, (~t) ... 'l1:aN (~N) J 
X [ ~ 'i'm, (St) •• • 'PmN (6N) J dVt .. · dV N 

Owing to the orthogonality of the functions '¢mp only the squares of 
the magnitude of each term of the sum (46.14) will make a non-zero 
(and equal to unity) contribution to the normalization integral 

1 We must note that when ni > 1, the sets of quantum numbers correspond
ing to ni particles will be identical, for example m1 = mk = m 1 = .... In 
this case in the product inside the sum (46.14), the set m1 will be in the form of 
an index on n1 factors, whereas the sets mk, m 1, etc. will be absent. We shall ex
plain this using the example of three particles. First assume that these particles 
are in different states. The sum (46.14) will now contain six addends correspond
ing to permutations of the indices 1, 2, 3: 

'1'1 (~1) '1'2 (~2) 'i'a (~a) (1) 

'1'2 (~1) '1'1 (~2) 'i'a (~a) (2) 

'1'1 (~1) 'i's (~2) '1'2 (~a) (3) 

'~2 (~I) '~a (~2) '1'1 (~a) ( 4) 

'Va (~1) 'lf1 (~2) '1'2 (~a) (5) 

'i'a (£r) '1'2 (~2) '1'1 (~a) (6) 

Now assume that the particles 1 and 2 are in the same state: 'lj1 = 'lj12 • In this 
case, the pairs of addends (1) and (2), (3) and (4), (5) and (6) will be identical. 
The symmetric function therefore has the form 

'IJis=cr {'i'I <~1) '1'1 <~2) 'i's <~s>+'i'r <~1> 'i's <~2) '1'1 <ss)+'IJis <s1> 'IJ11 <s2> 'i'r <ss)} 

i.e. contains only three addends instead of six (the number of addends is Nlln11= 
= 3!121). 

If all three particles are in the same state (i.e . ..P1 """ '1'2 """ '!>3), the function 
'1'1 (S1) 'lj11 (S2) 'lj11 (S3) will be symmetric itself, so that expression (46.14) will 
contain only one addend (the number of addends is Nlln11 = 31/31). 
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{compare with (46.11)]. Therefore, the normalization integral will 
-equal the number of addends in this sum. Consequently, 1 -
= c:c1Nlln1!n21 ... , and for c1 we obtain the value 

_ ( n 1 l n 2 ! ... ) 1/2 
Ct- Nl 

The introduction of this value into (46.14) leads to a normalized 
:symmetric psi-function of a system of N bosons: 

t!Js= (n 1 ! ;;: ... r'2 ~ t!Jm,(~t)t!Jm,(~2) .. ·'llmN(SN) (46.15) 
[m,m., ... , mN] 

Recall that, for example, we may have m 1 = mr = m:v. Hence, 
.an exchange of the places of m1 and m1 , or of m1 and m:-.:, or of m7 

and m." does not result in a new permutation and, consequently, in 
an additional term in (46.15). 

For a system of N fermions, the psi-function must be antisym
metric. Such a function can be obtained by multiplying each addend 
in a sum similar to (46.14) by the skew-symmetric Kronecker symbol 
fmlm2 ••• mN; 

Indeed, the transposition of any two indices on c-: changes its sign 
:so that expression (46.16) will be antisymmetric. In the given case, 
addends with coinciding values of at least two indices mi and mk 
are absent because the corresponding value of f is zero1 • The number 
of addends in (46.16) is thus N!. Therefore, from the normalization 
<:ondition, we obtain the) value 1/V V! for c2 • Expression (46.16) 
~an be written as a determinant [see Vol. 1, formula (VIII.3)l: 

1j1m, (Gt) 1~'m, (s~) 

1 1jlm, (I; t} 41m, ( £2) 
'lla = v" Nl •.... 

~'m, (sN) 

~'m,(S,v) 
(4G.17) 

The transposition of two columns of the determinant (46.17) corre
sponds to the transposition of two particles, and the result, as is 
known, is that the determinant changes its sign. 

The quantum numbers mi play the role of the row numbers of the 
determinant (46.17). When the values of two quantum numbers, say 

1 For example, for two particle3 wh3ll ljl 1 ""' ljl 21 expression (46.13) vanishe~. 
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m; and m 1, coincide, two rows will be identical in the determinant, 
and the latteJ' hecomes identically equal to zero -the state of the 
system will be absent (this also follows, as \Ve have noted, from 
expression (46. 16)]. ''"e haw thus arrived at a very important result: in a system of 
identical fennions, there can nn·er be more than one particle in the 
same single-particle state. This ~latcment is known as the Pauli (or 
Pauli exdusion) principle. 

47. Summation of Angular Momenta 

Assume that a system being considered ean be represented as two 
subsystems, the interaetion between which may be ignored. Let 
the first subsystem have the angnlar momenh1m ~1 1 eharaclerized 
by the quantum number J 1 , and the second subsystem -the angular 
momentum l\1 2 characterized by the quantum number 1 2 • 

In the general case, the subsystems consist of several particles 
so that M1 and l\J 2 are the reslTltant angular momenta of the sub
systems which, generally speaking, are formed by the summation 
of both the orbital and the spin angular momenta of the individual 
particles. It is customary practice to designate the quantum number 
of the resultant "mixed" angular momentum by the letter J. If 
the resultant angular momentum is formed by the summation of 
orbital momenta, the letter L is used, and of spin momenta, the 
letterS. Finally, as applied to the sum of the orbital and spin angn
laJ' momenta of an individual particle, the quantum number is 
designated by the letter j. We shall consider the most general case, 
and have lberr.fore design a led tho quant urn numbers hy the lel.lcr J. 

Let us fmd the possible values of the angular momentum M of 
a system, which is eqnal to the sum of the angular momenta of the 
subsystems: l\1 ,- M1 + l\1: 2 • Since the interaction between the sub
sy::tems is negligibly small, the operators ~I 1 and M2 act on variables 
relating to different subsystems and, consequently, commute: 
JV1 1l\I 2 = l\1 2l\i 1 • Each of the operators ~1 1 and M2 satisfies the per
mutation relations 

,... ..... ,.. ..... ... ..... ,... ,... ,.. ,... 

MxM 11 -MyMx= i!iMz, llJ 1/11 z- M zM u = i!iJvf x• 
,.. ,.. ..... ,... .... 

Jf z M x- ill xM z = iliM y (47.1) 

(see (16.11)1. Let us write the permutation relations for the resultant 
angular momentum M, taking into account that the relations be
tween the operators l\1, l\l 1 , and M2 mu~t be similar to those between 
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the quantities themselves, i.e. that l\f = M1 + l\'l2 , M x = ifx 1 + 
+ i1 xz• etc::. 
,.. ,... ,.. ,.. 
MxMy-MyMx 

= uwxt + Md (Mut + My2) -(Myt -t-My2) (Mx! + M d 

= (M xtMu•- MytMxt) + (MxzMu2-My2M x2) 

+ r iii xtM,12 - A1 112M xtl + r M x21w ut- iii,,tM d 
~ ~ ~ 

= in (M zt + M :2) = if.iM z· 

(the terms in brackets vanish because the operators M 1 and 
~1 2 commute). Similar results are also obtained for the other two· 
commutators. Hence, the operator M also satisfies relations (47 .1). 

The state of the system (as regards its angular momentum) can 
he characterized by setting the magnitudes and the projections onto. 
an arbitrary z-axis of the angular momenta l\t1 and~~ 2 , i.e. the quan
tum numbers .!1 , .!2 , and m1 , m 2 • Since with given values of .!1 and .!2• 

the quantum numbers m1 and m 2 can take on, independently of each 
other, (2.! 1 + 1) and (2.! 2 + 1) different values, there are (2.! 1 + 1) X 
X (2.! 2 + 1) states of the system differing from one another in the· 
value of at least one of the numbers m1 and m2• 

Before considering the case of arbitrary values of .!1 and .!2 , 

let us examine the case when .!1 = 2 and .!2 = 1. Here, we obtain 15. 
different states (see Table 47.1). To characterize these states, we 
can use the number~ J 1, .!2 , J, and m instead of the quantum num
bers J 1 , .! 2 , m1 , and m 2 , where .T is the quanlum number of the 
system's angular momentum, and m is the quantum number of its• 
projection onto the z-axis. This substitution signifies a transition 
from the representation (J 1 , J 2 , m1 , m. 2) to the representation 
(.!1 , .T 2 , J, m.). The number of different states in the new repre
sentation naturally remains the same, i.e. equal to (2J 1 + 1) X 
>< (2.T 2 + 1), the states differing from one another in the value of: 
at least one of the numbers J and m. 

Since NT l = Jl!J zl + ]If 22 , the quantum number m equals the sum. 
of the numbers m 1 and m 2 : 

(47 .2)-

The values of m obtained by this formula are given in columns 6,. 
7, and 8 of Table 47 .1. Inspection of this table reveals that, say. 
the value m = +2 is observed in two different states -the seeond 
and third, while m = --+-1 is observed in tLree Etatee-11* f1.11JrtJJ.. 
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State 
number 

1 
2 
3 
4 
5 
·6 
7 
8 
9 

·to 
11 
12 
13 
14 
15 

I 2 3 

2 1 
2 1 
2 1 
2 1 
2 1 
2 1 
2 1 
2 1 
2 1 
2 1 
2 1 
2 1 
2 1 
2 1 
2 1 

QUANTUM MECHANICS 

m J 

6 1 1 1 s 9 

+2 +1 +3 3 
+2 0 +2 3 

+1 +1 +2 2 
+2 -1 +1 3 
+1 0 +1 2 

0 +1 +1 1 
+1 -1 0 3 

0 0 0 2 
-1 +1 0 1 

0 -1 -1 3 
-1 0 -1 2 
-2 +1 -1 1 
-1 -1 -2 3 
-2 0 -2 2 
-2 -1 -3 3 

'fifth, and sixth. It is evident that these states differ in the value 
-of the number J. 

A glance at Table 47.1 shows that all the possible states of the 
-system can be divided into three groups indicated in columns 6, 7, 
.and 8 of the table. The greatest value of m in these groups is 3, 2, 
.and 1, respectively. At a given J, the quantum number m can take 
-on all the values from +J to -J. Consequently, J coincides with 
the maximum value of the quantum number m possible at a given J. 
It is thus not difficult to conclude that in the case heing considered, 
the angular momenta M1 and M2 of the subsystems can be summated 
in three ways leading to the values of the resultant angular momen
tum M characterized by J = 3, 2, and 1. We must note that the 
-values of J change from J 1 + J 2 to J 1 - J 2 (here J 1 > J 2). 

Now let us turn to the case of arbitrary values of J 1 and J 2 , assum
ing only that J 1 > J 2 • Let us consider the possible values of the 
number m. The maximum values of the numbers m1 and m2 are J 1 

and J 2 • Therefore, the maximum value of m is J 1 + J 2 • The next 
value is less by unity, i.e. is J 1 + J 2 - 1. This value is obtained 
for two different states, in one of which m1 = J 1, m2 = J 2 -1, 
and in the other m1 = J 1 -1, m2 = J 2 • The number m in these 
.states is the same, therefore they differ in the value of J. For one of 
the states, m = J 1 + J 2 -1 is the value following mmax = J 1 + J 2 

<in this state J = J 1 + J 2), and for the other state m = J 1 + J 2 -

- t is the maximum value mmax (in this state J = J 1 + J 2 -1). 
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The following value of m equal to .!1 + J 2 - 2 is obtained in 
three different states: (1) m1 = .!1 , m2 = .!2 - 2; (2) m1 = .!1 - 1, 
m2 = .!2 -1; and (3) m1 = .! 1 -2, m 2 = .!2 • For one of them, 
this value is the one after J 1 + .!2 and .!1 + .! 2 - ·1 (in this state 
J = .!1 + .!2), for the second one it is the value after mrnax = 
= .!1 + .T2 - 1 (in this state .l = .!1 + .12 - t) and, finally, for 
the third state t.he value m = .!1 + .J 2 - 2 is maximum (in this 
state .J =- .!1 + .!2 - 2). 

Matters will continue in this way until the diminishing of m by 
unity results in an increase in the number of states by unity. This 
will occur until the number of different states corresponrling to a 
given m becomes equal to the number of possible values of the num
ber m2 , i.e. 2!2 + 1 (see Table 47.1). 

The maximum number of different slates that can correspond to 
the same value of m is 2!2 + 1. This will be precisely the number of 
different values of .J, i.e. the number of ways in which we can sum
mate the angular momenta M1 <lnd :\12 to get the resultant angular 
momentum M. Since the largest value of J is .!1 + J 2 , and each 
following value is less than the preceding one by unity, the smallest 
value of J will be (.!1 + .12 ) - 2.!2 = .f1 - J~. 

If J 1 < J 2 , by the same reasoning, exchanging the places of J 1 

and J 2 , we arrive at the concl11sion that the number of possible 
values of J is 2.!1 +1, and lm 1n =.!2 -.11 • 

\Ve have thus arrived at the following rule for the summation 
of two angular momenta determined by the quantum numbers J 1 

and .!2 : the quantum number J of the result'l.nt momentum can have 
2.!2 + 1 (if J 2 < .!1) or 2!1 + 1 (if J 1 < .J 2 ) different values equal 
to 

J1 +J2, .!1 +.!2 -1, .!1 +.!2 -2, · · ., l.f1 -.Tzl 
(47.3) 

To each J there correspond 2J + 1 different states conforming 
to different values of the quantum number m. Consequently, the 
total number of states differing in the values of at lt?ast one of the 
numbers J and m is determined by the expression 

J,+J, ,, 
- (2.!+1) ·(2Jt-f-1)(2J~+1) 

J=f J,-J,j 

This number coincides with the previously found number of states 
considered in the (J1 , .1 2 , ml> m2)-representation. 

48. Psi-Function of System of Two Particles Having a Spin of 1/% 

Consider a system consisting of two identical particles with 
a spin of one-half. The psi-function of such a system depends on 
the space coordinates, i.e. on r1 and r 2 , and also on the spin projec-

15-0196 
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tions a 1 and a 2 of the two particles. Assume that the interaction 
between the particles does not depend on their spins\ and also that 
a magnetic field is absent. Now the Hamiltonian of the system will 
not contain the spin operators of the partieles, owing to which the 
psi-function breaks up into two factors: 

¢ (r1, <JH r2, <J2) = tjl (rh r2) ·(jl (a It Gz) (48.1) 

[see (41.7)]. 
The function ('JfU) mmd hc> antisymmetric (we are considering 

a partid£' with a spin of 1.' 2). ThNefor£', if tho factor {p (a1 , a 2) is 
symmetric (or an I isymmet ric), tho coord ina I e function tjl (r1 , r 2) 

must be antisymmetric (or symmetric, accordingly). 
The resultant spin S of a system can have two values: 0 (when 

the spins of the particles are antiparallel) and 1 (when the spins of 
the particles are parallel). In the first case, the quantum number a 
of the projection of the summary spin is zero; in the second case. 
a takes on three values: 1, 0, -'1. The state of a system of two par
ticles with S = 0 is called a paraslate, and the state with S = 1, 
an orthosta te. 

Let us fmd the general form of the functions qJ (a1 , o2) for states 
with different S's anrl a's. Each of these functions satisf1es two equa
tions simultaneom=ly: 

(st + s2)2 cp = li2S (S + 1) IJl 

(Szt + sd cp = liacp 

(48.2) 

(48.3) 

where s1 ancl s21 are the operators of the first particle, ~s2 and Sza 
are the operators of tile second particle, S = 0 or 1, and accordingly 
a = 0 or 1, 0, -1. 

The common eigenfunctions of the operators ~k and Szk of a sepa
rately taken k-th particle arc> determined by the expressions 

cp-1/2 (k) = ( ~) (48.4) 

[see (43.'11)]. In the following Ior brevity's sal{e, we shall \vrite 
these fnnct ions in the form <v+ (k) and {p_ (k). Using formulas (42.10), 
(4.2.20), and (4.2.30), let us fmd the result of the action of the operators 
Sxk• Syk• and Szk on the functions (48.4): 

;xkcp+ (k) = ~ (~ ~) ( ~) = ~ ( ~) = ~· cp_(k) (48.5} 

s cp (k) = .!:.._ (0 -:i) ( 1) = !!._ ( 0) =. !:_ ( 0) =. !!_ (k) yk + 2 i 0 0 , 2 i t 2 1 L 2 ~- (48.6) 

1 This holds in a non-relativistic approximation. 
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~ 1i ( 1 0) ( 1 ) 1i ( 1 ) 1i 8zkCfl+(k)=2o-1 o =z- o.=zCfl+(k) (48. 7) 

(48.8) ~ li(Oi)(o) 1i(1) 1i SxkCfl- (k) = 2 1 0 1 =2 0 =2 Cfl+ (k) 

~ li ( 0 - i) ( 0 ) li ( - i ) . 1i ( 1 ) . 1i (k) 8ukCfl- (k) = Z i 0 1 = 2 0 = - ~ 2 0 = - l 2 Cfl+ 

(48.9) 

~ 1i(1 0)(0) li( 0) li(O) 1i 8zkrp_(k)=2 0-1 1 =z -1 =-z- 1 =-2rp_(k) 

Consider four func.tions obtained from the functions 

Cfll (1, 2) = Cfl+ (1) Cfl+ (2) 

Cfl2 ( 1' 2) = cp- ( 1) cp- (2) 
1 

Cfla (1, 2) = l/2 [Cfl+ (1) cp_ (2) + cp_ (1) <r+ (2)) 

1 
cpq(1,2)= y2 [cp+(1)cp_(2)-cp_(1)cp+(2)] 

(48.10) 

(48.4): 

(48.11) 

(48.12) 

(48.13) 

(48.14) 

The first three of these funetions are evidently symmetric, the last 
one is antisymmetric. The functions !Jl+ (1) and <f'+ (2) are normalized 
to unity, therefore the function (48.11) is normalized too; the same 
can be said about the function (48.12). The functions (48.13) and 
(48.14) are the superposition of the funetions (48.11) and (48.12). 
The normalization condition in this case has the form ~ I em 12 = 1, 
where em are the expansion coefficients [see (7.5)1. It follows from 
what has been said above that all four functions are normalized 
[compare with (4ti.12) and (46.13)]. 

Let us act on the function (48.11) with the operator (sZl + S22). 

\Ve shall take into account that the operator s21 aets only on Cfl+ (1), 
and S22 only on fP+ (2): 

(~zl + ;d cp+ (1) cp+ (2) = ;ztCfl+ (1) cp+ (2) + ;zzcp+ (1) <f'+ (2) 

= Cfl+ (2) ;ztcp+ (1) + Cfl+ (1) ;z2cp+ (2) 

With a view to relation (48.7), we obtain 
~ ~ 1i 1i 

(Szi + s%2) Cfl+ (1) cp+ (2) = <p+ (2) 2 <f'+ (1) + cp+ (1) 2 <f'+ (2) 

= licp+ (1) Cfl+ (2) 

A comparison with Eq. (48.3) shows that (48.11) is an eigenfunction 

of the operator (sz1 + Sz2) corresponding to the eigenvalue a = 1. 
15• 
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We can show in a similar way that the functions (48.12)-(48.14} 
are also eigenfunctions of the operator (sz1 + S22 ); here (48.12) cor
responds to a= -1, while (48.13) and (4.8.1-1) correspond to a= 0. 

We shall show that the functions (48.11)-(48.11) are simultaneously 
eigenfunctions of the operator (s1 + s2 ) 2 [see (1,.8.2)]. For t!Jis pur
pose, we express this operator in terms of the operator·s of the pro
jections of the spins of individual particles: 

(s, + ~2) 2 = (;xt + ;d2 + (;ut + ;u2)2 + (;zt + ;d2 

= (;!1 + 2;x1;x2 + ;!2) + (;~1 + 2;y,;g2 + ;~2) 
+ (;~1 + 2;z1;z2 + ;~2) ( 48.15) 

We remind our reader that each operator of the form of s.e~:h acts on 
the psi-functions of only its own, k-th particle; therefore, for example, 
the operators sx1 and sx 2 commute. 

To facilitate further calculations, we shall give the following 
relations obtained from formulas (48.5)-(48.10): 

;ihfP+ (k) = (li2/4) fP+ (k) ) 

~~kfP+ (k) = (li2/4) fP+ (k) l 
s:kcfl+ (k) = (li2/4) fP+ (k) 

;~kfP- (k) = (li2/4) qJ_ (k) 

;~kfP- (k) = (li2/4) fP- (k) 

;~h'1l- (k) == (li2/4) r:p_ (k) 

(48.16) 

Let us act with the operator (48.15) on the function (48.11): 

~ 

(St + S2)2 cp+ (1) cp+ (2) 

= [r:p+ (2) ;~ 1 cp+ (1) + 2;x1'1l+ (1) ;xzcp+ (2) + cp+ (1) ;_~ 2 '1l+ (2)] 

+ [r:p+ (2) ;~1'1l+ (1) + 2;g1CJl+ {1) ;!12CJl+ {2) + '1l+ {1) ;~2CJl+ (2)1 

+ [ fP+ (2) ;~1 '1l+ (1) + 2;z1cp+ ( 1) ;z2CJl+ (2) + CJl+ (1) ;~2 Cjl+ {2)] 
= (Ji2/4) {[cp+ (1) (jl+ (2) + 2cp_ (1) cp_ (2) + CJl+ (1) CJl+ (2)] 

+ fCJl+ (1) CJl+ (2) -2cp_ (1) <p_ {2) + CJl+ (1) (jl+ (2)] 

+ fCJl+ (1) CJl+ (2) + 2cp+ (1) CJl+ (2) + CJl+ (1) CJl+ (2)]} 

= (/i2/4) 8cp+ (1) (jl+ (2) = 21i2cp+ (1) CJl+ (2) 
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[we have used relations (48.5)-(48. 7) and (48.16)). A comparison 
with Eq. (48.2) shows that (48.'11) is the eigenfunction of the op
erator (s1 + s2) 2 corresponding to S = 1. 

Similar calculations show that the functions (48.12)-(48.14) are 
also eigenfunctions of the operator (sl + s2) 2; here (48. 12) and (48.13) 
correspond to S = 1, and (48.14) corresponds to S = 0. 

In summarizing, we can say that the spin function of a system of 
two particles with a spin of 1f 2 is symmetric when S = 1, and depend
ing on the value of a (1, 0, or -1) it has the form of (48.11), (48.13), 
or (48.12). When S ·~ 0, the spin function is antisymmetric and 
has the form of (48.14). To facilitate subsequent references, we shall 
write out these functions once more: 

Sd, I a== 1 rp 1, 1 ~= 'P+1/2 (1) QJ-1/2 (2) (48.17) 

a= 0 rp1, 0 = ,~- [fP+1/2 (1) fP-1/2 (2) + 'P-l/2 (1) rp+l/2 (2)] 
r 2 (48.18) 

a= -1 fPt.-t='P-t;z(1)'P-1!d2) (48.19) 

S=O, 1 
a= 0 (Jlo, o = V2" [(JJ+1/2 (1) fP-1/2 (2)- cp_J/2 (1) rp-t-1/2 (2)] 

(48.20) 

49. Exchange Interaction 

The indistinguishability of identical particles underlies the exis
tence of a particular, speciftcally quantum interaction between par
ticles known as exchange interaction. 

Consider a system of two particles with a spin of 1f 2 between 
which there is interaction not associated with the interaction be
tween the spins of the particles. Assume that this interaction is weak 
enough toLe treated as the perturbation of a system of non-interact
ing particles. Let us characterize the perturbation by the operator 
V (r12), where r 12 is the distance between the particles. We must 
note that the operator V (r12) does not act on the spin variables of 
tl1e particles. 

The mean energy of inlt'I'action in a first approximation can be 
calculated Ly a formula similar to the formula 

,1£~1l = V nn = (¢!?1 IV1j1~1 ) = ~ (1p~>)* V~;~> dV 

[see (29.22)]. This formula has been written for one particle without 
a spin. In our case, there are two particles with a spin. The formula 
must therefore be taken in the form 

,1£(1) = L: ) (1~1( 0))* V1~(D) dVl dV2 {49.1) 
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where summation is performed over all the values of the spin vari
ables (we have dropped the subsr.ript n as superfluous). 

The function 1pi0i describes the unperturbed state, i.e. the state 
of the non-interacting particles. The form of this function depends 
on the summary spin of the system. It was revealed in Sec. 48 that 
when S =' 0, the spin function is antisymmetric, anrl accordingly 
the position function must be symmetric, i.e. have the form 

(49.2) 

where ~:m, and 'IJlm, are two arbitrary psi-functions of single-particle 
states [see (46.12)]. The numbers 1 and 2 in parentheses stand for 
the st?t of spare coordinates of the first and second particles, re
spectively. At S = '1, the spin function is symmetric so that 

(49.3) 

{see (46.13)). 
At S = 0, the spin function equals 1, at S = 1 

cp (a)=(:: ) 
a_t 

where CT is the quantum number of the projection of the summary 
spin (~-,. I at 12 = 1). 

i 

Let us introduce into (49.1) the psi-function for the case when 
S = 1. Since the operator V does not act on the spin function, the 
latter can be removed from the sign of the operator. As a result, 
we obtain [see the text preceding formula (9.24)) 

llE<1J = (ata:a~1 ) (:; ) J [¢ (1, 2)]"' V~1 (1, 2) dV1 dV2 a_, 
= 2j I a, 12 J 'IJl"'V'IJldV 1 dV2 = J ¢•V¢dV1 dV2 

i 

Thus, the summation sign in formula (49.1) may be omitted, and 
'1j;< 0J understood to be the coordinate part of the psi-function. Taking 
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this into account, we shall write expression (49.1) as follows: 

1 r A 

.6.E<1l = 2 j f'Pm, (1) 'Pm, (2) ± 'fm, (2) 'ilm, (1)]* V [¢m, (1) 'I'm, (2) 

± lJlm, (2) ~:m, ( 1)] dV 1 dV 2 = ~ { I \jl~, ( 1) ljl~, (2) V ¢m, ( 1) 'Pm, (2) dV 1 dV 2 

+ ) \jj~, (2) 1j.1;';., ( 1) V 'iJm, (2) 'ilm, ( 1) dV 1 dV 2 

± J ~·;;,, (1) 'i'in, (2) V~'m, (2) 'I'm, (1) dV 1 dV2 

+ .\ \jl;;., (2) 1j:~, (1) V\j;m, (1) 'iJm, (2) dV, dV2} 

The plus sign corresponds to the case when S = 0, the minus sign, 
to S = 1. 

It is not difficult to comprehend that the first two integrals in 
the braces are identical. Indeed, they differ only in that the particle 
designated in the first integral by the number 1 is designated in the 
second integral by the number 2, and vice versa. Owing to the in
distinguishability of the particles, such a change of the symbols 
cannot affect the value of the integral. The same relates to the third 
and fourth integrals in the braces. Therefore, combining the inte
grals in pairs, we can write: 

11E<1> = ~ \jl~, (1) lj.·;';,, (2) V'iJm, (1) 'I'm, (2) dVt dVz 

± J \j;;';,, (1) 'iJ:':t, (2) VlJlm, (2) ¢m, (1) dVI dV2 = Q ±A (49.4) 

The result obtained shows that the ftrst-order correction to the 
energy of two particles with a spin of 1/ 2 consists of two parts. The 
first part, Q, is in no way related to the presence of spin in the par
ticles and has a classical analogue. The sign of the second part, A, 
depends on the mutual orientation of the particles' spins (on the 
total spin of the system), although the interaction between the spins 
was not taken into account by the operator V. This second part A 
is called the exchange energy. The term is due to the fact that in 
the functions in the integrand in front of the operator V and in the 
fuuctions behind it the particles exchange places. It thus follows 
that each particle, as it were, is simultaneously in both states. We 
must note that the exchange energy is also obtained when the op-
erator V (r12) takes into account the interaction between the spin 
magnetic moments, i.e. acts on the spin parts of the psi-function. 

We must stress that the exchange "interaction" is not due to any 
"force". It is a consequence of the uncertainty relation and the 
Pauli principle. We shall explain this by the following consider-
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ations. Assume that there is in general no interaction between two 
particles with a spin of 1/ 2 • One of the particles has the coordinates 
x, y, z with the indeterminacies /).x, l!:,.y, /),.z of the order of a, and 
the momenta Px, Pv• Pz with the indeterminacies ().px, ().py, !!:,.pz 
of the order of l!:,.p. According to the uncertainty relation 

/).x /).y /),.z ().px ().py 11pz '""' a11 (!1p)3 ,.., (2:tfi)3 

In accordance with formula (39.11), a phase volume of such a mag
nitude contains only one quantum state (without taking into account 
the spin of the particle). The Pauli principle allows two particles 
with antiparallel spins to be in such a state and does not allow two 
particles with parallel spins to he in it. Hence, two particles wit.h 
a given momentum p can approach each other to the di!-1tance a 
when their spins are antiparallel, and cannot approach each other 
to such a distance if their spins are in the same direction. There 
appears, as it were, a "repelling force" that keeps the particles from 
approaching to tho distance a. 

When the interaction between the particles is Coulombian, we 
have V (r12) = e2/r12 • Accordingly [see (49.4)1 

Q=J\ I1Jlm,(1)')lm,(2)! 2 ~dl'!dV2 (49.5) 
ru 

A= \ ~·~, (1) ')l~, (2) ...:.:._ lfm 1 (2) tJlm, (1) dV1 dVz (49.6) 
J r12 

The first integral, known as a Coulomb integral, has a simple physical 
meaning that becomes especially clear if we write it in the form 

Q= l (I '\l771 ,(1) l 2 e)dVt"(i1)l771,(2) l 2 e)dV2 = \ p1 dV1 .p2 dV 2 

J ru J ru r 

where p1 and p2 are the mean densities of the charge set up by the 
first and second charged particles, respectively. It can thus be seen 
that the Coulomb integral determines the "classical" part of the 
energy of electrostatic interaction of the particles. 

The inLegral (49.6) is called an exchange one. As already noted, 
it has no classical analogue. When the operator V takes into account 
only the electrostatic interaction between particles, the exchange 
energy is the part of the Coulomh energy of particle interaction that 
owes its appearance to the correlation of the motion of the two par
ticles due to the symmetry of the psi-functions. 

In concluding, we shall indicate that in all systems for which 
the relevant calculations were performed, Q and A were found to be 
positive. This shows that the energy of parastates (S = 0, see 
Sec. 48) is greater than the energy of orthostates (S = 1). 

We must note that the results obtained in this seclion relate to 
the case when the single-particle states 1Jlm, and '\jlm, are not identical. 
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If th~>.se states coincide, however Nm, == '¢m. =~ '¢), we must take
'¢ (1, 2) = '¢ (1) '¢ (2) instead of the function (49.2), while the func
tion (49.3) is identically equal to zero (see the footnote on page 221). 
In this case 

(49. 7)· 

which coincides with Q in formula (49.4). The e::-..change integra) A. 
is absent in this case. 

50. Second Quantization 

Second quantization is the name given to a method of calculations: 
employed in the quantum mechanic-S of systems consisting of a largo 
number of arbitrarily interacting identical particles. To understand 
the essence of this method, let us ftrst consider a met hod that can he· 
used to describe such a system in a conventional coordinate repre
sentation. 

Let us take an auxiliary system consisting of N non-interacting· 
particles in an external potential field U 0 • The eigenfunctions of the· 
stationary states of such a system can he used to expand the psi
function of a system of N interacting particles in an external arbi
trary field U. 

Let us designate by 
'¢1 (~). "l'2 (~), ... , '¢k (~), . . . (50.1)· 

the psi-functions of the stationary states of one particle in the field U0 

(one-particle functions). The letter ~stands for the set of coordinates
and spin projections of a particle. We shall assume that the system. 
(50.1) is orthonormalized and complete. 

We shall use the one-particle functions (50.1) to construct all 
possible functions describing the statiorwry states of a system of N
non-interacting particles in the field U 0 • Let us designate these· 
functions by 

(l=·1,2, ... ) (50.2)1 

where £; is the set of coordinates and spiu projections of the i-th. 
particle. \Ve shall also consider the system (50.2) to be orthonormal
ized and complete. The '''ay of constructing the functions (50.2)· 
from the one-particle functions depends on what particles Wfl have· 
to do with: for bosons this construction is performed in one way,. 
and for fermions in another. 

Now consider a system of N arbitrarily interacting particles i11; 
an external field U that does not coincide with U 0 • The psi-function 
of such a system 

(50.3~ 
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-can be expanded in the functions (50.2), i.e. written as 

\j; = L cz (t) 1j:)ol (50.4) 
l 

The functions (.50.3) and (50.4) are the psi-functions of a system of 
particles in a coordinate representation. . . 

Unlike the above scheme, the method of secoud quantlzatwn 
uses a different approach. Each of the particles of the auxiliary 
·system (see above) is in one of the states (50.1). The numbers 

(50.5) 

indicating what number of particles arc in the corresponding one
particle states at a given instant are known as occupation numbers. 
It is obvious that the sum of the occupation numbers equals the 
total number of particles: 

(50.6) 

It is not difiicult to see that the assignment of the set (50.5) of 
·occupation numbers completely determines the state of the auxiliary 
system, i.e. it is equivalent to setting the function (50.2). We can 
thus go owr from a coordinate representation to a representation 
-of the oceupation numbers, and instead of the functions (50.2) 
consider the functions 

'1jJ< 0 l (n1 , n 2 , ••• , nP., ... ) (50.7) 

We have not used the index l on '1jJ< 0> because the set of numbers 
Jl1, n 2 , ••• , nP., •.. itself determines uniquely the stationary state 
-of the system, i.e. plays the role of a state index. 

Substitution of the functions (50. 7) instead of (50.2) into (50.1) 
leads to the following expression: 

'lji = ~ c (nh n2, ... , t) ljJ<0> (n1, n2 , ••• ) (50.8) 
[n,,n,, ... ) 

:Summation is performed over all the possible sets of the numbers 
n1, n~ • ... , compatible with the requirement (50.6) and with 
the proper! ies of the particles. 

In accordance with the main principles of quantum mechanics, 
the quantity 

I c (n1 , n 2 , ••• , t) 12 (50.9) 

:gives the probability of the fact that at the instant t there will be 
1!1 part ides in the first state, n2 in the second, etc. 

The transition to the occupation number representation makes 
it necessary to introduce operators that can act on these numbers. 
It is customary practice to designate these operators by the letter a; 
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by a11 we designate an operator which when acting on the psi-function 
diminishes the number nk by one. and by at; an operator that in
~reases n11 by one. Accordingly, a11 is said to be an annihilation (or de
struction) operator (for particles in the k-th state), and at; is said to 
be a creation operator (compare with Sec. 27). Since the operators 
a11 and iii. act only on a variable n11 , their matrix elements must be 
written as follows: 

<n1, n 2 , ••• , nk -1, ... 1 ak I n1, n 2 , n 11 , ••• ) (50.10) 

<n1, n 2 , ••• , nk + 1, ... I at; I n1 , n 2 , nk, .•. ) (50.11) 

'Ve can express the operator of any physical quantity in terms 
of the operators a11 and a;; and thus go over to an occupation number 
representation. 

We mu!'t note that the method of second quantization may also 
he applied to systems with a varying total numLer N of particles, 
for instance to an assembly of photons. In this case, the terms "anni
hilation' operator" and "creation operator" acquire a literal moaning. 

In the present section, we have treated the general ideas of second 
quantization. In the following two ser.tions, we shall develop them 
as applied to bosons and fermions. 

51. Second Quantization Applied to Bosons 

By (!16.15), for bosons, the functiou (50.2) acquires the form 

tPn,, n,, ... , n8 =A 2: tPm, (~!) tPm, (~2) • • • tPm N (~N) (51.1) 

where 

(51.2) 

m 11 is the number of the state in which the particle numbered k is, 
and n11 is the number of particles in the state numbered m11 • The sum 
is taken over all the non-coinciding permutations of the numbers 
m1, m2 , ••• , mN. Consequently, the number of addends is 
.N!/(n1! n2 ! ... I n8 !). The value of s is generally less than N and 
is determined by the relation 

n1 + n2 + . . . -+· n, = N (51.3) 

Of the N functions tPmi that are factors in (51.1), only s are not iden
tical. 

Let us introduce an operator Qk" acting only on functions of the 
coordinates of the k-th particle. From N identical (i.e. relating 



236 QUANTUl\! MECHANICS 

to the same physical quantity) operators Qlt, it is possible to con
struct the operator 

~ N ~ 
Q - "' Q(l) 1- .-. 11 (51.4) 

k=l 

that is symmetric with respect to all the particles. Similarly, from 
the operators Q\.2/ acting on the coordinates S1< and £1 of two particles, 
it is possible to construct the operator 

etc. 

N 
Q~ '\1 Q~(2) 

z= LJ hi 
k,l=l 

(51.5) 

Let us establish the form of the matrix elements of the operator 
(51.4) evaluated with the aid of the functions (51.1). Since 

N N 

Na I Qt1~'13) = < ljla j ~. Q/t11'13> = ~ Na I Q}."'¢11) 
h=l k=l 

(51.6) 

we shall first find the matrix element of the operator Qku. This ele
ment can be written as follows in Dirac notation: 

(n;, n~, ... I Qku I n1, n2 , ••• ) 

=A' A(~' 1jlm; (£t) · · . 'Pm;. (~k) · · · 'Pm]v (£N) / ~ 'Pm, (st) · · · 

(51. 7) 
where 

(51.8) 

(n~ + n~ + ... + n; = N), the coefficient A is determined by 
formula (51.2). The primed sum (''': ') is taken over all the non
coinciding permutations of the numbers m;, m~, ... , m]v, and 
the unprimed sum (~) over all the non-coinciding permutations 
of the "numbers m1 , m 2 , ••• , mN. Both permutations are performed 
independently of each other. 

, Before continuing our treatment, let us determine the properties 
of a scalar product of the products of functions. Assume that 
fP (x" x2) = rp1 (x1) rp 2 (x2 ), and 1p (x1 , x 2 ) = 'h (x1) 1p2 (x2). Hence, 
by (7.7), we have 

(<rt (xt) 'P2 (x2) I 'Pt (xt) '¢2 (x2)) = j <p; (xt) <p; (x2) 'Pt (x1) ¢2 (x2) dxt dxz. 

= j <p; (xt) '¢1 (xt) dx1 j <p: (x2) 1P2 (x2) dx2 

= ('Pt (xt) I '¢t (xt)) (<p2 (x2) I ~'2 (x2)) (51.9) 
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The same result is evidently obtained with any number of factors. 
With account taken of the property (51.9), expression (5'1.7) 

can be given the form 
A 

(n~, n~, ... , n~ I 0~11 I n~o n 2, ••• , n,) 

=A' A~~~(~';,, (~t) l'l'm, (~t)> .•• 

X Nm~ (~") I Qi.u'l.m" (~")) • • • NmN (sx) I 'l'mN (sN)) 

-A'A~'~8 Qcu 8 
- ....._ ~· m:,ml •.. mk,, mit ... m/.;, mJ.V (51.10) 

where 

(.'i1.11) 

We have taken advantage of the orthonormalized nature of the func
tions '\(lm (~). In calculating scalar products, integration is performed 
over space coordinates, and summation, over a spin variable. 

Expression (51.11) is a number whose value is determined not by 
the number of the operator and of the variable £, but by the values 
of the indices mit and m". Indeed, the structure of all the Ql..u's, by 
assumption, is the same, so that, for example, the functions 
Qt'l(lmk (~1) and Q~"'¢mk (£ 2) differ only in the designation of the 
independent variable. The scalar product of the functions is the 
integral 

Nm;, (£").I (JA1''¢mk (£")) = 1 'ljl~;, (£11) 01:1'1Pm" (£") d£" 

whose value does not depend on the designation of the integration 
variable. Consequently, no matter what the number of the operator 
and the coordinate is, the value of the number (51.11) is determined 
only by the values of the state indices mit and m" [generally speaking, 
'IJ1 (£), '1' 2 (£),etc. are different functions]. Formula (51.11) can thus 
be written as 

(51.12) 

If we also introduce the notation mit = i and m 11 = f, we arrivt> at 
the formula 

(51.13) 

\Ve must stress that k is the number of a particle and of an operator, 
whereas i and j are numbers of states. 
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It follows from expression (51.10) that only the addends of the 
double sum in which m~ = m.1 , ••• , m~-t = m~r._ 1 , ml.+t = 
= mk +~> ... , m/v =-- m.v will be non-zero. As regards the k-th 
faetor, it may be non-zero both when m;. = m~r. and when mk ==F mk. 
What has been said above signifies that the matrix element (51.10) 
will be non-zero only when the 1st, 2nd, ... , (k -1)-th, 
(k + 1)-th, ... , N-th particles cfo not experience a transition 
to other states, whereas the k-th particle either remains in its initial 
state (mk = m~r.) or passes from the state mk to the state mi. = 
= m 1 =I= mh. In the f1rsl case, all tlw numbers n1, n2, ... , n1, ... 
. . . , n 1, ••• , 11.8 remain UJiehanged, nnd in the seeond case, the 
number n,. diminishes by one, the number n 1 grows by one, and the 
remaining numbers remain unchanged. 

Hence, only matrix elements for transitions without a change in 
the numbers 11 1 , n 2 , ••• (diagonal elements) and for transitions
in which one of these numbers diminishes and the other grows by one 
(here only one particle changes its state) can be non-zero. 

In accordance with the above, for diagonal elements only those 
addends of the double sum (51.10) will be non-zero in which all 
the primed inrlices coincide with the unprimed ones. If we retain 
only such addends, the double sum transforms into a single one, 
and we arrive at an expression for a diagonal matrix element 
(D.l\LE.) 

D.:\l.E. = (n 1, n2 , ••• , fls I Q),11 I n 1, n2 , ••• , n.) 

- A2 '' .~: Qn' .~: (51 14) - _ um .. m1 • • • m 11 ,mk •· · UmN,mN • 

(it is not difficult to see that in this ca!'e A' = A). The sum is evalu
ated over all the non-coinciding permutations of the pairs of indices. 

""e must note that when performing the permutations, each par
tide figuring in expression (51.1) remains in its place, and only the 
indices mi exchange places. The same relates to expression (51.14). 
The operator Q'k" is "bound" to the particle numbered k, therefore 
in ail the addends, the factor Qi.:~. mk is in the k-th place. Among 

the addend8 of the function (51.1) that are to the right of Qi." in 
(51.10), there are addends including the factor 'llm~r. (~~r.) with all 
possible Yalues of the subscript m,. Accordingly, the sum (51.14) 
also c.onlains addends with all possible values of the indices m~r., m 11 • 

This signifies that the indices which are on Q< 1> in (51.14) participate 
in the permutations. . 

Assume that among the N values of the indices m1, m2, ... , mN 
there are n1 of them that equal 1, there are n 2 that equal 2, and so 
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on. Hence, in a more expanded form, expression (51.14) can be
written as follows: 

D.M.E. = [A2 ~ 6m" m, ... Q~~> ... 6mN, mN 

+ A 2 '\' .1! Q(l) 6 + 
~Um"mt•·· 22 ••• m1V'mN 

... + A2 L Om,, m1 ••• Q~!) ... 6mN, mN} (51.15) 

[recall that the value of sis determined by relation (5'1.3)]. In each. 
of the sums, the factor o;·,·' Q~·;. etc. is in lite k-th place. ' 

Let us find the number of addends in each of tho s sums. We shal1 
begin with the first sum in which all the addends equal Q~~~. One 
of the n1 pairs of indices 11 is "bound" to Q~'; (it can exchange places. 
only with another pair of the same kind at one of the 15 11 's, but such 
an exchange does not result in a new permutation). The remaining: 
n1 - 1 pairs of such indices participate in the permutations (say, 
one of the fac.tors 15 11 exchanges places with 622 or 63 a, etc.). Alto
gether, N - 1 pairs of indices participate in the permutations. We· 
thus conclude that the number of addends in the first sum is. 
(N - 1)!i[(n1 -1)! n2! ... n.!]. All the addends are identical 
and equal Q~~>. Hence, the first term in (51.15) with account taken 
of the value of A 2 is 

n 1! n 2! ... n8! (N -1)! Q<ll = ~ Qll> 
N! (n1 -1)! n21 ... n8 ! n N 11 

Similar reasoning leads to the conclusion that the second term is 

etc. 
Therefore, the diagonal rna trix element determined by expres

sion (51.14) is 

This element does not depend on the index k. Consequently, all N 
addends in (51.6) are identical, so that to obtain a diagonal matrix
element of the operatot· (51.4), it is necessary to simply multiply 
(fi1.16) by N: 

·' 
(nt, nz, · · ·' ns I Ot I nt, nz, · · ·, n.) = ~ n;QW 

i=l 
(51.17} 

Now let us pass over to evaluating the matrix elements corre
sponding to the transitions of one particle. In such a transition, n11: 
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-diminishes by one, and n 1 grows by one. Therefore, a matrix element 
:(M.E.) has the form [see (51.10)1 

'M.E. = (nh .•. , nk -1, ... , n1 + 1, ... , n 8 I Q~n I nh ... , nk, 

A'A">''\' ~ Q<u ~ .... ' n,, ... 'n.) = I / Um' m . . . m mk ••• u , 
.. ·- ...._ I' 1 l' mN, mN 

(51.18) 

~where, by (51.13), 

Qi.:;. mk = Nm1 (6) I Q(l)'l1mh (~)) = Q1~' (mr =I= mk) (51.19) 

Let us determine which of the addends in the double sum (51.18) 
·are non-zero. Assume that in the function to the right of the operator 
in the matrix element, n1 factors have the index 1, n2 -the index 2, ... 
. . . , nk-the index k, ... , n 1-the index l, ... , n8 -the index s. 
Consequently, in the function to the left of the operator there are 
.n1 factors with the index 1, n2 with the index 2, ... , nk - 1 with 
the index k, ... , n, -1-- 1 with the index l, ... , n. with the index s. 
Let us consider such addends in which as a result of the permutations, 
the indices m 1 and mk acquire identical values, for instance, the 
iactor Q~~l or Q~~l, etc. was obtained (remember that m 1 is equivalent 
rto m/.). Hence, among the other factors there will be 

Okk • • • {jkh{jlk •. · Ozz • ·• {jlZ{jlJ (51.20) ....__....,.. _ ___, 

nk- l nl 

where i =1= k and j =1= l. This is due to the circumstance that among 
the first indices in Ou only nk - 1 have the value k, whereas among 
the second indices in it n,. have the value k. Similarly, among the 
iirst indices in &u, n 1 .;... 1 have the value l, whereas among the 
·second indices in it n 1 have the value l. The symbols &ih and &ll 
-equal zero, so that the corresponding addends of the double sum 
must be discarded. 

Let us consider the addends containing, for example, the factor 
·Q1c:' .. These addends, in addition to the factors (51.20), also include 
factors of the form &il and &21 (here i =I= 1 and .i =I= 2). These addends 
will also vanish. We conclude from the ahove that only the addends 
.·of the double sum in which the first index on Q< 1> is l and the second 
is k can be non-zero. But in this case, the addend, for example, 

-will have the form 

8u ... Ou ... 8hh •.• 8kh · · · Qzk • • • 8u · • · 611 • • • {jss • • • l)ss .._--.,...__, .._~ "--....-~ 

Hence, if we retain only the non-zero addends, expression (51.18) 
.becomes 

(51.21) 
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The sum is taken over all the non-coinciding permutations of the 
pairs of indices on the factors 8. The total number of these pairs 
is N - 1; among them are n1 pairs of indices 11, n2 pairs of indices 22, 
n11 - 1 pairs of indices kk, ... , n 1 pairs of indices ll, and n. pairs 
of indices ss. Consequently, the number of addends in the sum (51.21) 
is (N - 1)!/[n1! ... (nh - 1)! ... nzl ... n.!]. All the addends 
are identical and equal Q~;. mk = Qlf. Taking into account that 
A' = [n11 ... (nk -1)1 ... (n1 + 1)! ... n8 1/N!j112, and A = 
= [n1! ... nltl ... n 1! •.. n.!INI]112, we obtain the following 
value for the matrix element (51.·18) (for brevity, we shall indicate 
only the occupation numbers that undergo a change): 

(nk -1, nz+11 Q't.0 Ink, nz) 
= rnl! 0 0 0 (nh-1)! 0 0 0 (nz+1)1 0 0 0 ns!Jl/2 [ nr! 0 0. n~t! ... nt!. 0. ns! ]1/2 

L N! N! 

(N-1)! Q<ll 1 v ( 1) Q(\) 
X nt! ... (n~t-1)! ... nt! ... ns! lh =N nh nz+ lk 

Recall that the value of Qlftl does not depend on the number of the 
operator Q( 1J; it is determined by the stale indices land k [see (51.13)1. 
The latter, in turn, are determined by the values of the occupation 
numbers that undergo a change in a transition. Consequently, as for 
diagonal elements, all the addends in (51.6) are identical and for 
a matrix element of the operator (51.4) we obtain the expression 

(nl! -1, nz + 11 Ot In,, nz) = )' n" (nz + 1) Ql~J 
This formula can be given a symmetric form by replacing n1 with 
n 1 - 1 (this signifies that we designate the number of particles which 
were in the state m1 before the transition by n 1 - 1): 

(n"-1, nzl Otl n,, nz-1>=VnkntQ!f (31.22) 

Our next task is the evaluation of the matrix elements (51. '17) 
and (5'1.22) for the annihilation and creation operators acting not 
on functions of the coonliuales (like Q'K" and Q1), but on the occupa
tion numbers nl> n 2 , ••• (sec Sec. 50). 'Ve define these operators 
with tho aid of the followi!lg relations: 

(51.23) 

(51.24) 

[compare with (27.5) and (27.6)]. The operator all, by acting on a 
function, replaces the index nit with nk - 1, i.e. reduces the number 
of particles in the state k (previously we said in the state mit) by one 
(in addition, it multiplies the function hy V n11 ). It is therefore called 

16-0196 
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the operator of particle annihilation in the k-th state. The operator 
dk replaces the index n11. with n.11. + 1, i.e. increases the number of 
particles in the state k by one (in addition, it multiplies the function 
by V n11. + 1). This is why it is called the operator of particle creatioli 
in the k-th state. · 

The consecutive application of these operators yields 

~· <~ ·" > _ 1/n- ~··~· II. II. 'Yn,, ••. , nk, • • • - V 11. II. 'Ynh ••• , nk -1, ••• 

= V nk V nk ~n .. ••• • nk• ••• 

Hence, 

~k·~ •h =n '" k 'tn., ... , nk• • • • k 't'n., ••• , nk, ••• (51.25) 

This signifies that the consecutive application of the operators d11. 
and dk does not change the number of particles in the k-th state, 
while the function is multiplied by n~~.. On the basis of (51.25), we 
obtain the following value for the product of the operators: 

(51.26) 

Accordingly, the operator aka h. is called the operator of the number 
of particles in the k-th state. 

We can show in a similar way that 

(51.27) 

Inspection of (51.26) and (51.27) shows that the commutator of 
the operators d11. and ak equals unity: 

(51.28) 

[compare with (27.8)]. 
It is quite simple to convince ourselves that the following relations 

are correct: 

(k =F l) (51.29) 

(51.30) 

(51.31) 

Expressions (51.28) and (51.29) can be combined into a single expres
sion 

(51.32) 
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From the definition (51.23), we obtain the following formula for 
the matrix elements of the operator a, (in the designation of t.he 
matrix element we indicate only the numbers that undergo a change): 

{n,-11 ~k I n,)=N ... n"-1 ..• I;,'¢, .. nk •• .> 
= (1P ••• nk-1 ..• J V nk 1P •.• nll-1 .. .} = V nk 8nk-\, nk-1 = 11 nit 

Using a different designation of the matrix elements, we can write 

(~k)n,- 1, nk = (nk -1 I ;,, I n") = V nk (51.33) 
Similarly 

(51:54) 

It is not difficult to verify that the matrix elements of the operator 
(51.26) equal 

(51.35) 

It can be seen from (51.33) and (51.34) that the operators a, and 
at are Hermitian conjugates of each other. Indeed, by (51.33), we 
have (a 11 )nk, n"+I = Y n11. + 1. A comparison with (51.34) shows 
that 

(aJ;)nk+l, nk = (ak)nk• nk+l 

Since both matrices are real, they satisfy the condition (9.21) for 
Hermitian matrices. 

The consecutive application of the operators at and dk to the 
function '¢n1, .... nk ... . , n1_1, ... yields, by (51.23) and (51.24), 

the expression Y n,nl'IJ'n1 , ••• , nk-b •• .• n1, •• •• Consequently, 

{n"-1, nzl ~t;11. Ink, n1-1) 

= V nknl ('¢n,, ... , nk-1, .. . , n1, ... I '¢n, ... , nk-1, ... , nl' .. . ) 

= V n,n1 (51.36) 

The consecutive application of the operators a;a" and atd" to the 
function '¢n1 , .• ,, nk, .• .• nz-I •.. . , np• .. . , n,-l, ... yields the expres-

sion V nkn zn1,n, '¢n1 , ••• , nk-1, , .. , n1, ... , np-lt •.. , n, , . . .. Hence, 

{n"-1, nz, np-1, n, I ~;~P;t;, In", nz-1, nP, n,-1) 

= 11 nknznpnr (51.37) 

We must note that in view of (51.29)-(51.31), the operators in (51.37) 
may be written in any sequence. 

We have brought to light the properties of the operators a, and 
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at; that we shall need in the following. To complete the transition 
to the representation of the occupation numbers, we must learn 
how to express the operators of any physical quantities in terms of 
the annihilation and creation operators. 

Let us begin wiLI1 the operator (51.4). We shall show that it can 
be represented in the form 

(51.38) 

where Qlj' is a number determined by formula (51.13). Summation 
is performed over the indices i and j within the limits from 1 to N 
so that the sum consists of N 2 addends. 

We find the matrix element of the operator inside the sum sign 
in (51.38). Having in view that QW are simple numbers, we obtain 

M.E. = (nk -1, n1J.~ Qjj'a"t~ J nk, nz-1) 
i' i 

=" Q\j>(nk-1, n1, n1-1, ni I ~t~1 Ink, n1-1, n1-1, nJ) (51.39) 
j' j 

Since the operators at and a1 act on n; and nh we have indicated 
the~e numbers in the state indices. We are calculating the matrix 
element for transitions with a change in only the numbers nk and n 1• 

Therefore, the occupation numbers with the indices i and j on the 
right and the left have been taken the same. For convenience, the 
number of particles in the state i has been taken equal to n; - 1. 
We transform the expression obtained with a view to (51.36): 

M.E. = LJ. Q1? V n 1n1 (nk -1, nt. n 1 -1, n1 Ink, n1- 1, n1, n1-1) 
l'] 

Of the N 2 addends of the last. sum, only the one for which i = l 
and j = k is non-zero1 • Consequently, 

M.E. = V n1nk Qa' (51.40) 
This result coinciilcs with (51.22). 

Now let U"> calculate the diagonal matrix element: 

D.M.E. = (n 17 ... , n 1-1, ... , n1, ... J2: QW~t~1 J n1, 

' i' j 

... ,n1-1, ... ,n,, ... )=~QWVn1n1 (n 17 ... ,n1-1, 
i' i 

1 On the face of it, the quantity ll<nk-l• nz• ni-l• nk ,, Ink• ni-l• "I' nk-1' 
must be zero because formally the "indices" differ in the sequence in which 
the numbers forming the index on II are arranged. But a change in the sequence 
of these numbers signifies only a chan~ in the sequence of arrangement 
of the factors in formula (:11.1), which evid£>ntly does not chang<' the func-
tion 1jJ itself. · 
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In the last sum, only those addends are non-zero for which j = t. 
Therefore, 

D 'I E "' Q<u .a . • = ..:....J n, ii 
j 

that coincides with (51.17). 
It can be seen that the matrix elements corresponding to the 

transitions of two and more particles are zero. 
vVe have thus convinced ourselves that the matrix elements of the 

operator (51.38) coincide with those of the operator (51.4). Conse
quently, it is legitimate to represent the operator Q1 in the form of 
(51.38). 

We shall give the expression for the operator (51.5) in the occupa
tion number representation without a proof: 

(51.41) 

where 

(51.42) 

(s' and 6" are two independent variables, and Q< 2> acts on hoth these 
variables). 

Now we can express the Hamiltonian of a system of N identical 

particles in terms of the operators at and ~j· If the particles do not 
interact with one another, the Hamiltonian is determined by the 
expression 

N N 

ii = ~ [ - ')nz vr. + u (sk>] = "'ilk!) _ -mo LJ 
(51.43) 

k=l h=l 

[see (.'JG.J)]. Here U (61,) i~ the potential energy of the k-th particle 
in an external stationary field. This operator belongs to the type 
of (51.4). In our case 

(51.44) 

In accordance with formulas (51.38) and (51.13), we have 

H = ~ Hlj'dt~, (51.45) 
i' j 
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where 

Hlj, = Nm; (s) I H<1>~:m1 (~)> 

Expression (51.45) is exactly the Hamiltonian of a system of non
interacting particles in the occupation number representa.tion. 

If we take as the functions <Pmk (~k) the eigenfunctions of the 

operator (51.44), i.e. functions satisfying the equations 

ll),'lll1m11 (~h)= Em 11 1l'mk (~k) 

then 

Hg' = Em1 «Pm; lll1m1) = Em/Jmi, m1 

Introducing this value into formula (5'1.~5), we obtain 

Recall that Em1 is the energy of the state which the j-th particle 

is in; the operators aj and a1 act on the coordinates ~~ of this par
ticle. \Vith a view to (51.26}, we can write that 

~ '\1 
H =~ Em1n,=E 

1 

where E is the total energy of tho system. We have obtained a trivial 

result: the aetion of the operator fl on its eigenfunction consists 
in multiplication of this function by E. If we had selected the func
tions ~~mk in a different way, we would not have obtained such a 

result. For instance, by taking as <Pmk the eigenfunctions of the 

operator -(!i2/2m0 ) v·t, i.e. the functions satisfying the equation 

!i2 
- 2mo V2ljlm" = E;,k 'vmk 

we arrive, as can readily be verified, at the following expression for 
the Hamiltonian: 

For a system of particles Let ween which I here is pairwise inter
action, the Hamiltonian has the form 

H = ~ nr,u + ~ ~ U'kr (~k• st) = fi 1 + ir, (51.46) 
II. k*l 
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[see (51.43)]. The first term has the form of (51.4) ;'the second, of 
(51.5). We have already obtained expression (51.45) for the first 
term. For the second term, by formulas (51.41) and (51.42), we have 

where 

~ 1 
H~=- 2 

(51.47) 
i. p, j, r 

[the condition k =1= l V.Titten in (51.46) under the sum sign is taken 
into account by the fact that integration in calculating (51.48) is 
performed over the two independent variables £' and sn]. 

Hence, for pairwise interactions, the Hamiltonian is· the sum of 
expressions (51.45) and (51.47). If we want to take into account the 
energy of triple interactions, we must add the operator fi 3 , which 
,wilJ be represented by the sum of the products of six operators a, 
and so on. 

The formulas we have obtained can be written more compactly 
with the aid of the following formal procedure. We in.troduce the 
operators 

(51.49) 

where the variables G are treated as parameters. Let us act with 
the operator ,p (;) on a certain function ~~n,, n •• .... ns (recall that 
the sum of the indices is n1 + n2 + ... + n8 = N). The result is 
a new function determined by the expression 

The sum of the indices on ~' in each of the addends will be less by 
one than the sum of the indices on the initial function. Consequently, 
the new function describes a system of N - 1 particles. The opera tor 
~ (s) thus diminishes the total number of particles in a system by 
one. We can convince ourselves in a similar way that the operator 
~~+ (s) increases the numbor of particles in a system by one. 

Let us form the expression 

(51.50): 
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[the operator Q<1J is understood to act on the parameter ~]. Substi
tution of expression (51.49) iuto (51.50) yields 

Qt = j { :2>1)~ 1 (s) ~t} Q<IJ { ~ '~m, (s) ~,} ds 
i j 

= ~tit~} J ~~~ (£) Q(I) ~Jmj (£) d£ 
i, j 

i. j i' j 

A comparison with (51.38) shows that expression (51.50) is equivalent 
to the operator Q1 in the occupation number representation. 

The operators Q2 , Q3 , etc. can also be expressed in terms of the 
operators (51.49). For example, 

(51.51) 

Using formulas (51.50) and (51.51), we can write expression (51.46) 
of the Hamiltonian in the representation of the second quantization: 

fl = ~ ,P+ {S) H(IJ,jJ (£) d£ 

+ ~ ~ J ,P+ (£') 1~+ (£") U<2J~ (£") 1)i (£') d£' d£" (51.52) 

To understand the origin of the term "second quantization", let us 
consider the following example. Assume that a system of N painvise 
interacting bosons is in a state in which all the particles are in the 
same one-particle state ~m (£) [this signifies that all the mi's in the 
function (51.1) are the same and equal m]. We shall consider that 
the iunctions ~m are normalized as follows: 

(51.53) 

[it was assumed in (51.1) that the ~m's are normalized to unity!]. 
To determine the coefficient. A in (51.1), we equate the scalar square 
of the psi-function to unity: 

1 = A 2 <~m (st) ~m (sz) ... ~m (SN) I ~m (st) ~m (sz) . · . '~m (sN)) 

= A2(1Pm (st) I ~m (st))(1Pm (~z) I ~m (sz)) ... <~m (£N) I ~m (sN)) = A2NN 

[by (51.53), each of the N factors equals N]. Hence, A = 1/V NN. 
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The Hamiltonian of the system is determined by expression 
(51.46). Let us find the mean value of the system's energy: 

<E> = N I 1111') 

= :N { ~ <'I'm (st) · • • ~'m (£,) · · · I H\0 ~'m (St) • • • lPm (£,) · · . ) 
i 

i' j 

· · · I U iJ (6,, §,)'I'm (st) . · · lPm (£,) . · . 'Pm (6,) ... ) } 

= :N {~<'I'm (st) I 'I'm (~t)) · · · <'I'm(~,) I H~0 ~'m (£,)) ... 
i 

i. i 

X <'I'm (St) ~'m (£,) !Uu (6,, SJ) 'I'm (6,) 1l'm (sJ)) · · ·} 

= NlN { ~ NN-I <'I'm (6,) I H\ 0 'i'm (£,)) 
i 

1 N 2 } + 2 ~ N - Nm (£,)'I'm (sJ) I U11 (£,, U lPm (£,)'I'm (sJ)) . 
i, ; 

All the addends of the sum over i are identical, their total number
is N. Similarly, all the addends of the double sum over i and .i are· 
also identical, their total number is N 2• We thus arrive at the expres-· 
sion 

(E) =<'I'm (6) I Ff(l)'i'm (6)) 
1 l' ~ + 2 Nm (s,) 1Pm (~J) I u ij (~i• ~J) li'm (s,) lPm (~J)) = J 1p* m H(l)"' (~) d£ 

+ ~ j j II'*<~'),,, ... W) u w. £"> ,,, <£"> I'' (n d;' d~" (51 . .1-'1) 

(we have dropped the index m on 'iJ as superfluous). 
Expressions (51.52) and (5'1.5~) are very similar to each othN in· 

their appearance. If in (51.54) wo replace the energy with its operator,. 
the function 'iJ with the operator ~. and the function '):* with the 
operator"'+, this expression willtransfonn into (51.52). Hence there· 
follows a useful rule for finding tho Hamiltonian in the representation 
of second quantization: one must write the expression for the mean 
energy in ter-ms of the psi-function ''' of an individual particle [nor-
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rmalized in accordance with (51.53)], and then perform the replace· 
·ments: · 

'll* m -+ ,P+ <s) 

where ~) m and ,P+ m are determined by formulas (51.49). 
Replacement of the function ljJ with the operator '¢ underlies the 

·term ''seeond quantization". In conventional ("first") quantization, 
·ph~·~ical quantit il's are rrplaced with operators, in second quanti
:za t ion, psi-fuuct ions are replaced with opera tors. 

52. Second Quantization Applied to Fermions 

In accordance with (46.16), for fermions, the function (50.2) has 
·the form 

~;n,, n., ... =A L Bm,, m,, ... 'm N 1~mt (st) 'Pm. (s2) .•. 'Pm N (sN) (52.1) 

·.where 
1 A=--

YNI 
(52.2) 

The sum is taken oYer all the permutations of the numbers m1, 

.m2 , ••• , ms. Among these numbers, there are no identical ones 
because if even two indices are identical, the symbol em1 , m 2 , ••• , mN 

is zero (this signifies that there cannot be more than one particle 
in a state with the given m). The sign of c: depends on the number 
.of disorders in the permutation of the indices (a disorder means that 
.a greater number is ahead of a smaller one). With an even number of 
disorders, f = +1, with an odd number, c: = -1. Remember that 
disorders are absent when the inequalities m1 < m 2 < ... < mN 
.are observed. 

The occupation numbers can now have only two values: 0 and 1. 
Values greater than 1 are forbidden by the Pauli principle. 

Let us use the functions (52.1) to find the form of the matrix ele
·ments of the operator 

(52.3) 

.:!see (51.4)]. As for bosons, 

N 

{Qt)o:ll = ~ (Q~i))o:p 
k=1 

(52.4) 
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[see (51.6)]. We therefore first calculate tbe matrix elements of the 
opera tor Ql.0 • They are 

I ~ ( 1) 
(n;, n2, · · · I Qk I ni' n2, · · ·) 

= A 2 ~',L emf• m~• •. • • • mJ.,.em,' m,• · • ·' mN <lPmf (f;i) I 'IJlm, (s.)) 

~ ( 1) 
· • ~ Nmk (Sit) I Qk 'Pmk (~k)) · · · <1PmJ... (SN) llPmN (sN)) 

-(52.5) 

where Q~l, mk is determined by formula (51.12). In the given case, 
the coefficient A' always equals the coefficient A [see (52.2)]. 

The express~on we have obtained differs from (51.10) only in the 
presence of the factors e. For the same reasons that were revealed 
in Sec. 51 in discussing formula (51.10), the matrix elements (52.5) 
can be non-zero only for transitions without a change in the occupa
tion numbers (diagonal elements) and for transitions in which only 
one particle changes its state. One of the occupation numbers, say 
nk, diminishes from 1 to 0, and another one, say nz, grows from 0 
to 1. 

For diagonal elements, expression (52.5) has the form 

D.M.E. = A2 ~ (emlt m2 , ••• ,mN) 2 6m1 , m1 •• • Q~~. mk • • · 6mN, mN 

(52.6) 

Since (e ... )2 with any permutation of the indices equals +1, 
expression (52.6) coincides with (51.14). Con:::equently, the final 
result will also he the same, i.e. the diagonal matrix elements are 
determined by the formula [see (51.17)1 

(52. 7) 

(since the numbers ni now equal 1 or 0, the sum may be extended 
to all possible single-particle states). 

Consider a matrix element corresponding to a transition of one 
of the particles from the state mk to the state m 1. We shall consider 
for determinacy that m 1 > mk. In such a transition, nk changes its 
value from 1 to 0, and n 1 from 0 to 1. Consequently, the matrix 
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element has the form 

A(1) 
(nk = 0, nz = 1 I Qk I nk = 1, nz = 0) 

- A 2 ,--. e 
- ~ mt, ... , mk-t• mh+t' ·• ., ml-l' mz, ml+I' • •• 

X Em., ... , mh-t, mit, mh+t . ... , m1_ 1, ml+t' •.. 6m-. ms • • • 

(52.8} 

In the function to the right of t,he operator in (52.8), the factor 
'i'mk (h) is present, but the factor '~mz (~k) is absent. In the function. 
to the left of the operator, the factor 'i'mk (£k) is absent, but the· 
factor ~,m! (£ 11 ) is present (the k-th particle passes from the state '~m" 
to the state '¢m1 in which no particle has been before this). 

Assume that the initial permutation of the indices in the function 
to the right of the operator contains no disorders, i.e. 

m1 < m2 < ... < mk-1 < mk < mkH < 
... < mz-1 < mr+I < · · · (52.9} 

Now in the initial permutation of the indices in the function to the· 
left of the operator, 

(52.10} 

disorders appear because m 1 > mk. The number m 1 is greater than 
mkH• mk+2• ... , mz_2, m 1_1. Consequently, the number of appear
ing disorders equals the number of indices in the permutations having 
values greater than mk and smaller than m 1. This number evidently 
equals the sum of the occupatio11 numbers of all the states from the· 
(k + 1)-th to the (l - 1)-th, iuclusively: 

l-1 

··- '\' n •- ~ a 
s=l<+l 

(52.11)· 

(if an intermediate index is absent, the corresponding occupation 
number vanishes). 

Hence, if the second factor e... in (52.8) is +1, the first factor 
e ... has the value ( -1)v, where vis determined by formula (52.11). 
It follows that the product of the symbols c in (52.8) at any permu
tation of similar pairs of indices has the same value equal to 

1-1 

~ na 
( -1)'' = ( -1)s=lt+1 (52.12) 
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"The number (52.12) can be written in a more convenient form: 
1-1 

(-1)v= [] (1-2n,) 
s=h+1 

(52.13) 

Indeed, the faetors for which n 8 = 0 are +1, and those for which 
n 8 = 1 are -1. Consequently, expression (52.13) will contain the 
same number of factors equal to -'1 as expression (52.12) does. 

Hence, the product F ... t: •.. in (52.8) for each of the addends has 
.a value equal to (52.13). Putting this factor outside the sum sign, 
we obtain 

~ (1) 
{nh = 0, nz = 1 I Q,, I nh = 1, nz = 0) 

1-1 

=A2 0 (1-2n,)~6m.,m,l5m.,m •... Qzk> ... 15mN,mN (52.14) 
s=h+1 

i compare with (51.18)1. The sum is taken over all the permutations 
·of the pairs of indices, among which there are now no coinciding 
ones. Only the indices on Q< 1> do not participate in the permutations. 
'The number of indices that do participate in them is therefore 
N - 1. Renee, the sum in (52.14) consists of (N - 1)! identical 
addends equal to Qlk). Taking into account the value (52.2) for A, 
we thus conclude that 

~ ( 1) 
{nh=O, nl=11 Q,. I n,.=1, n1=0) 

1-1 

= N1! II (1) (1-2n.)(N-1)!Q1h (52.15) 
s=k+1 

Recall that the number Qlf does not depend on the number of 
the operator Qi." and is determined only by the indices of the initial 
and final states [see (ii 1.13)]. This is why we obtain a rna trix ele
ment of the operator (32.3) by simply multiplying (52.15) by I\': 

1-1 
~ n (I) (nh=O, nl=1IQ1 Inh=1, nl=0)= . (1-2n.)Qzh (52.113) 

s=k+1 

We have assumed that m1 > rn". If m 1 < rn,., the coefficient in 
k-l 

(52.16) must be taken in the form rJ (1 - 2n,). 
S=l+i 

Let us establish how the annihilation and crea t io11 operators 
must be determined for fermions if we want the operator (52.3), 
being expressed in terms of these operators, to have the same form 
as for hosons, i.e. if the equation 

~· '\' (I)~+~ 

Q1 = -:--. Qii a; a1 
1, } 

(52.17) 

see (51.38)] is to be observed. . 
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Since QW are simply numbers, a matrix element of the operator 
(52.17) has the following form: 

~ (1)~ +~ 
(nk = 0, n, = 1 I L Qi; ai a1 I n 11 = 1, n, = 0) 

i' j 

The expression obtained coincides with (52.14) if we assume that 

(nl>. = 0, n, = 1J~t~1 Jn11 = 1, n, = 0) 

f 

1-1 

n (1- 2n,) when i = l, j = k 
l=k+! 

=1 (l>k) 
0 when i =I= l 

l or j=l=k 

Hence, the operators must satisfy the condition 
1-1 

(52.19) 

(ni>.=O, n,=1J ~t~k I nl>.=i, nz=O)= n (1-2n,) (52.20) 
s-k+t 

This condition will be observed if we determine the operators with 
the aid of the following relations: 

k-l 

~k'IJln,,n,. ... ,nk• ..• = fJ (1-2ns)'i'n1 ,n,. ... ,nk-1, ... (52.21) 
s=l 

k-1 

~k'IJln,,n,, ... ,n 11 , ••• = [J (1-2n,)'Pn,,n., ... ,nk+J, ... (52.22) 
•~1 

where n, stands for the occupation numbers of the function which 
the operator acts on. Indeed, by consecutively applying the operators 
determined by these relations to the function 'ljJ for which nk = 1 
and n1 = 0, we obtain a train of transformations 

k-1 

~{~k ¢nit= I, n1=0 = ~{ n (1- 2ns) 'i'nlt=O, n1-o 
s=l 

k-! 1-1 

= n (1- 2n,) IT <1- zn,) "Pnlt~o. n,-t (52.23) 
s=! s=! · 

The factor numbered kin the second product [J equals +1 so that the 
6 

psi-function which the operator ai acts qn corresponds to the state 
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with n11 = 0. The right-hand side of relation (52.23) can therefore· 
be transformed as follows: 
k-1 1-1 

[J (1-2n8 ) [J (1-2ns) 
s=t s=l 

k-1 l-1 1-1 

= n (1-2ns)2 [J (1-2ns)= n (1-2ns} 
s=l s=k+t s=k+1 

[we have discarded the factor (1 - 2nk) equal to unity]. Introducing: 
this result into (52.23), we obtain 

1-1 

~l~k lJlnh=l, n1=0 = n (1- 2ns) lJlnk=O, n1=1 (52.24~ 
s=k+1 

Finally, performing scalar multiplication of both sides of (52.24)
by 1Jlnk=o, nz=t• we arrive at expression (52.20) (the scalar product 
of a normalized function with itself is unity). 

Let us find the commutation rules for the operators determined by 
relations (52.21) and (52.22). We act consecutively with the operators. 
ak and at; on the function 1Jlnk=t= 

k-1 

~X~k lPnk-t = ~~ { [J ( 1-2ns) 'ljlnk=O} 
s=1 

k-1 k-1 

= [l (1- 2n .• ) [1 (1- 2n8 ) 'Pnk=l = 'i'nk=i (52.25)1 
s=1 s=1 

We must note that the action of the operator ak on the function• 
'l'nk=o gives zero. Indeed, let us write purely formally in accordance
with (52.21) the following equation: 

k-l 

~k lPnk-o = n (1- 2ns) lPnk=-1 
s=l 

(52.26)· 

But there cannot be a state with nk = -1. A non-realized state has 
¢ = 0 (the equality of the psi-function to zero signifies the absence
of a state, see p. 13). Hence, the expression on the right in (52.26} 
equals zero. In a similar way, we arrive at the conclusion that 
ak'IJlnk=l is also zero (states with nk = 2 cannot exist). It follows 
from what has been said above that 

(52.27). 

Relations (52.25) and (52.27) signify that as applied to the functiolh 
'\j)nk=l> we have 



Similar calculations show that as applied to the function ~'n"=o• 

we have 

~k~t. = 1 (52.29) 

The first equations in (52.28) and (52.29) allow us to write that 
the operator 

(52.30) 

Indeed, the action of this operator on a psi-function is equivalent 
to multiplication by unity when the function describes a state with 
nk = 1, and it gives zero when the function describes a state with 
nh = 0. 

Equations (52.28) and (52.29) satisfy the general relation 

(52.31) 

A comparison of the relation obtained with (51.28) shows that the 
·rules for commuting the operators ak and at. differ for bosons and 
for fermions. This difference is due to the following reasons. For 
bosons, the operators acting on different occupation numbers n1 
.are absolutely independent: each of them acts only on.,its own occu
pation number, the result of this action not depending on the values 
.of the other occupation numbers. For fermions, on the other hand, 
the result of the action of the operator ii; depends not only on the 
number n;, but also on the occupation number'S of all the preceding 
eStates [on the numbers n8 with s < i, see (52.21)]. Consequently, the 

action of the arbitrarily taken operators d'; and di cannot .be con
:Sidered as independent. 

The correetness of the following relations is quite evident: 

(52.32) 

(52.33) 

(52.34) 

1compare with (51.29)-(51.31)]. Hence, the operators ak and a1 
(like at. and at) when k =1= l are anticommuting [see (10.21)], whereas 
:for hQsons, they commute. 

We can combine relations (52.31) and (52.32) as follows: 

(52.35) 

.{compare with (51.32)]. 
Let us convince ourselves that when determining the operators a11 

.and at. with the aid of relations (52.21) and (52.22), the diagonal 
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matrix elements of the operator Q1 are also correct. Changing the 
designations of the indices in (52.24), wr. obtain 

i-1 

~t~i'i'nrt,n 1=o= IJ (1-2ns)¢n1=o,n.=! 
S=J+! I 

(52.36) 

It is obvious that 

~t~J'i'nro, n 1=o = 0, aiaJ¢ni=!, !lt=t = 0, . ~t~J'i'nro, n1=t = 0 (52.37) 

We write an expression for a diagonal matrix element of the operator 
(52.17): '., 

(52.38) 

In the sum· obtained, all the addends with i =I= j are zero. Indeed, 
when one of the situations (52.37) occurs, the addend vanishes because 
the multiplicand in the scalar product of the functions equals zero. 
When (52.36) occurs, the addend will be proportional to the .scalar 
product of functions with non-coinciding values of ni, which owing 
to the orthogonality of the functions being multiplied is zero. Hence, 
we must retain only the addends for which j = i. As a result, (52.38) 
becomes 

Finally, taking into account formula (52.30), we arrive at the expres
sion 

that coincides with (52.17). 
We have thus shown that if for fermions we determine the operators 

alt and at. with the aid of relations (.12.21) and (52.22), for tho opera-
tor Q1 in the occupation number representation we obtain the same· 
expression as for bosons [see (52.17) and (51.38)]. Correspondingly, 
all the other formulas will be the same. We have in view formulas 
{51.41), (51.44), (51.4li)-(51. 48). Formulas (51. 50)-(51. 52) expressing 
the operators of physical quantities in terms of the operators ~ (s) 
and ~1+ (s) [see (51.49)] also remain correct. 



Chapter X 

ATOMS A.HD MOLECULES 

53. Methods of Calculating Atomic Systems 

If the relativistic effects are comparatively small (as is usually 
the case), the Hamiltonian of an atomic system can be written as 

N 

H~ "'' ( fi2 M~ Ze2 ) + 1 "' e;ek + v~ =~ --v,-- -L.J-- LS . , 2me rt . 2 Tilt .. 
(53.1) 

i=l i¢1t 

(N is the number of electrons in an atom). Each addend in the first 
sum is the Hamiltonian of an individual electron moving in the 
Coulomb field of the stationary nucleus; the second sum takes the 
Coulomb interaction between the electrons into account; the operator 
l\ 8 , which can he considered as a small perturbation, takes into 
account the interaction between the spins of the electrons, and also 
the interaction between the orbital and spin magnetic moments (the 
spin-orbit interaction). · 

A system of electrons in an atom is characterized by the orbital 
quantum number L (determining the total orbital angular momentum 
of the atom) and the spin quantum number S (determining the 
resultant spin of the atom). The angular momenta (orbital and spin) 
of the individual electrons are added to form the resultant angular 
momenta according to the rules established in Sec. 47. When no 
account is taken of the spin-orbit interaction, the energy of an atom 
does not depend on the orientation in space and the mutual orienta
tion of the total orbital and total spin angular momenta. The energy 
levels of the atom are therefore (2L + 1) (2S + 1)-fold degenerate. 

The taking.· into account of the spin-orbit interaction leads to 
the energy depending on the mutual orientation of the orbital and 
spin angular monienta. Consequently, under the influence of the 
perturbation l\ 8 , each of the degenerate levels splits up into anum
ber of closely arrangerl levels rliffering in the values of the· total 
angular mom en tum J. Altogether, there will be 2S + 1 such values 
(when S ~ L), or 2L +1 (when L ::(; S). Such splitting of the level& 
is called multiplet splitting, and the set of levels obtained is called 
fine structure. 

The non-relativistic theory of the simplest single-electron atom 
was treated in Sec. 24. Spin-orbit interaction leads to the fact that 
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each of the levels we found there (except for the S-levels) splits 
into two close sublevels corresponding to j = l + 1/2. In the follow
ing sections, we shall briefly consider the theory of many-electron 
atoms, and also of the hydrogen molecule. We shall not deal with 
a number of matters treated in sufficient detail in general courses 
of physics (the designation and systematization of terms, electron 
configurations, D. Mendeleev's Periodic Table). 

Even if we discard the term V Ls in the Hamiltonian (53.1), the 
corresponding problem does not lend itself to exact solution. This 
is why a number of approximate methods are used in the theory' 
of the atom, such as the perturbation theory, the variation method, 
the method of self-consistent fteld (the Hartree-Fock method),· and 
the Thomas-Fermi statistical model. These methods are discussed 
in the following sections. 

54. The Helium Atom 

In the simplest theory of a two-electron atom, spin-orbit inter
action is disregarded, and the energy of the Coulomb interaction 
of the electrons is treated as a perturbation. In this case, the Hamil-
tonian can be written as -

fi =flo+ Ye 
where 

(54.1) 

[see formula (53.1)]. 
In the zero approximation, we solve the equation .. 

H 0'¢<0> = E<0>'¢<0l (54.2) 

similar to Eq. (46.1). According to the results obtained in Sec. 46 
[see (46. 7)], we have 

"i'(O) = '¢1 (r1) '¢~ (r~), E<0> = E1 + E2 

where '¢1 (r;) and E, are determined by the equation 

( h2 2 2e2 ) 
- 2- Vi-- 'ljl1 (r1) = E 11p 1 (r 1) 

me rt 

We found the solution of such an equation in Sec. 24. Bv formulas 
(24.23) and (24.27) (we assume that ~ = 2), we have · 

(O) · a a 
E =----nf ni (54.3) 
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(a = 2mee4fli2 = 2e2/r0 ; r0 is the Bohr radius) 

'¢(Ol = '¢n1 , ! 1 , m1 (1) '¢n,, 11 , m, (2) (54.4) 

The smallesl value of the energy (i.e. tho energy of the ground 
state) is obtained when n1 = n 2 = 1. It is 

(0) 4mee4 4et 
Eo = -2a= ---= ---nz ro (54.5) 

Both electrons are in the state 1s (n = '1, l = 0). According to the 
Pauli principle, the spins of the electrons in this case must be directed 
oppositely so that the total spin is zero. Con~equently, the ground 
state of the helium atom is the parastate (see the beginning of 
Sec. 48). The total orbital angular momentum is also zero. Hence, 
the term of the ground state must be written1 as 1S 0 • 

The first-order correction to the energy (54.5) is calculated by the 
iormula 

(I) ) 2 2 e2 !lEo= '¢t,o,o(1)1Jlt,o,o(2)-r-dVIdV2 
12 

(54.6) 

[compare with (49.1), the function '¢1. o. 0 is real]. Expression (54.6) 
is just the mean energy of electrostatic interaction of the electrons, 
which in Sec. 49 was designated by the letter Q [see (49.5)]. 

We obtain an expression for "P1. o. 0 by assuming that Z = 2 in 
the first of the formulas (24.33). Substitution of this expression into 
(54.6) yields 

llEbo=Q= (~)6 ~ r e-4(r,+r,)/r, _.=.:..dVIdVz 
ro n J r12 

Calculations that we have omitted give the value 

Q= 5e2 

4r0 

·(we must note that Q > 0). Hence, we obtain the following expres
sion for the energy of the ground state of the helium atom in the 
first approximation of the pert,urbation theory: 

(54. 7) 

1 Recall that the term of an atom is written symbolically in the form 28+l"L"" 
.where S is the quantum number of the total spin, J is the quantum number of the 
total angular momentum (obtained by adding the orbital and spin angular mo· 
menta) and "L" is the symbol of the quantum number of the total orbital angu
lar mo~entum (the value L = 0 is designated by the letterS 1 L = 1 by PI L = 
:= 2 by D, etc.). 
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· The ionization energy of a helium atom equals the difference of 
the ground state energy of a singly charged helium ion ( -2e2/r0) 

and the energy given by (54.7): 
2e2 11 e2 3 e~ • 

Etontz= -~+-4 -=-y-=0.75 atomic unit r 0 r0 1 r 0 

The experimentally obtained value of the ionization energy is 
0.90 atomic unit. Such a great discrepancy indicates that the per
turbation (54.1) is not sufficiently small for the strict application 
of the perturbation theory. 

Now let us consirler the first exciteit state of the helinm atom. The 
electron configuration 1s2s (n1 = t, l 1 = 0, u 2 ~-' 2, l 2 ==·· 0) cor
responds to this state. The Pauli principle does not forbid the parallel 
spin of the electrons now, so that both the parastate (S = 0, term 
1S 0) and the orthostate (S =--= 1, term 3S 1) are possible. 

Equation (54.2) for no perturbation has two solutions: 

'\)Jl = '\)Jl,o,o (1) '\)J2,o,o (2) and lf2 = 1J-'2.o.o (1) '\)JI,o,o (2) (54.8) 

differing in the transposition of the electrons (the numbers t and 2 
stand for the sets of space coordinates of the first and second elec
trons). Both solutions correspond to the same energy E = E 1 + E 2 • 

Consequently, we have to do with what is called exchange degeneracy 
that doubles the number of states. As a result, the parastate (S = 0, 
o = 0) and each of the three orthostates (S = 1, a = 1, 0, -1) 
are doubly degenerate. Therefore, to calculate the energy of the 
excited states of the helium atom, we must use the theory set out in 
Sec. 31. 

For hvo-fold degeneracy, the secular equation (31.10) has the 
form 

where 

I
Vu-L\E<'> V12 I=O 

V21 V22- L\E< •> 

Vtt = .\ ~'foo (1) ~1 ;oo (2) : 1
2
2 tl'too (1) ~'2 oo (2) dV, dV2 

Vt2 = \" ¢ioo(1)'\)J~oo(2)~~'200 (1)'1Jtoo(2)dVtdV2 J r12 

V21 = f ¢~oo(1)'\)Jfoo(2)~'\)J~oo(1)¢~oo(2)dVtdV2 j ru 

V22 = l' ~'~oo(1)1Pfoo(2)~'\)J2oo(1)¢,oo(2)dVtdV2 J ru 

The expressions for V11 and V22 rliffer only in the designations of 
the integration variables. The same relates to V12 aud V 21 • Conse
quently, Vu = v22 and vl2 = v'l.I· In addition, a comparison with 
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formulas (49.5) and (49.6) shows that V11 = V 22 = Q, and V12 = 
= V11 =A. 

The secular equation thus becomes 

l
Q-tJ.E<t> A l=O 

A Q-t..E(Il 

Expanding the determinant, we obtain [Q - t..E< 1l] 2 = A 2 , whence 
Q - !J.E<1l = ±A. Correspondingly for t..E<1l, we obtain the values 

flE~u = Q +A, flE21> = Q- A 

where Q is the Coulomb integral (49.5), and A is the exchange inte
gral (49.6). The plus sign relates to the parastate (S = 0), and the 
minus sign to the orthostate (S = 1). 

By (24.33), for Z = 2 we have 

( 2 ) 3/2 1 
~'·· o. 0 = -;:;;- yil e-2r/r., ( 2 ) 3/2 

'¢2. 0. 0 = -;:;;-

X 1 e-r/ro (2-...!:_) 
4 y2n ro 

Introducing these functions into formulas (49.5) and (49.6) instead 
of '¢m, and '¢m., we can evaluate the quantities Q and A. They are 
both found to be positive. Consequently, in the f1rst approximation 
of the perturbation theory, the energy of the parastate 

( 1) 5 e2 

Epara= ---+Q+A 2 r 0 

is greater by 2A than the energy of the orthostate 
(I) 5 e2 

Eortho= ---+Q-A 2 r 0 

A similar result is also obtained for other excited states. 
Let us write the total psi-functions for the excited para- and ortho

states: 
'¢para= '¢s (1, 2) <po,o (1, 2) 

where the first factor is determined by formula (49.2), and the second 
by formula (48.20); 

\jJortho,t='ljla(1, 2} <!lt,t(1, 2} 

~1 ortho, 2 =~'a (1, 2) <pi, o (1, 2} 

Wortho. 3 ='¢a (1, 2) <pl,-1 (1, 2) 

where the first factor is determined by formula (49.3), and <p1, 1 , 

<p1,o• and <p1, _1 by formulas (48.17)-(48.19). 
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It can be seen from the above that the energy levels of the helium 
atom are divided into two systems: levels of parastates, which are 
singlets, and levels of orthostates, which are triplets. In an approxi
mation taking no account of spin-orbit interaction, transitions be
tween singlet and triplet states with the emission and absorption 
of light are forbidden. Therefore, in this approximation, the singlet 
and triplet states of the helium atom are independent. For this 
reason, the lowest triplet state is metastable. A helium atom getting 
into such a state will remain in it for a very long time (of the order 
of months). Helium atoms in singlet and triplet states can thus be 
considered as two different types of atoms known as parahelium 
and orthohelium. 

Parahelium atoms have no magnetic moment and form a dj.amag
netic gas. Orthohelium atoms have a magnetic moment and form 
a paramagnetic gas. The spectral lines of parahelium atoms are sin
glets. The orthohelium lines consist of three close lines (triplets). 
This is due to the fact that in states corresponding to the electron 
configuration 1s2p and in other states with L r- 0, the degeneracy 
of the levels corresponding to the orthostates is removed owing to 
spin-orbit interaction. · 

55. The Variation Method 

The variation method allows us to obtain approximate values of 
the energy and psi-functions of the ground and first excited states 
of quantum systems without resorting to the perturbation theory. 
The method is based on a number of inequalities, the first of which is 

(55.1) 

where E 0 is the energy of the ground state, fi is the Hamiltonian 
of the system, and 'ljJ is an arbitrary function satisfying the normal
ization condition 

<'!' I'!'> = 1 (55.2) 

To prove relation (55.1 ), let us expand 'ljJ in the eigenfunctions 'ljlm 
of the operator H: 

00 00 

tp= LJ am 'I'm• where 2j I aml 2 = 1 (55.3) 
m=O m=O 

Introduction of this expansion into the factor on the right in (55.1) 
yields 

{'ljl I H'ljl} = ~ a~an ('I'm I H'ljln} = ~ a':nanEn Nm I 'Pn} 
m,n=O m, n-o 

00 00 00 

= 2j a~anEnBmn== 2J lami 2 Em~Eolj laml 2 =Eo 
m, n-O m=O m=O 



264 ·.:QUANTUM MECHANICS'. 

which coincides .with (55.1).' An equality sigri may be obtained when 
of all the addends of the suni lj •1 am 12 Em only the ·one correspond
trig to m = 0 is· D!)ri-zero. This will happen if we take '¢0 as t~ in 
(55.1). . . . . . 

Hence, calculation of the energy E 0 of the grourid state of tho 
system. consists in evaluating !he minimum of the expression :; 0 = 
. · <"1' I iN> by variation of the normalized function '¢: . 

Eo ='min :J 0 =min ('¢ I H'¢) (('ljl I'¢) = 1) (55.4.} 

In practice, calculation of E 0 consists in choosing, on the basis of 
physical considerations or experimental data, the trial function 
'¢0• tr (x, y, z, a, ~ •... ) containing a certain number of unknown 
parameters a, ~~ -~ .. and satisfying the condition (55.2). Calcula
tion of the product 

:J o _:_ <:¢o, tr (x~ y, z, a, ~ •... ) 1 H'¢o, tr (x, y, z, a, ~ •... )) (55.5) 
. ' 

leads to the function :J 0 (d.; ~ •... ) that depends on the parameters 
a, ~; ~ . . . Next we find the minimum of this function by solving 
the system of equations 

a:J0 _ 8:)0 _ _,0 aa. - a~ - · · · -. 

as a result of which we obtain the values a 0 , B0 , •••• With a good 
choice of the trial function, the value of :J 0 (a0 , [) 0 , ••• ) is close 
to the true value of E 0 even with a small number of the parameters 
used (one or two). The expression 

'IJlo,tr (x, y, z,·ao, Bo, · · .) (55.6) 

will be an approximate one for the psi-function of the ground state. 
To obtain an approximate value of the energy and the psi-function 

for the first excited level, we shall proceed from the relation · 

(55. 7) 

where E 1 is the energy of the first excited state, and 'Pis an arhitrary 
function salislying the conditions 

(1jJI'¢)=1, (1jJ 0 I'¢)=0' (55.8) 

('¢0 is the psi-function of the ground state). To prove relation (55.7), 
let us expand the function 'ljl in the eigenfunctions '¢m of the op-
erator H: .· 

00 00 

1jl= ';; bm'¢m,' where 
m=i · 

2: 1 bm.l 2 = 1 
m=l 

(55.9) 
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Unlike (55.3), there is no addend with m = 0 in these sums. This
is due to the fact that owing to the condition ('IJ.'o I 'ljl) = 0, the coeffi
~ient b 0 = 0. Introduction of the expansion (55.9). into the factor· 
on the right in (55.7) yields · · · 

00 00 

- ')1 Ibm I 2 Em~E1 ~. Ibm I2 =Et· 
m-;;,1 m=! 

which coincides with (55.7). 
On the basis of (55.7), we take a trial function '\jl1, tr (x, y, z, '\', 8, ... ) 

satisfying tho conditions (55.8)· [we use the function (55.G) as 'ljl0}. 

Having calculated :J 1 (y, fl, ... ), we find the minimum of this
expression (obtained at values of the parameters equal to y0 , 80 , ••• ). 

Next we assume that E1 ~ :J 1 (y 0 , 80, •.• ) and '\jl1 ~ '\jl1, tr (x, y, z, 
Yo• &o, · · .). . . . . 

The second excited level is determined as the minimum of the· 

expression ('\jl2, tr I H'\jl2, tr>, ·where the conditions 

are imposed onto '\jl 2 , tr• and so on. 
The drawbacks of the variation method include the circumstance· 

that the error of the results it gives remains indeterminate. 
The method of calculation set out above is called the direct vari

ation method or the Ritz method. We shall illustrate this method 
by using it to evaluate the energy of the ground state of a harmonic 
oscillator. In this case 

(55.10)· 

Let us take a very ·simple function that shrinks to zero when x tends: 
to ±oo as the trial function. Such a function has the form 

'I' (x, a)"''· Ae-ax•t:l 

(112 has been intl'oduced into the exponent for convenience). Its 
scalar square is 

+co 
Nl\jl)=A2 J e-ax'dx=A2 Vit!a 

-oo 

(the· Poisson integral). Copsequently, the condition (55.2) will be
satisfied if we assume that A = (aht)114 , 
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We evaluate expression (55.5): 

(55.12) 

Let us differentiate this expression with respect to a and equate the 
-derivative to zero: 

~- m0w2 =O 
4m0 4a.2 

Hence, a 0 = m0 wln. Substitution of this value into (55.11) and 
{55.12) yields 

E 1'f ( ) !iw '" ( ) _ ( m0w ) 1/4 ( _ m0wx2 ) o='-' a 0 =y• 't'O x- :n!i exp 21i 

A comparison with (25.9) and (25.15) shows that the trial function 
was chosen so successfully that the variation method gave exact 
values of the energy and the psi-function of the ground state. 

In addition to the direct variation method set out above, in which 
the parameters of the trial function are varied, there is a more 
general variation method in which the form itself of the psi-function 
is varied. This more general method is equivalent to solving the 
:Schrodinger equation. Indeed, the condition for the minimum of the 

.quantity (')lj if~,) reduces to the equation 

(55.13) 

Let us write the function 'ljl in the form 'ljl = 'ljl1 + i'ljl2 • Hence, 'ljl* = 
= 'ljll - i'ljl2 , ~')l = IS')l1 + i~'ljl2 , ~lJ-1* = IS'Ijl1 - iiS'Ijl2 and, consequent
ily, (6'\jl)* = 6')l*. 

Taking advantage of the Hermitian character of the operator H, 
3et us transform the second term of formula (55.13) as follows: 

Nl H8'l'> = Uf')ll 8'1'> = <8'1'1 H'l'>* = <6'1'* 1 H*'l'*> 
As a result, (55.13) becomes 

<B1PI H'ljl > + <B')l* 1 H*')l* > = o 
From the additional condition {'ljlj 'ljl} = 1, it follows that 

(55.14) 

(o'ljlj'ljl) + ('ljlj81jl) = (6')lj'ljl) + <8¢*1'\jl*} = 0 (55.15) 

According to the rules for finding a potential extremum, we must 
:add relations (55.14) and (55.15), multiplying the latter by an inde
tterminate Lagrangian multiplier which we designate by -E. Hence, 
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the following equation is the condition for the minimum of the expres

sion (tjJ I HtjJ) with the additional condition that (tjJ I 'ljl) = 1: 

(BtjJ I HtjJ) + (Bljl* I H*tjJ*) - E ( (IStjJ I tjJ) + (5\ji* I tjJ*)) = 0 

Taking advantage of the distributivity of the scalar product of the 
functions, let us rewrite the equation obtained as follows: 

<&lpl (H'P- E'P)> + <atjJ* I (H*'P* - E'P*)> = o 

Introducing lltjJ = lltjJ1 + i<'ltjJ2 and BtjJ* = <'ltjJ1 - i<'ltjJ2 and perform
ing simple transformations, we obtain 

<6'1'1 I [(iftjJ- EtjJ) + (H*tjJ*- EtjJ*)]) 

+ i (6tjJ2 I [(HtjJ- EtjJ)- (H*tjJ*- EtjJ*)J> = o (55.16) 

The real and the imaginary parts of the function tjJ can be varied 
independently of each other. Therefore, Eq. (55.16) must be obeyed 
upon arbitrary and independent variations of lltjJ1 and lltjJ2 • This is 
possible only if the following two equations are observed: 

(HtjJ- E'ljl) + (H*tjJ*- EtjJ*) = 0 

(HtjJ- EtjJ)- (H*tjJ*- EtjJ*) = 0 

By summating these two equations, we arrive at the Schri:idinger 

equation: HtjJ = EtjJ. Subtracting them from each other, we obtain 
an equation that is the complex conjugate to the Schrodinger .equa
tion. 

The variation method in which not the parameters, but the form 
itself of the function tjJ is varied, is thus indeed equivalent to the 
solution of the Schrodinger equation. 

In this way, we obtain E = E 0 and tjJ = tjJ0 for the ground state 
of the system being considered. To obtain the following stationary 
states, we must perform variation by imposing on tjJ the additional 
condition (tjJ0 I tjJ) = 0, where tjJ0 is the function found above, then 
the additional condition (tjJlJ tjJ) = 0, and so on. 

We shall note in concluding that the Schrodinger equation is also 
obtained by equating to zero the variation of the expression :J = 
= (tjJI HtjJ) when the functions 'lj> and tjJ* are considered to be for
mally independent and only one of them, say tjJ*, is varied. To show 
this; we shall write :J as · 

:J = J tjJ* HtjJ dV ( J tjJ*tjJ dV = 1) 
Having varied tjJ*, we write the condition for an extremum 

~ oljl*H,pdV-E j o'p*tjJdV= j 6'\jl*(H'IjJ-EtjJ)dV=O (55.17) 
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( -E is a Lagrangian multiplier). Owing to the arbitrariness of 
<'hp*, :the equatlon H'¢ - E'¢ = 0 niust: hold. 

56~ The. Method of the Self~Consistent Field 

. The idea of the method of calculating atomic system~ .develope~ 
by D. Hartree and V. Fock consists in that every electron of an atom 
is treated as moving in a "self-consistent" field s~t upby the nucleus 
and all the other electrons. The electrons are. ~onsidered ·to move 
independently of one another in the sense that 'each of them is de~ 
scribed by its own psi-function 1p 11 (r11 ) satisfying the equation1 

[ _2Ji2 \7~- zez ~·I I 'ljJJ(rJ) J2~dVJJ. 'ljll!(r") 
me rk . J . r;k 

} 

= E k 'lj!-h (r~t) (k = 1. 2, ... , Z). (56.1) 

The sum in the Hamiltonian is the mean energy of interaction 
of the k-th electron with all the other electrons iri the states~'J (r1).; 
Equation (56.1) takes no account of spin-spin and spin-orbit inter
actions. 

Equation (56.1) can' be obtained with the aid of the variation 
method. For this purpose, let us take the trial function in the form 

~'tr (r1 , r2 , •.. , rz) = 'ljl1 (r1} '¢2 (r2) ... 'ljlz (rz) (56.2) 

When the spin-orbit interaction is disregarded, the Hamiltonian 
has the form 

H~ ( n2 Ze2 ) 1 ' e2 ~. 1 1' ~ .="" --. V~--- +-"" -· =""Hk+-"'' H·k (56.3) · .L.... 2m rk 2 .L.... r 'k .L.... · · 2 .L.... J 
. ft e j, k J k : i: k . : :' . ; :':'! 

Substitution of (56.2) and (56.3) into (55.5) yields the express~~n 

:J = J tpf. (r1) •.. 'ljl~ (rz) [ ~ Jik 
It 

1 ' ~ J +2 ~ Hik \jldr1) ... 'ljlz(rz)dVt ··.~ dVz 
j, k 

= L: ~ 'PNtdVt ... J 'ljl~Hh'ljlk dVk ... J 'ljJNzdVz 
It 

+f 2::' ~ 'ljlf'\jJtdVt ... f'iJJ1JlJ;HJ~t'¢;'¢~tdV1 dVIi,. .. J 'IJi'IJzdVz 
i. k 

r ~ 1 ·r ~ = ~ j '¢hHk~1h dV~t+T ~ j '¢Nl;H111'1-'J'¢11dV1 dVk 
I! . j, k 

(56.4) 

----
1 Here and in all the following sums, the prime signifies that the values 

j ~ k are excluded. 
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. Let us find the variation pf expression (56.4) provided that only 
'\j;tr is ·varied [see (55.17)1: 
,, 

-f1:J = ~ .\ t'>'IJ~H" "'" dV" + + ~ ~ [ ) l'>'IJJ'il: ri '" "' 1'1J" dV i dV" 
k j, h . 

+ J '!Jj6'1JUf 1" 'iJ i'ilh dV 1 dV 11 ] 

Exchanging the places of the dummy indices j and k in the first 

integral in the brackets and taking into account that if 111 = ii ih 

{see (56.3)1; we obtain an expression coinciding with the second 
term. Consequently, 

t'>:J = ~ l'>'IJ:H~~.'P~~. dV~~.+ :2:' j (~hp!tpjH1""'''il"dV1 dV11 
k j, k 

= 2j ~ l'>'PA[H~~.+ :2:' ~ 1VJH1"1V1 dV1}1'"dV" (56.5) 
k j 

Each of the 'P11.'s obeys the condition J 'PN11. dV11. = 1. By varying 

"lj;k, we obtain 

J 6"'N11. dV11 = 0 (k = 1, 2, ... , Z) (56.6) 

To find an extremum, we multiply each of the expressions (56.6) 
by its indeterminate Lagrangian multiplier -E11 and, after summat
,ing all the products with the variation (56.5), we equate the expres
sion obtained to zero. The result is 

2: j 6'1':[n~~.+ 2:' j 'I'J'H11,¢1 dV1-E"]'11,dV"=0 (56.7) 
k j 

The variations 61p~ are independent of one another. Therefore, 
Eq. (GG. 7) will be observed only provided that 

[fl"+ ~~ J 1pjH111 "'1 dV1 ]'P"=E~~.'IJ 11 (k=1, 2, ... , Z) (56.8) 
j 

Introducing H1 11. = e2/r1h into (56.8), we arrive at the system of 
equations (56.1). 

Expression (56.8) is a system of Z non-linear integro-rlifferential 
equations with whose aid, in principle, we can fmd Z functions 

.:¢" (r~~.). The direct solution of these equations is impossible, and 
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in this connection we have to use the method of succ~ssive approxi
mations. 

In the zero ~:~pproximation, we adopt the psi-functions 'ljlj01 of a 
hydrogen-like atom as the functions '¢i (rJ)· With their aid, we cal-
culate the expression '-~ 

Introducing it into (56.8), we obtain a system of independent equa
tions for determining the functions '¢11. and the energies E" in th& 
first approximation: 

(HIt+ Vi0> (r~~.)J 1Jlk1) = Ei1 )~11') (56. 9) 

Having solved this system and found the functions 1Jllt, we evaluat& 

U~0 (r~~.) = 2:') 11Jl~ 1 >1 2 ::~~. dVi 
j 

Next we solve the system 

[H 11. + U';t (rh)] 'i'~~~ = E~211Jllt (56.10) 

ilnd so on. This process is continued until a new approximation 
results in virtually the same functions '¢11. that were obtained in the 
preceding approximation; '1 he field 

(56.11) 

calculated with the aid of such functions is called self-consistent 
(the symbol cp stands for the potential of an electric field). 

In performing the calculations, we transform the expressions 
U h (r~~.) into spherically symmetric functions U" (r~~.) by averaging 
over the directions of the position vector rh. This allows us to seek 
tho solutions of Eqs. (56.9), (5fi.10), etc. in the form of products of 
spherical functions and functions depending only on r~~.. 

The one-particle zero-approximation functions are chosen with 
a view to the electron configuration of the state of the atom being 
considered. The electron configuration is not the same for the ground 
and excited states of an atom, correspondingly, the self-eonsistent 
field and the energy of the atom are also different. 

According to the variation principle, the energy of an at:orn equals 
the minimum value .of expression (56.4). The minimum value is 
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obtained when we introduce functions determined from· equations 
(56.8) into (56.4). Let us write (56.4) in the form 

:J = ~ J 'ljl!H k "'k dV k +~I ~ 'ljlj'ljl%H }k "'J'h dV J dV k 
k j, k 

= ~ ) 'ljlt [ Hk +~I ~ 'ljljHjk'ljlJdVJ }h dVk 
k j 

If we introduce functions satisfying Eqs. (56.8), the first sum trans
forms into ~) '\jlkEk'ljlk dV11 = ~E11 (the quantity :J transforms 
into the energy E of an atom). Hence, 

E= ·~ E 11 -+ ~' ) 'ljlj~'kHik 'ljli'ljlk dV1 dV" 
k i. k 

= ~ E 11-+ ~' J I 'ljlJ 12 1 'ljl 11 12 ;~It dVidVk (56.12) 
k j, k J 

The result obtained signifies that the energy of an atom is less than 
the sum of the energies of the one-particle states by the energy of 
the electrostatic interaction of the electrons. The explanation is 
that the interaction energy is taken into account twice in ~ E 1>.· 
For example, E 1 includes the energy of interaction of the first elec
tron with all the others, including the second one, E 2 includes the 
energy of interaction of the second electron with all the others~ 
including the first one, and so on. 

The method set out al;lOve was developed by Hartree. Equation 
(56.1) was derived from the variation principle by Fock. Hartree's 
method does not take the symmetry properties of the psi-functions 
into consideration. Fock improved the method, using a trial function 
that takes a correct account of the symmetry relative to the trans
po~ition of the electrons. 
' Let us use Pock's method to calculate the self-consistent field fo~ 
the very simple case of a helium atom. In this case [see (56.3)L we 
have 

~ A , A' A 

H = HI+ H 2 + H 12 (56.13) 



272 QUANTUM MECHANICS' 

We assume that the onEl-particle states do nof coincide. With this 
.assumption, the trial function must have .the form. 

1 
'iltr = y-2 ['!Jm, (1) 'ilm.~·(2) ± ~m1 (1) 'ilm, (2)) • 

where the plus sign relates to parastates and the minus to ortho
states [see (t'J9.2) and. (q9.3)l. Accordingly, 

:J = J 'HrR'iltr dV 1 dV2 

1 r . ~ 
= T J [11)~, (1) 'i'~• (2) + 1IJ~, (1) ¢~, (2)) HI ['\jlm, (1) 'Pm, (2) 

± ~Jm, ( 1) 1llm, (2)] dV 1 dV 2 + ~ } [ 'i'~• ( 1) ~'~• (2) ± 'IJ~. ( 1) 'IJ~, (2)1 

X Hz [~lm, (1) 'ilm, (2) + 'ilm, (1) ~'m· (2)] av. dV2 

+-} .\ [¢~. (1) ¢~. (2) + "'~· (1) ¢;';., (2)] 

X H12 [~lm, (1) 'Pm, (2) ± 'ilm, (1) '!Jm, (2)] dV1 dV2 

= .J i + .J 2 + .J 12 (56.14) 

We calculate the first of the three terms: 

' 1 f (' ~ 
.J t = 2 l j 'ljl~, (1) ');~. (2) Ht'ilm, (1) 'ilm, (2) dV t dV2 

+ .\ 'IJ~, (1) 'IJ;';., (2) Hi 'ilm, (1) 'lim, (2) dV1 dVz 

+ J 'IJ;';.,(1)'1J~,(2)/ft1Jlm,(1)'1Jm,(2)dVidV2 
± i ');;';., (1) 'IJ;';., (2) Eft'Pm, (1) 'ilm, (2) dVt dV2} 

_:_-} { J ');;';., (1) Ht~lm, (1) dV1 + J 111~, (1) Ht'Pm, (1) dl't} (56.15) 

(the remaining two intcgralR vnnish owing lo the orthogonality of 
the functions 'lim, and 'Pm,)· Similar calculations yield 

.J 2 =-} { J 'i'~. (2) H z'i'm, (2) dV 2 + J 'i'~. (2) If 2'Pm, (2) dV 2} (56.16) 

A comparison of (56.15) and (56.16) shows that the corresponding 
integrals in them differ only in the designation of the integration 
variable. For example, 

J 'IJ;';., (1) lft'Pm, (1) dV1 = j ~';';., (.2) Hz'!Jm, (2) dV2 
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Consequently, the sum of expressions (56.15) and (56.16) can be 
written as 

.?'t+.?'z= .\ '¢~,(1) Ht1Jlm,(1)dVt+) '¢~.(2) H 2'¢m,(2)dV2 (56.17) 

Now let us calculate the third term in (56.14): 

:J 12= + {) '¢~. (1) '~'~. (2) Htz'IJlm, (1) 'IJlm, (2) dVt dVz 

+ J '¢~. (1) '1'~. (2) Htz'l'm, (1) 'I'm, (2) av. dVz 

± J ~1~ 1 (1) ti-';,, (2) H121Pm, (1) 'Pm, (2) dVt dVz 

± J 1J'~.(1)'1J~,(2)Ht2'Pm,(1)'!lm,(2)dVtdV2} 
Since fl 12 = if 21 , the first and second, and also the third and fourth 
integrals differ only in the transposition of the integration variables 
1 and 2. The integrals can therefore be combined pairwise. Adding 
the expression obtained to (56.17), we fmd that 

.1 = J 'IJ~, (1) Ht'!lm, (1) dV1 + J '¢~. (2) H2'1Jm, (2) dVz 

+ J 'IJ;., (1) '¢~. (2) H12'1lm1 (1) 'I'm, (2) dVt dVz 

± J 'IJ~, (1) '1'~. (2) H1z'l'm, (1) 1fm, (2) dV1 dVz 

Variation of the functions '1'~1 and '1';,2 yields 

6:J = J 6¢~, (1) H11)Jm, (1) dV1 +) 61)J~, (2) H~¢m, (2) dVz 

+ J 61)J;,, (1) 1)J~, (2) H12'1lm1 (1) 'Pm, (2) dV 1 dVz 

18-0196 

+ J 6'1J~. (2) '1'~. (1) H12'1lm1 (1) 'I'm, (2) dV, dV2 

± ) 61j1;., (1) \j1;., (2) Htz1llm 1 (2) 'I'm, (1) dV 1 dV 2 

± J 6'1'~. (2) 'IJ~, (1) Ht2'!lm, (1) 'l?m, (2) dVt dVs 

= J 6\jl~, (1) { Hs'!Jm, (1) + [ J 1)J;., (2) H12'1Jm, (2) dV 2 J 'I'm, (1) 

± [ J '1'~. (2) Ht2'!lm, (2) dV2 J 'I'm, (1)} dV, 

+ J 6'1J~. (2) { H z'l'm, (2) + [ .\ '1';., ( 1) H 12'1lm, ( 1) dV 1 J 'I'm, (2) 
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+ [ j 'P~. (1) H12'i'm, (1) av.j 'l{lm, (2)} dVz 

= J 6'1{1~. (1) { [H1 +Um,,m,l'l{lm, (1) + Um,m, 'l{lm, (1)} av. 

+ J 6~1~, (2) { [H2+Um,,m.J ~'m, (2) ± Um,,m11j!m, (2)} dV:.. 

where 

Um,,m,= r 'l{l:,,(1)Htz'Pm,(1)dV1 = r l'l{lm,(1) lz..::.avt C•o.18) J J ru 

is an integral taking into account the energy of the second electron 
in the averaged field of the first one, 

is an integral taking into account the energy of the fust electron 
in the averaged field of the second one, and 

Um,,m. = J 1p:,, (1) H~2'1{lm. (1) dV1 } 

Um 1,m1 = J tP~, (2) Htz'l(lm, (2) dVz 

(56.20) 

are exchange integrals taking into account the correlation between 
the motion of the electrons due to the symmetry of position functions. 
Any integration variable may be taken in all four integrals. 

The conditions J 1p~1 (1) "Pm, (1) dV1 = 1 and J tjl~ 2 (2) 11-'m, (2) X 

X dV2 = 1 show that J 6'1{1:,1 (1)~lm1 (1)dV1 =0 and J 61p:,2 (2)x 

X 'l{lm2 (2) dV 2 = 0. Multiplying each of these variations by its Lag.:. 
rangian multiplier (we designated these multipliers by -E1 and 
-E 2 ) and adding the products to ~;;, we obtain the condition for 
an extremum 

J 6'1{1:,, (1) {[HI+ Um,.m,- Ed tPm 1 (1) ± Um,,m,'l{lm, (1)} dVt 

+ J 6~1:,, (2) { [H2 + Um,,m,- E2] 'Pm, (2) ± Um;,m,'l'm, (2)}dV2 = 0 

With the arbitrary variations O'l(l~ 1 and 6~1~2 , the above condition 
will be observed only when both expressions in the braces are zero. 
We thus obtain a system of two equations 

[H t + U m,,m,] ~lm1 (1) + U m,.m, ~lm, (1) = Et1J-1m1 (1) } (SG. 21 ) 

,, '(H~ +U-m,,m,) ~m; (2) ± Urn,-,m,\llm, {2) ~E21Jlm, (2) 
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Fock's equations (56.21) differ from Hartree's equations (56.8) 
only in the exchange terms. Fock's method gives different results 
for para- and orthostates. H artree 's method gives the same energy 
value for the para- and orthostates. 

The Hartrce-Fock system of integra-differential equations can 
be solved only using numerical methods (with the aid of computers)~ 
The time needed for the calculations grows very rapidly with an 
increase in the number of electrons. This is why the Thomas-Fermi 
method treated in the following section has come into great favour 
for heavy atoms. 

57. The Thomas-Fermi Method 

The Thomas-Fermi method is based on the circumstance that most 
of the electrons in heavy atoms have large quantum numbers, and 
as a result the quasiclassical approximation can be used. 

In this approximation, the momentum can be assumed approxi
mately, to he a position function. Each phase-space cell with a volume 
of (2;;t1i) 3 can be occupied by not more than two electrons with opposite 
spins [see (39.10)]. 

In a stationary state of an atom, each volume element dV contains 
a non-time-varying number of electrons dN. Their total kinr.tic 
energy will be minimum if these electrons flll pairwise all the phuso• 
space cells corresponding to the volume dV and to the values of 
the momentum from zero to a certain Pmax determined by the exprea
sion 

(57.1) 

The quotient dN ldV is the density n of the electrons at the place 
where the volume dV was taken. Considering the distribution of the 
electrons in an atom to he centrally symmetric, we write, on the 
basis of (57.1), 

( ) __ Bn [Pmax (r)]3 

n r - 3 (2nh)3 
(57.2) 

where r is the distance from the centre of the atom (from its nucleus). 
The maximum total energy of an electron at the distance r from 

the nucleus is 

(57.0) 

. : ·I 
where -eq> (r) is the potenti~l energy of the electron~ and Cjln' i~ a 
quantity having the dimension of potential. In a stationary state, 
\he maximum total energy of an. electron must be the same at all 
distances from the nucleus, otherwise the electrons would be redistrib-
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uted, passing from places where the maximum total energy is larger 
to places where it is smaller. Consequently, <p 0 in (57.3) is a con
stant. 

Excluding Pmax (r) from Eqs. (.57.2) and (57.3), we obtain an 
expression relating the density of the electrons and the potential 
at each point of an atom: 

1 n (r) = --. (2m e)3!2 [fp (r)- <p0]3/2 
3:rt2h.l e (57.4) 

It follows from the nature of charge distribution in an atom that 
the potential <p (r), being positive, must diminish with increasing r 
and vanish at the atom's boundary. Hence, <p (R) = 0, where R is 
the distance corresponding to the a tom's boundary. The density 
of the electrons also vanishes at the atom's boundary. These con
siderations show that the constant <p0 in (57 .4) can only he zero. 
With this in view, let us write (57 .4) as follows: 

1 
n (r) = 3:rt2h3 (2mee)3/2 [<p (r)J312 (57.5) 

Multiplying n (r) by -e, we obtain the mean charge density 
inside an atom. The potential <p (r) is related to the charge density 
by Poisson's equation V'2<p = -4.rrp [see Vol. 1, formula (42.4)]. 

When <p depends only on r, we have V'2<p = : 2 :r ( r2 ~~ ) • Conse
quently, assuming that p = -en (r), where n (r) is determined by 
formula (57.5), we arrive at the equation 

1 d ( d(jl ) 4e _ _ r2 _ = __ (2m e)3/2m3/2 
r2 dr dr 3rtfi3 e 'I' 

(57.6) 

known as the ThomaR-Fermi equation. The solution of this equation 
characterizes the potential inside atoms with a large Z. 

The solution must satisfy the following boundary conditions: 
when r-+ 0, the field must transform into the Coulomb field of the 
nucleus 

Ze O 
<p (r) -- when r-+ r 

(57. 7) 

and at tho boundary of an atom, the derivative dcpldr must vanish: 

<p' (R) = 0 

[recall that <p (R) also equals zero]. 
Let us represent Eq. (57 .6) in the form 

d2q> + ! d!p = c 3/2 
dr' r dr <p 

(57.8) 

(57.9) 
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When r = R, the potential <p and its derivative <p' vanish. In accor
dance with (57. 9), the second derivative <p" (R) also vanishes. Differen
tiation of (57. 9) with respect to r yields 

dScp +~ d2cp -2-~=cl. 1/2~ 
drs r dr2 r2 dr 2 <p dr 

Taking into account that <p (R) =c (p' (R) = <p" (R) = 0, we find 
that 'ljl'" (R) = 0, etc. We thus arrive at the conclusion that both <p 
and all its derivatives vanish when r =--= R. 

The equality to zero of a function and all its derivatives at a point 
that is not infinitely remote is possible only if the function identi
cally equals zero. Hence, Eq. (57.6) in combination with the bound
ary condition (57 .8) has a non-zero solution only when R = oo. 
Consequently, according to the Thomas-Fermi equation, the radius of 
a neutral atom is infinitely great. 

Owing to the spherically symmetric distribution of the mean 
electron charge, the potential at the distance r from the nucleus has 
the magnitude 

( ) Ze-q (r) 
<p r = --r-'--'--'-

where -q (r) is the total electron charge confined in a sphere of 
radius r. When r-+ oo, the charge -q (r) tends to -Ze. Consequent
ly, <p (r) tends to zero more rapidly than 1/r, i.e. 

r<p (r)-+ 0 when r-+ oo (57 .10) 

The solution of Eq. (57.6) must thus satisfy the boundary conditions 
(57.7) and (57.10). 

It is customary practice to write Eq. (57.6) in the dimensionless 
form, introducing instead of <p the new function X and instead of r 
the variable x, it being assumed that 

where 

_ bz-lta r-x , 
xZe xz413 e 

<p = -r- = ---rz-

1 ( 3n ) 2/3 b.,. -;;- -,- r0 ~ 0.8853r0 - ., 
(r0 is the Bohr radius). The result is the equation 

- d2x V x-= x3J2 
d.~ 

(57.11) 

(57.12) 

(.'i/ .13) 

In accordance with (57.11), we have :x =<priZe. The variable x 
tends to zero together with r. Therefore, the boundary condition 
(57. 7) in the new notation has the form 

x-+ 1 when x-+ 0 (57.14) 
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We obtain from (57.11) that 

z ~ 0 when x ~ oo (57 .15) 

Equation (57 .13) was solved with account taken of the boundary 
conditions (57 .14) and (57 .15) using numerical methods. Asymptotic 
expressions of the solution were also found for small and large 
values of J:. The Thomas-Fermi method is more approximate than 
that of Hurtree and Fock. It does not take into account the individual 
properties of atoms and does not reveal the structure of the electron 
shells and the rlistribution of the density of the comparatively 
woald~· bound valence eleet I'OIIS. An ad vantngo of tho Thomas-Fermi 
method is its comparative mathematical simplicity. In addition, 
this method is successfully applied to other systems consisting of 
a large number of particles -atomic nuclei, molecules, and crystals. 

58. The Zeeman EHed 

Consider an atom in a weak homogeneous magnetic field with 
the magnetic induction B. For a Russel-Saunders coupling1, the 
Hamiltonian of an atom is 

ii = -21 "" (Ph+..:_ A, ) 2 + u + w LS +-=!!...._ BS me L.J c mec 
k 

[compare with (32.3)], where U is the energy of interaction of the 

electrons with the nucleus and with one another, WLs is the operator 

of spin-orbit interaction, S = ~ ~" is the operator of the total 
spin of the atom. Summation is performed over all the electrons. 
Assuming the vector potential to be gauged so that VA = 02, let 
us transform the expression of the Hamiltonian as follows: 

H = {-2
1 ~ P~+U + WLs}·+_e_" AkPk 
me mec L.J 

k k 

+ _e~_"" A 2 + ~BS 
2mec2 L.J " mec 

(58.1) 
k 

The expression in braces is the Hamiltonian of the atom in the 

absence of a magnetic field, i.e. the unperturbed Hamiltonian fi 0 • 

1 A coupling is said to b~ of t.ho l{us~~I-Saundur.s typJ if thu orbital angular 
momenta of the electrons add up into tho tot:tl ol'bital <lll~Uiat· momontum of 
the atom characterized by the quantum nurnbor L, the spin angular rnome n ta add 
up into the total spin angular mornonturn characterized by the quantum number 
S, and then the total orbital and spin angular momenta combine to form the 
total angular momentum of the atom characterized by tho quantum number J. 

2 In this case, tho operators p and A commute [seo (32.5)]. 
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The vector potential of a homogeneous field can be written as A = 
= 1/ 2 [Br] [compare with (32.8)]. Introduction of this expression 
into (58.1) yields 

H = H0 + 2~ B"' [r", Pkl + -8 e
2 

2 }j [B, rh]2 +.!!!:.. BS m~ ~ ~c m~ 
(58.2) 

h h 

(we have performed the cyclic transposition [B, rk] Pk = B [rk, PkD· 
The expression [rk, p1J is the operator of the orbital angular 

momentum of the k-th electron [see (15.10)), and the sum of such 
expressions is the operator of the total orbital angular momentum 

of the atom, which we shall designate by the symbol nL. Co.rpbining 
the second and fourth terms of expression (58.2) and taking into 
account that eh/2m8 c equals the Bohr magneton !J.B, we obtain 

H=Ho+lluB(L+2S)+ 8 e2 
2 ~ [B, rk] 2 (58.3) 

mec 
k 

We· must note that the operator 

~ = -!lB (L + 2S) = -1-lB (J + S) (58.4) 

can be considered as the operator of the magnetic moment of an atom 
(which the atom has in the absence of a field). 

For a weak field, the term quadratic in B in (58.3) may be ignored 
in comparison with the term linear in B. Hence 

~ ~ ~ 

H = H 0 - B~J. (58.5) 

and we may consider the second term as a perturbation. 
In the absence of a field, the energy levels of an atom are degenerate 

with respect to the quantum number m.r that determines the pro
jection of the total angular momentum of the atom onto the z-axis. 
The magnetic field removes the degeneracy in mJt and as a result 
the level with the given J splits into 2J + 1 sublevels. The mag
nitude of the splitting is determined by the matrix elements of the 

perturbation operator ~· = -B~ = -B~z (because B is a constant 
vector directed along the z-axis) calculated with the aid of the 
unperturbed functions 'ilL. s . .r, mJ• i.e. of the expressions 

{'PL ,S',J',m] 1-B~z'lJL,S. J.m.r) (58.6) 

Let us represent the relation between the operators of the magnetic 

moment ~ and the mechanical angular momentum M.r = liJ with 
the aid of the auxiliary operator G: 

,... e ,.. ,... e ,.. ,... ,.. ,.. 
p.= --GM.r= --G (liJ) = -!J.uGJ (58.7) 2m8 c 2m9c 
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Correspondingly 
"" e ........ 
II =--GM rz 2mec z (58.8) 

A comparison of expressions (58.4) and (58. 7) shows that 

a:J = :J -!- s 
Let us perform scalar multiplication of this equation by i: 

GJ2=J2+ :J§ 
whence 

(58.9) 

Squaring the relation i = J - §, we obtain L2 = J2 - 2JS + S21 

whence 2JS = J 2 - L2 + S2• Substitution of this value into (58.9) 
yields 

~ 32-£2+§2 
G=1+ ~ 

2J2 
(58.10) 

The operator G commutes with Mz and, consequently, has common 
eigenfunc.tions with it. We are considering unperturbed states of 
an atom with definite values of J2 , L2, and S2 • In these states, the 

quantity described by the operator G has the value 

= 1+ J(J+1)-L(L+1)+S(S+1) 
g 2J (J+i) 

(58.11) 

This expression is called the Lande g-factor. It is clear from above 
that g is the eigenvalue of the operator G. 

Introducing expression (58.8) for ~z into (58.6), we get the matrix 
elements of the perturbation operator V: 

('lj?L',S',J',mJ j V j 'ljlL,S,J,m) 
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[compare with formula (32.14)]. [The eigenvalues of the product of 
commuting operators equal the products of the eigenvalues of th& 

multipliers, see (10.2i)]. The eigenvalues of the operators G and 1W z 
equal g and nmJ> respectively. 

The matrix of the operator l; evaluated with the aid of func.tions 
describing the unperturbed states of an atom is diagonal. This sig
nifies [see the text preceding formula (31.12)] that although the un
perturbed functions are degenerate, the first-order corrections to th& 
energy equal the diagonal matrix elements (58.12). Hence, 

l!:,.E = ~tB!igmJ (mJ = -J, -J + 1, ... , J - 1, J) (58.13} 

The result obtained signifies that a (2J + 1)-fold degenerat& 
level under the action of a weak magnetic field splits up into 2J + 1 
equidistant levels arranged symmetrically relative to the unper
turbed level Er .. s. J· Consequently, a magnetic field removes degen
eracy with respect to the quantum number mJ. 

Splitting of the levels determined by formula (58.13) (with g =/= 1} 
is called the complicated (or anomalous) Zeeman etlect. When 
S = 0 (particularly, for particles without a spin), the Lande g-fac
tor becomes E>qual to unity [see (58.11)], and formula (58.13) acquires 
the form 

!!.E = PBlimJ 

coinciding with (32.15). Splitting described 
is called the simple (or normal) Zeeman etiect. 

(58.14) 

by formula (58.14) 

59. The Theory of Molecules in the Adiabatic Approximation 

The mass of a nucleus is three or four orders of magnitude larger 
than that of an electron. For this reason, the nuclei in a molecule 
move considerably slower than the electrons. This circumstance 
gives us grounds to consider the nuclei to be at rest in the zero 
approximation, and in the following approximations to consider 
the motion of the nuclei as a perturbation. This method of calcula
tions is known as the adiabatic approximation. 

In a non-relativistic approximation, the Hamiltonian of a system 
cousist ing of nuclei and electrons has the form 
~ ~ h2 2 h2 ~ 2 ~ ~ 

H =- .L..J. 2Mt VR1 - 2me .L..J. Vr11 +V (r11, R,) = Tnuc + Te + U (59.1) 
i k 

Here M 1 and Rt are the masses and position vectors of the nuclei, 
r11 are the position vectors of the electrons, U (rk, R,) is the potential 
energy of interaction between all the particles, T nuc is the operator 

of the kinetic energy of the nuclei, and Te is the operator of the 
kinetic energy of the electrons. The adiabatic approximation pro-
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·ceeds from the assumption that the operator of the kinetic energy 
-of the nuclei can be. considered as a small perturbation; 

(59.2) 

The unperturbed Hamiltonian will then consist of the second and 
third terms nf expression (59.1): 

(59.3) 

The position vectors Ri play the role of parameters in this expres
:Sion. 

In the zero approximation, the energies and psi-functions of the 
·stationary states are determined from the solution of the equation 

(59 .It) 

The index n stands for the set of quantum numbers characterizing 
the stationary state of the system. The values of the energy and the 
-psi-function depend on the position vectors of the nuclei as on pa
rameters. The functions'I\Jri0 ' (rk, Ri) characterize the state of motion 
-of the electrons with f1xed positions of the nuclei determined by the 
values of Ri. 

Let us attempt to find a solution of the equation H'l\l = E'¢ [where 
~ ~ ~ 

H = H 0 + Tnuc is the operator (59.1)] in the form of an expansion1 

in the functions '¢~' (rk, R 1); we shall designate the coefficients of 
the expansion by '¥ n (Ri); 

~' (rll, Rt) = ~ 'l' n (Rt) 'i:h0> (rh, Rt) (59.5) 
n 

'Substitution into the equation yields 

(H~ T~ ) '\1 ur <OJ _ E ~ ur <o> 
o + nuc -! T n 'Pn - ~ T n 'Pn 

n n 

•Opening the parentheses and taking into account (59.4), we obtain 

~. '¥ nE~0\i'~0f + T nuc -~ '¥ n '''~O) = E ~. 'I' n \jJ~O) 
n n n 

Let us perform scalar premultiplication of this relation by 1p::!) 
(in calculating the scalar product, integration is performed over 

1 If the spectrum of the operator n; has continuous regions, the right-hand 
side of formula (59.5), in addition to the sum over the discrete states, will con
tain an integral over the continuous states. 
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the coordinates of the electrons, therefore the functions of R 1 may 
be put outside the symbol ( I )): 

"', '¥ nE~O) (1\J~) I '1Jl~0 )) + ~ ('ljl~) I T nuc ( qr n '1Jl~0)) ) 
n n 

= £)1, qr n N~> I 'IJl~>> 
n 

Owing to orthogonality of the functions 'ljl1°), the first sum on the 
left equals '¥mE:::), and the sum on the right equals E'¥ m• We thus 
arrive at the equation 

'¥ m (Ri) E~~) + 2J ('!J~) (rk, Ri) IT nuc (Rt) PI' n (R,) '!J~O) (rk, RI)J) 
n • 

= E'I'm (Rt) (59.6) 

We calculate the expression inside the summation sign1: 

(1IJ~) [ T nuc ('¥ n 'P~0))} = ( 111~) I ( -- ~ 2: 1 vq ('¥ n 'ljl~0 >)) 
i 

= -n2 ~ ~~ ('ljl~) I (Vt'I'n) (V,'Ijl~0))) 

+ < 'ljl~) I ( - 2j 2:, vr) 'ljl~O)) '¥ n + ('ljl~) I 'ljl~O)) (- 2j 2:1 vr) '¥" 

' 
= - fi,2 Lj ~~ (1p~> I \7 t'P~O)> \7 t '¥" 

I 
(0) ~ (0) ~ + (1Pm I T nuc 'IJln ) '¥ n + 6mnT nuc '¥ n (59. 7) 

If we introduce an operator acting on the function of R1: 

Amn =n2~ ~~ ('ljl~) I V,'ljl~0 )) V,- ('ljl~) IT nuc'IJl~0>) (59.8) 
i 

expression (59_7) can be given the form 

-Amn'I'n + (Tnuc'I'n) Bmn 

Substitution of this value into (59.6) yields 

'¥ m {R,) E~)- 2J Amn '¥ n {R,) + 2J [T nuc '¥ n {R,)] 6mn = E'J! m {R,) 
n n 

whence we obtain the relation 

~ (0) "" .. [T nuc -1-- Em (R,)- E] "'¥ m (R,) = .i..J Amn '¥ n (R,) (59.9) 
n 
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Assigning the values 1, 2, ... to the index m in (59.9), we obtain 
a system of equations for finding the values of E and the functions 
'I' n (R;). This system is exact, but its exact solution is impossible. 

If the operator Tnuc may be treated as a small perturbation, the 
system can he solved hy the method of successive approximations. 
In the zero (adiabatic) approximation, the right-hand side in (59.9) 
is assumed to equal zero. The system (59.9) in this case breaks up 
into a set of independent equations 

(59.10) 

The equation with the number m determines the function 'I'~> de
scribing the motion of the nuclei when the state of motion of the 
electrons is determined by the set of quantum numbers m. Since 
there may be several states of motion of the nuclei in this case, we 
shall provide the function \f~> with an additional index v designat
ing the set of quantum numbers characterizing the state of motion 
of the nuclei. To underline the fact that E in (59.10) is the energy 
of the state in which the motion of the electrons is characterized by 
the set of quantum numbers m, and the motion of the nuclei by the 
set of quantum numbers v, we shall use both these indices on E. As a 
result, Eq. (59.10) becomes 

(59.11) 

~ 

A comparison with the equation (T + U) 'ljl = E'ljl shows that the 
energy g:,_> (R;) of the electrons plays the role of the potential energy 
of the nuclei in Eq. (59.11). 

Hence, in the adiabatic approximation, the psi-function of a mole
cule is 

(59.12) 

i.e. it breaks up into two factors, one of which describes the motion 
of the electrons, and the other the motion of the nuclei. The function 
'I'~> is found by solving Eq. (59.4), the function 'F~~. by solving 
Eq. (59.11). 

The energy E~> obtained from Eq. (59.4) is (to within a constant 
factor) the electron term of a molecule. The energy Emv obtained 
from Eq. (59.11) includes, in addition to the electron energy E~\ 
the energy of motion of the nuclei (the vibrational and rotational 
energy of a molecule). 
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60, The Hydrogen Molecule 

For a hydrogen molecule, the operator (59.3) has the form 

fi =-~ (Vt + V~) +e2 [..!._+.!. --1---1---1---1- j (60.1) 
0 2me r 12 R rAt Tnt rA2 rnz 

The subscripts A and B relate to nuclei, the subscripts 1 nnd 2 -to 
electrons, R is the internuclear distance. 

The equation 

H 01jl (1, 2, R) = E<0> (R) 1jJ (1, 2, R) (60.2) 

lsee (59.4)1 was first solved by W. Heitler and F. Lonrlon by the 
method of successive approximations. The psi-function of two iso
lated atoms was taken as the zero-order psi-function. 

Let us consider the limit (when R -+ oo) expression for the Hamil
tonian (60.1). Assume that when one of the atoms is removed to 
:infinity, the electron 1 is found near the nucleus A, and the electron 
·2 near the nucleus B. The limiting value of the Hamiltonian there
fore has the form 

H~ = HAl + H B2t (60.3) 
where 

~ 1;,2 2 e2 
Hnz= --Y'2--

2me rn2 

The equation H:X,1jl = E1jl will have as its solution the function 

'1'1 = 'ljl Al (r AI) 1Jl nz (rsz) (60.4) 

whose factors satisfy the equations 
~ ~ 

H Al'ljlAl (r Al) = EAl'ljlA1 (r Al), H nz'l'nz (rnz) = Enz'l'nz (rnz) 
Indeed, the function (60.4) satisfies the equation 

HA1'1'l + H 82'¢ = E1p (60.5) 

provided that E = EA1 + E82 [the operator HA 1 does not act on 

'IJ82 (r82), and the operator H82 does not act on 'IJ'A 1 (r AI)]. 

Owing to the indistinguishability of the electrons in the atoms 
infinitely far from each other, the first electron may be found near 
the nucleus B, and the second near the nucleus A. The limiting value 
<>f the Hamiltonian (60.1) will therefore be 

(60.6) 
where 

~ 1;,2 2 ez 
Hs,=--Y't--, 

·2me · rnt 
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The equation H;;.,'ljl = E'ljl will have as its solution the function' 

'lj12 = 'l'Bl (rBl) 'l'A2 (rA2) (60'.7) 

whose factors satisfy the equations 

HBI'PBI (rBJ) = EBI'PBI (rBI), HAa'PA: (rA2) = EA:'ljlA2 (rA2): 
The energy corresponding to the state (60.7) is E = E Bl + E All-

In the following, we shall limit ourselves to considering the ground 
state of the hydrogen molecule. Accordingly, in the limit, isolated~ 
atoms are obtained that are in the ground state with the energy Eo
Therefore 

EAl = EB 2 = EBI = EA: =Eo (60.8~ 

so that the energy of the states described by the functions (60.4) 
and (60.7) is the same and equals 2E0 • 

Hence, in the zero approximation we have used, the ground stat& 
of the hydrogen molecule is doubly degenerate (exchange degeneracy). 
A feature of the problem being considered is that the functions 'P:t 
and 1p2 describing degenerate states are eigenfunctions of different 
operators [the function (60.7) does not satisfy Eq. (60.5), and th& 

function (60.4) does not satisfy the equation .H:,'Ijl = E1p1. Therefore~ 
we cannot assert that 'h and 'ljJ2 are mutually orthogonal. 

Let us use as zero-approximation psi-functions the linear combi
nations of the functions 1p1 and 'V2 that take into account the require
ments of symmetry which a system of two particles with a spin of 
1/ 2 must meet. The following two types of position functions eorre
spond to the two possible spin states (S = 0 and S = 1): 

'(l~Ol = Cl ('IJ'A (1) 'iJB (2) + 'IJ'A (2) 'IJlB (1)}. 

'ljl~D> =ell ('IJ'A (1)tpB (2) -'!JA (2)~1B (1)1 

To simplify writing, we have used the notation 

'i1Al (r AI) =tVA (1), 

tVA2 (r A2) = 1p,1 (2), 

tiJ Bll (r B?) = 'I= B ~2r 

1J' Bl (r Bl) = 'If 11 ~1 ); 

(60.9) 
(60.10)> 

The functions lPA and tjJ IJ are psi-functions 0f the ground state of a 
hydrogen atom. By the ftrst of formulas (24 .33), we have 

tVA (1)=Ce-'A 11'•, 

tVA (2) = Ce _,. A2/ro' 

tVB (2) = ce-rB2/To }· 

"IJ>B (1). (;e-rBt/ro : 

where C = (1lr0) 3121V il. All these fl,lncti9ns. a;e:reaL 
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Let us find values of the coefficients C1 and C2 in (60.9) and (60.10~ 
from the normalization condition. We write the normalization con
dition for '¢~0 >: 

1 = ~ [1ll~0)]2dVtdV2=C~ {.\ [~JA (1)]2 dV! I ['¢·B(2)] 2dV2 

+ 2) '¢A (1) '¢B (1) dVt J '¢A (2) 1JlB (2) dV2 

+ ~ £'1JA (2)]2 dV2) [1JlB (1)]2 dVt} 

The first and third terms equal unity. The factors in the second term 
differ only in the designation of the integration variable. We there-
fore arrive at the relation • 

(60.12} 

where 

S = ) 1jJ A (1) 1JlB ( 1) dV1 = ll~~ J e-(r A t+r Bt)/ro dV 1 (60.13} 

is a quantity known as the o''erlap integral of psi-functions. It 
characterizes the degree of non-orthogonality of the functions (60.4} 
and (60.7). If these functions were orthogonal, the coefficient C1 in 
(60.9) would be 1/V 2, which is obtained when S = 0 {see (60.'12)1.. 
A glance at (60.12) shows that 

C!= Y2(:+S2) (60.14) 

Similar calculations give the following value for the coefficient. 
c2 in (60.10): 

c- 1 
2 - V2 (1-S2) 

(60.15) 

By formula (7.14), we have 

(£)-;- J 1jJ* HljJ dV 

If in the state ~'• the energy has the definite value E, then (E) equals-. 
this value, so that for stationary states we haw 

(fi0.16). 

Heitle'r and London used formula (60.16) for calculating the energy 
of the ground state of the hydrogen molecule. They took the functions 

(60.9) and. (60.10) as 1jl, and 'the opera-tor H0 determined by formu

la (60,1} as il. , 
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For the parastate, we have 

Es = J '\j)sHo'ljJ,dVtdV2 

= 2 (1 ~ S2) J ['i'A (1) 'Pn (2) + 'PA (2) 'Pn (1)] 

X H0 ['ljJA (1) '\j)n (2) + '\j)A (2) 'ljJ8 (1)] dVt dV2 

= 2 (i~S2 ) { J 'ljJA (1) 'i'n (2) Ho'i'A (1) 'Pn (2) dVt dV2 

+ J 'ljJA (1) 'Pn (2) Ho'I'A (2) 'ljJB (1) dVt dVz 

+ J 'ljJA (2) 'ljJB (1) Ho'~A (1) '\jJ8 (2) dVt dV2 

+ J 'i'A (2) 'i'n (1) Ho'i'A (2) 'i'n (1) dV1 dVz} 

The first and fourth integrals differ only in the designations of the 
integration variables, consequently they equal each other. The same 
relates to the second and third integrals. We can therefore write 

E, = 1 ~ 82 { J 'ljJA (1) 'ljJB (2) H 0'\j)A (1) 'i'n (2) dV 1 dV2 

+ J 'i'A (1) 'ljJB (2) Ho'\j)A (2) 'i'n (1) dVt dV2} 

In calculating the integrals, we have in view that 

( -~ \72 - __::___) 'i'A (1) = Eo'i'A (1) 
2me 1 rAt 

( --2
112 \7~- ~) '\j)A (2) =Eo'PA (2) 
me rAz 

( --2
112 \7~- --=.:.._) 'ljJB (1) = Eo'i'n (1) 
me rnt 

( _....!!:._\72- __::__) 'ljJB (2) =Eo'\j)B (2) 
2me 2 rnz 

{see (60.8)]. With account taken of these relations, we have 

E, = 1 ~ 82 { 2 J 'ljJA (1) 'i'n (2) Eo'i'A (1) 'ljJ8 (2) dVt dV2 

+ I 'ljJA (1) 'i'n (2) [ez (-1 + ...!.._ __ 1 ___ 1_) J J r12 R rAz rnt 

X 'iJA (1) 'i'n (2) dV1 dV2+ 2 J 'iJA (1) 'i'n (2) Eo'i'A (2) 'i'n (1) dVt dVz 

+ l 'iJA (1) 'iJn (2) f e2 (-1 +-1 __ 1 ___ 1 .Jl 
J l r12 R rAt rnz 

X'iJA (2) 'iJB (1) dV1dV2} 
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Since the functions 'll,A (1) and 'ljJ n (2) are normalized to unity, the 
first integral equals E 0 • In accordance with (60.13), the third inte
gral equals S 2E0 • We can therefore write that 

(60.17) 

where 

Q= f 'ljl~ (1) '\jlb (2) [e2 (-1 + R1 --1---1-)J dV1 dV2 J r12 rA2 .rBl 

= eR2 + f 'ljl~ (1) ~ 'ljl1 (2) dV 1 dV2 J r12 

(G0.18) 

(60.19) 

Similar calculations give the following expression for the energy 
of the orthostate: 

Q-A 
Ea=2E0 + i-S~ (60.20) 

The quantity Q determined by expression (60.18) is known as the 
Coulomb interaction integral. The first term of this expression gives 
the energy of the Coulomb interaction of the nuclei, the second term 
determines the mean value of the energy of the Coulomb interaction 
of the electrons (without account taken of the correlation !lue to the 
symmetry of the psi-functions), the third term is the mean ene1·gy of 
Coulomb interaction of the electron '1 in the atom A with the nucleus 
of the atom 13 (also without account taken of correlation), and the 
fourth term is the similar energy for the electron 2 and the nucleus A. 
The third and fourth terms coincid~ numerically. 

The quantity A determined by expression (60.19) is called the 
exchange energy because it corresponds to the part of the Coulomb 
interaction between the electrons and nuclei associ a ted with the 
correlation in the motion of the electrons appearing owing to symme
trization of the psi-functions in accordance with the Pauli exclusion 
principle [compare with (49.5) and (49.6)1. 

19-0196 
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The quantities Q and A are functions of the internuclear distance 
R. Figure 60.1 shows how the energies E. and Ea depend on the 
internuclear distance R. The quantities Q and A are evaluated with 
the aid of the functions (60.10). The dashed line shows the experi
mentally obtained curve for the parastate. Examination of the figure 
shows that the results of Heitler and London do not agree very well 

EIRJ1 
H 

H 
2E0 R 

I 
I 
I 

Fig. 60.1 

with experimental data, hut qualitatively, the features of inter
action between hydrogen atoms in the para- and orthostate are 
described by the theoretical cunes correctly. 

These features consist in the following. When hydrogen atoms 
with anti parallel spins of their electrons approach each other, the 
energy of the system diminishes up to the distance R 0 equal to about 
0.80 A (the experimental value is 0.74 A). When the nuclei continue 
to approach each other, a sharp increase in the energy occurs. The 
presence of a minimum on the energy curve makes the formation of a 
molecule possible. The curve of En has no minimum, as a result of 
which two hydrogen atoms with parallel spins of their electrons 
cannot form bound states (at any R the atoms repel each other). 
Hence, a hydrogen molecule can be formed only in the singlet spin 
state. 

We have already noted that the theory advanced hy Heitler and 
Lonclon !earls to unsatisfactory quantitative agreement with experi
mental data. Employnwnt of tho variation method made it possible 
to obtain more accurate results. 



Chapter XI 

RADIATION THEORY 

61. Quantization of an Electromagnetic Field 

It was shown in Sec. 67 of Vol. 1 that an electromagnetic field in 
a vacuum (we shall call such a field a free one) can be chara~terized 
with the aid of the Lagrangian whose density is 

1 
La= S:n (E2 - B2) (61.1) 

[see Vol. i, formula (6i .8)1. Let us go oYer from E and B to the 
field potentials A and q:. For a free field, these potentials c.an always 
be chosen so that the scalar potential <p is zero, and the vector po· 
tential satisfies the condition 'VA= 0. We shall assume in the follow· 
ing that both these conditions are observed. 

By formulas (56.1) and (56.3) of Vol. 1, we have 

B = I'VA], 
1 aA E=--c at 

(<p = 0). Introducing these values into formula (61.1), we arrive at 
the following expression for the density of the Lagrangian of an 
electromagnetic field: 

1 { 1 ( BA ) 2 } La=- - - -['VAJ2 81t ell at (61.2) 

In mechanics, the Lagrangian is defined to be a function of the 

generalized coordinates q11 the generalized velocities q11 and the 

timet, that is L = L (qr, qio t). A comparison with (61.2) shows that 
an electromagnetic field can be considered as a "mechanical system"' 
whose generalized coordinates are the values of the potential A at 
various points of space: 

q1 (t)-+ A (x, y, z, t) (61.3) 

Hence, the coordinates of points in space number, as it were, the 
degrees of freedom of the field. It thus follows that an electromagnetic 
field is a system with an infmitely large number of degrees of free· 
dom. · 
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In mechanics, the generalized momentum is determined as 

P.= BL 
I • 

Bqt 

and the energy as 

aL · , · E= ~ -.-q1-L= ~ Ptq1-L 
i iJq; 

(see Vol. 1, formulas (4.19) and (5.1)]. Accordingly for the general~ 
i~ed momentum and energy of a field, we obtain the expressions 
n~ t · \ · : .·; ~ c • ... 

aL 1 aA 
P __.::. · iJ (oA!iJt) = 41t'C2 Tt (61.4) 

( - 1 - oA) ~dV- I L dV 
4nc2 iJt iJt · j O 

f {· 1 ( iJA ) 2 . 1 ( a A ) 2 . 1 2 } ~ J 4nc2 Tt - '"'81tC2 Tt + Bn [VA) dV 

= \ {-1- (!___.A )2 +-1 [V'AJ2} dV j 8nc2 iJt · Bn (61.5) 

lin accordance with (61.3), summation over i is replaced with inte
gration over the coordinates]. · 

We obtain the Hamiltonian function.for an electromagnetic field 
by expressing E in terms of the generalized momenta P (x, y, z, t) 
determined by formula (61.4) . and the generalized coordinates 
A (x, y, Z; t). Substitution of P for 8A/8t in (61.5) yields 

H (P, A)= J { 2m2P2 + 8~ [VAJ2} dV · . (61.6) 

The transition from a classical description to a quantum one is 
accomplished, as for conventional mechanical systems, by replac
ing P and A with operators. It is especially convenient to express 

these operators in terms of the creation operator a+ and the annihi

lation operntor ~treated in Sees. 27 and 51. But before making such 
a replacement, let us impose certain conditions of periodicity onto 
a field and represent it as the superposition of plane waves, i.e. let 
us carry out a Fourier transformation of A and P. 

Assume that a field is confined in a large cubic box with mirror 
walls and an edtre of length a. The f1eld in this box will have the 
same properties as that in the entire space, which obeys the fol
·~owi.ng conditions: 

A' (x, y, z) = A (:x + a, y, z) = A '(x, y + a, z) · · 
-;_· r;·:: , . ·:.~ . . . 

= A (x, y, z +a) (G1. 7) 
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In these conditions, the potential cau be expanded in a Fourier series 
instead of a Fourier integral. In this way, we shall ensure that the 
number of degrees of freedom, although being infinitely large, will 
he countable. 

Let us write the Fomicr transform Jor the vector potential: 

A (r, t) "' .) 3 2: Ck (t) eikr (61.8) 
r a . k 

Introducing the notation Ck (t) = c V 4nAk (t) (c is the speed of 
light),· we can write (61.8) in the form 

-'!ffi" 
A (r, t) = c Jl -;;a 2: Ak(t) eikr (61.9) 

k 

(the factor cV 4n has been introduced for simplification of the fol
lowing formulas). Summation is performed over the entire k-space. 
Each of the addends must satisfy the periodicity condition (61.7): 

eikr = eik(r+aex) = eik(r+aeu) = eik(r+aez) 

Hence, 

Consequently, the components of the wave vector can take on only 
discrete values: 

2n k,. =~-- n 1 .~ a ' 
k 2n 
y=-n2, 

a 
(61.10) 

where n 1 , n 2 , n3 are integers. Three numbers n1 , n 2 , and n3 corre
spond to each addend in (61.8). Since summation is performed over 
the entire k-space, each of these numbers takes on the values 
0, +1, ±2, .... 

For observation of the condition VA = 0, it is necessary that 
each addend of the sum (61.9) separately satisfy this condition. 
Consequently, 

V' (Akeikr) = Ak Veikr = Akikeikr = i (Akk) eikr = 0 

IL thus follows that A~;k = 0, i.e. that the vector Ak is perpendicu
lar to the vector k (the waves are transverse). Having chosen two 
fixed directions of polarization perpendicular to the \'ector k, we 
can represent Ak as the sum of two components nlong tlw~r rlirrctions: 
Ak = ek1Ak 1 + ek 2Ak 2 (ek 1 and e" 2 are the unit vectors of the 
directions forming a right-handed system with k). 

Expression (61.9) can thus be writ ten as 

A (r, t) = c V :~ L ekaAka (t) eikr (6'1.11) 
k, a 
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(a. takes on the values 1 and 2). For the vector potential to be real, 
expression (61.11) must equal its complex conjugate. Taking advan
tage of this circumstance, we write the expression for A (r, t) as the 
half-sum of expression (61.11) and its complex conjugate: 

A (r, t) =c-./"; ~ eka [Aka (t) eikr + A:a (t) e-ikrJ (61.12) 
k, IX 

When written in this way, the potential is real automatically, without 
any stipulations on the properties of the quantities Aka (t). 

The vector potential for a field in a vacuum satisfies the equation 

V'2A = _1_ iJ2A 
c' iJt2 

Introducing the function ekcxAka (t) eikr into this equation and can• 
celling ekcxeikr, we obtain 

iJ2A 
ka + k2c2A = 0 -8~1 2::-- ka 

whence 

(61.13) 

(of the two possible exponent signs, we have taken the minus sign). 
Here Aka is a constant, generally speaking, complex quantity, while 
the frequency is determined by the formula 

(61.14) 

Correspondingly 

(61.15) 

Hence, in performing a Fourier transformation, we have in essence 
expanded the potential in plane waves of the form e±i(rokt-kr). 

By formula (61.4), we can obtain the expansion of a generalized 
momentum in plane waves by differentiating expression (61.12) 
with respect tot. With a view to (61.13) and (61.15), we obtain 

P (r, t) = 4;cz c V :3 ~ eka [- iwkAka (t) eikr + iwkA:a (t) e-ikrJ 
k, a 

Introducing the notation 

Pk.cx (t) = WkA ktl (t) 

we give the above expression the form 

(61.16) 

(61.17) 
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It is not difficult to see that expression (61.17) coincides with its 
complex conjugate and, consequently, is real. 

Substituting (61.12) and (61.17) into expression (61.6), we obtain 
the classical Hamiltonian function for an electromagnetic field: 

H (P, A)= Sa! \ ~ ekaek'a' {PkaPk'a~ei(k+k')r 
.. k, a, k', a' 

+-1- r c2 
8a3 J 

k, ex, k', a.' 

X [Y'' ek'a'eik'r] +Aka A~· a• [Y'' ekaeikr] (Y'' ek'a' e-ik'rl 
+A:aAk'a' [V, ekae-tkr] [Y', ek'a'eik'r] 

+A:aA:•a• ['\7, ekae-tkr] [Y', ek'a'e-ik'tl}dV=.1t +.12 (61.18) 

The quantities Pka and Aka are functions of t; this is not indicated 
explicitly so as not to make the formulas more complicated. 

Let us first calculate the integral .1 1• After changing the sequence 
of integration and summation, .1 1 transforms into the sum of addends 
that contain integrals of the form 

:; = J e±i(k±k')r dV 

With a view to (61.10), we have 
a 

.1 = J exp [± i (2nla) (n1 ± n;) x] dx 
0 

a a 

(61.19) 

X J exp [± i (2n/a) (n2 + n~) y] dy J exp [± i (2n/a) (n 3 ± n~) z] dz 
0 0 

This expression is non-zero (and equals a3 ) only if n1 ± n~ = n2 ± 
± n; = n3 ± n; = 0, i.e. k ± k' = 0. Correspondingly in the 
sums in which the exponent contains k + k', only the addends with 
k' = -k will be non-zero, and in the sums in which the exponent 
contains k - k', the addends with k' = k will be non-zero. There
fore 

.1 t = 81 ~ {eka e-ka'Pka P -ka' 
k, a, a.' 

- ekaeka'PkaP{a• -ekaeka'P:a Pka' + ekae-ka'P:a P!.ka'} 

(a3 was cancelled). 
Now let us take advantage of the fact that ekr.teka' = Baa;, and 

ekae-ka' = ~aa•· As a result, the expression for :J 1 is simplified as 



296 QUANTUM MECHANICS 

follows [we return to the complete writing of the functions Pka. (t) 
and Aka. (t)]: 

:J t = + :2: {Pka. (t) P- ka. (t) + 2Pka. (t) P~a. (t) + P~a. (t) P~ka. (t)} 
k' a. 

(61.20) 

Before beginning to evaluate the integral ."1 2 , we shall find the 
values of the vector products contained in the integrand. By for
mula (XI.28) of Vol. 1, we find that 

Accordingly 

[V, eka. e±ikr] [V, ek'a.'e±ik'r] = - e±i(k+k')r [k, eka.] [k', ek'a.'] (61.21) 

[V' eka.e±ikr] [V, ek'a.'e=Fik'r] = e±i(k-k')r (k, eka.] [k'' ek'a.'] (61.22) 

After substitution of these values into (61.18) and changing the 
sequence of integration and summation, in the expression for :J 2 

integrals of the form of (61.19) will appear. These integrals are non
zero {and are equal to a3) for products of the type of (61.21) when k' = 
= -k, and for products of the type of (61.22) when k' = k. Conse- · 
quently, we obtain the following expression for :J z: 

k, a., a.' 
+Aka.A~a.· [k, eka.l [k, eka.·J+A~a.Aka.' [k, eka.l [k, eka.'] 

-A~a.A~ka.' [k, eka] [-k, e-ka.'J} (61.23) 

When a' =1= o:, the vector products are mutually perpendicular so 
that their scalar product is zero. For this reason, we must retain 
only the·terms in which a' = a in (61.23). Taking into account that 
e-ka = --eka, we obtain 

' [k, Ckal [ +k, C±kal = [k, Cka.J2 = k2e~a. - (kcka.) 2 = k 2 

[see Vol. 1, formula (Vl.6), ek~ is perpendicular to k]. 
Hence, all the non-zero products of the vector products in ((11.2 3 

have the same value equal to k 2 • \Yith a view to the fact that c2k2 = 
= wi [see (61.14)], we shall represent :J 2 in the form 

."12 = i- ~ wU- Aka. (t) A-ka. (t) + 2Aka. (t) A~a. (t) 
k, a. 

(61.24) 
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To obtain the function (61.18), we must add expressions (61.20) 
and (61.24). The first and third terms in these sums cancel each other 
[this follows from (61.16)]. Consequently, 

ll (P, A)= ! ~ {Pka (t) P~a (t) + w~Aka (t) A~a (t)} (61.25) 
k, a 

Let us correlate the following real vnriables with the complex 
quantities Aka (t) and P1,a (t): 

qka (t) = ~ [Aka (t) +Aka (t)] (61.26) 

Pka (t) = 2 i [Pka (t)- Pka (t)] (61.27) 

It is evident that qka (t) is the real part of Aka (t), and Pka (t) is the 
imaginary part of Pka (t). Such a definition of Pka (t) is dne to the 
circumstance that expression (G1.17) contains the quantities Pka (t) 
multiplied by -i. Therefore, the imaginary part of Pka (t) plays the 
same role with respect to the generalized mom en tum P (r, t) of the 
field that the I"eal part of Aka (t) plays with respect to the general
ized coordinate A (r, t) of the field. 

Since Pka (t) = wkAka (t) [see (61.16)], expression (61.27) can 
be written as 

Pka (t) = -iwk [Aka (t) -A~a (t)] (61.28) 

Examination of (61.26) and (61.28) shows that 

A ( ) . Pka A* ( ) . P~;.a 
ka t = qka + t -- , ka t = qka - t --

wk wk 
(61.29) 

Multiplication of _these expressions by (uk yields 

Pka (t) = Wk!Jka + iJika• P~a (/) =- hlkiJka - iPka (fi1.30) 

Expressing P, P*, A, and A* in (61.25) in terms of q and p in 
accordance with (G1.29) and (G1.30) and performing simple t ransfor
mations, we arrive at the formula 

(liJ .:H) 
k, a 

lt follows from (6'1.31) that the classical Hamiltonian function 
for an electromagnetic fwld is the sum of independent addends of the 
form 

(61.32) 

coinciding with the Hamiltonian function for a harmonic oscillator 
with unit mass. We thus arrive at the conclusion that an electromag-
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netic field can be represented as a set of an infinitely great number 
-of harmonic oscillators. 

The transition from the classical description to the quantum one 
is performed by replacing the quantities Pka. (t) and qka (t) with 
the operators Pka (t) and qka (t) that obey the same commutation 
relations as the operators of conventional coordinates and momen
ta do: 

Jqka, qk'a' 1 = 0, (Pta, Pk'a' 1 = 0, [qka' Pk'a' 1 = ili6kk'8aa' 
(61.33) 

~compare with (16.3)}. In accordance with (61.29) and (61.30}, the 
.quantities A and P transform into the operators 

~ ~ . Pka (t) 
Aka (t) = qka (t) + Z ----'-

(l)k 

Pka (t) = Wkqka (t) + iPka (t) 

(61.34) 

(61.35) 

Hermitian conjugation of operators corresponds to complex 
-conjugation of quantities. For this reason, the quantities A:a (t) 
.and P:a (t) must be replaced with the operators 

~ ~ p+ (t) 
A~a. (t) = qk.a. (t)- i ka 

(l)k 
(61.36) 

Pi..rt. (t) = Wkqka (t)- ip~a (t) (61.37) 
'(see (10.13)]. We must note that formulas (61.36) and (61.37) are 
obtained by substituting operators for the variables q and p in 
·expression (61.29) for A~a (t) and in expression (61.30) for Pk.a (t) 

(with subsequent consideration of the fact that q = q+ and p = p+). 
To simplify writing of the formulas, we shall not always indicate 

the explicit time dependence: of the operators Ata. (t}, Pka (t), qka. (t), 
.and Pka. (t) in the following. It must be remembered, however, that 
this dependence exists. 

We have already noted that it is expedient to transform the Hamil
tonian (61.31) to the occupation number representation (see Sec. 50), 
i.e. express it in terms of the particle annihilation and creation op
erators (see Sees. 27 and 51). These operators are determined by 
.expressions similar to (27 .1): 

~ 1 {, / (l)k ~ i ~ } ) 
aka (t) = l/"2 V T qka (t) + -v-==r:00=k=- ~ka. (t) 

~ 1 { ./~ ~ ' .. } 
ai..a (t) = y"2 ,., T qka (t)- V liook Pta. (t) 

(61.38) 
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It is obvious that all the commutation relations obtained in Sec. 27 
for the operators (27.1) also hold for the operators (61.38). Par
ticularly, 

[~Ita• ataJ = ~ka;~a -ata;ka = 1 
1~~ ~~ ~~ 1 

2 (akaa~a +aka aka)= 4aaka. +2 

(61.39) 

(61.40) 

A comparison of expressions (61.34) and (61.36) with formulas 
(61.38) shows that 

fka (t) = V 2/i/wk ~ka (t) } 
Ata (t) = V 2/i/wk ata (t) 

(61.41) 

Introducing these values into (61.12), we obtain the operator o! the 
vector potential of a field in the occupation number representation: 

A. (r, t) = c J/2: 3n 2j Veka {ata (t) eikr +~ka (t) e-ikr} (61.42) 
It, a wk 

Solving the system of equations (61.38) relative to qka and Pta• 
we obtain expressions of these operators in the occupation number 
representation: 

qka = V li/2wk (~ia + ~ka) } 

Pta = i V liw"/2 (a~a- ~ta) 
(61.43) 

Replacing the quantities p and q with operators in (61.31), we ob
tain the following expression for the Hamiltonian of a free electromag
netic field: 

Introducing expressions (61.43) for p and q into this equation, we 
obtain the Hamiltonian of a field in the occupation number repre
sentation: 

..... lic:ok .,.. ,. ,.. .,.. ,.. .,.. ,.. ,.. 
H = L: - 4- [(aka+ aka) (aia +aka)- (ak:a- aka) (aka- aka)] 

k, a. 

k, a 

Using relation (61.40), let us write the Hamiltonian in the form 

~ (~ ~ 1) 
H= ~ 1iw" ataaka +2 (61.44) 

It, a 
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Recall that summation is performed over all the values of the wave 
vector k and two values of the polarization. 

The operator (61.44) differs from the Hamiltonian (51.45) for a 
system of bosons obtained in Sec. 51 only in a constant term equal 
to !irok/2. We thus conclude that a free electromagnetic field is a 
system of bosons. The latter are called photons. 

Introducing expression (61.44) for fi into the equation Hill = E'¢, 
we obtain 

(61.45) 
k, a k, a 

According to (51.2o), ~k~d'k,~'¢ = nka1l'· where nka is the number of 
photons with given values of k and a. With this in view, we obtain 
from (61.45) the following expression for the energy of an electro
magnetic field: 

(61.46) 

We conclude from (61.46) that the energy of a photon is lieu". In 
addition, it follows from (61.46) that even in the absence of photons 
(i.e. if all the nka's equal zero), the energy of a field has a non-zero 
value equal to 

2: liwk 
Eo= --. 2 

k, a 

(61.47) 

The quantity (GL<17) i~ called lhe zero-point energy of an electro
magnetic field, and the state of a field in which all the nka's are 
zero is .called a vacuum. Since the number of addends in (61.47) is 
infmitely large, E 0 is infinitely large too. For the majority of pro
cesses of interaction of a fielrl with a suhstanec, only tho difference 
of Uw onergieH for two !>IaloR of the suh!>lance-lield sysl.mu is of sig
nificance. Therefore, the presence of an infinitely great constant quan
tity in the energy does not manifest itself in these processes. The 
existence of zero-point oscillations, however, affects some processes 
and results in effects that, although very small, are observable. 

Let us find the operator of the momentum of an electromagnetic 
field. It is known from classical electrodvnamics that the momentum 
of a plane wave eikr with the polarization a is 
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where Eka. is the energy of the wave. Consequently, the total mo
mentum or' a field is determined by the expression 

p= ~ ~Eka. 
(J)k 

' k. a, 

Going over to operators, we obtain 

(61.48) 

From the equation ptjJ = p'ljJ, we obtain [compare with (61.45)] the 
following expression for the momentum of a field: 

p = ~. nka lik + ~ ~k 
k,a k,a. 

from which it follows that the momentum of a photon is lik. 
Bosons, which include photons, have an integral (or zero) spin. 

The spin of a photon is unity. The concept of spin as the angular 
momentum of a particle at rest cannot obviously be applied to a 
photon. Therefore, the spin of a photon is defined to be the smallest 
of the possible values of its angular momentum. It is just this small
est value that equals unity. 

The psi-function of an electromagnetic field (or, as is customarily 
said, the amplitude of the fwld state) has the following form in the 
occupation number representation: 

62. Interaction of an Electromagnetic Field 
with a Charged Particle 

(6'1.49) 

Consicier that the velocity of a particle i:5 small in comparison 
with c. In this case, the particle is described by the non-relativistic 
JTnmillonian (32.6). rr wo gauge the field so that the conditions 

II',_ 0, VA - U 

are observed, expression (32.6) becomes 

(62.1) 

Recall that with this gauging, the operators p and A commute: 

[pAJ=O (62.2) 
[see (32.5)]. For this reason, the sequence of the factors in the second 
term of expression (62.1) is immaterial. 
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The Hamiltonian of the system "field + particle" will be written 
as follows: 

"' 1 ,.. e ,.. ..... e2 ,.. ..... 
H ==- p2--pA + -- A2 + H field 2m0 m0c 2m0c 

(62.3) 

The first term in this expression contains only quantities character

izing a particle, therefore we can designate it by Hpart!cie· The last 
term contains only quantities characterizing a field. The second and 
third terms contain both quantities characterizing a particle (e, m0 , p) 
and a quantity characterizing a field (A). Hence, these two addends 
are the opera tor of particle-field interaction 

(62.4) 

The operator V determines the processes of particle-field interaction 
that may consist either in the creation of photons (i.e. in the emis
sion of photons by the particle) or in the annihilation of photons 
(i.e. in the absorption of photons by the particle). 

Considering V as a weak perturbation, let us use the perturbation 
theory for studying the processes of emission and absorption of 
photons. Accordingly, the evaluation of the probabilities of these 
processes will be reduced to evaluation of the matrix elements of 
the operator (62.4). 

The unperturbed Hamiltonian hreaks up into two independent 
terms: 

Ho = j{ particle+ fifield 

Therefore, the psi-functions of the unperturbed problem can be rep
resented as the product of two functions, the first of which describes 
the particle, and the second, the field: 

•h(O)=•IJ(O) ,,h(O) 
'Y ~ parl!cle 'Yfield (62.5) 

[compare with (46.2) and (46.3)). 

13y (61.42}, the operator A (r, t) in the occupation number repre
sentation is determined by the expression 

~ .. / 2nn "" eka ~ . ~ . 
A= c V -;zs L.. V _ (akae•kr + a~ae-•kr) 

k, a wk 

= L: (Ckaaka + qac;~a) (62.6) 
k, a 
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where 

(62. 7) 

For a system of bosons, only the matrix elements 

{ • • ·, nket -1, . . . I ~ket I ... , nket• ..• } =VIi;; (62.8) 

{ ···• nket+1, ··· l~ketl···• nket• ... )=-= Vnka+1 (fi2.9) 

are non-zero [see formulas (51.33) and (51.34)1. Tho cm·r<'sp~tullng
matrices are as follows: 

( 0 1 0 0 

a~ -~ o o Y2 o ka-

0. ~ . ~ . ~~ 
0 0 0 0 
1 0 0 0 

~~1% = o V2 o o 
o o Y3 o 

... .. '] 
(62.10) 

(62.11) 

In these matrices, the row number coincides with the number of 
particles in the final state, and the column number with the number 
of particles in the initial state. Consequently, the non-zero elements 

of the matrix ~ka correspond to the transitions 
1 particle_. 0 particles, 2 particles_. 1 particle, etc. 

and the non-zero elements of the matrix ~ka• to the transitions 
0 particles _. 1 particle, 1 particle _. 2 particles, etc. 

Hence, the operator V1 [see (62.4)1 in the first approximation 
describes single-photon transitions, i.e. processes of the emission or 

absorption of one photon. The operator A2 has the form [see (62.6)1 
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The matrices of the operators ~k'a' and ~i<'a' have the same form 

.as the matrices of the operators a~ka and d~a· l\lultiplication of the 
matrices (62.10) and (62.11) yields 

o o Vr:-2 o 
o o o V2·3 

0 

0 
0 

0 

V2-3 
0 

0 ... ) 
0 

V3·4 

.. 

.. ) 
0 ... ) ~ 
0 

0 

0 

V3.4 

0 0 0 0 1 
0100::: 

0 0 2 0 

l o. ? . o. ~ : ... J 

(62.13) 

(62.14) 

We must note that from (62.14), the difference~;+ -~+~equals a 
11nit matrix [see (6'1.39)]. 

Rerall that the number of a row equals the number of particles 
in the fmal state, and tho number of a column -the number of par
ticles in tho initial stale. Consequently, tho non-zero elements of 

the matrix ~d correspond to the transitions 
2 particles-+ 0 particles, 3 particles-+ 1 particle, etc., 

~ ~ 

the elements of tho matrix a+a+~-lo the transitions 
'0 particles_,_ 2 parl.ir.los, 1 parLiclo-+ 8 pnrt.iclos, etc., 

~ ~ 

the elements of the rna trix a a+ -to the transitions 
0 particles-+ 0 particles, 1 particle-+ 1 particle, etc., 

and, finally, the elements of the matrix d+d-to the transitions 
1 particle -+ 1 particle, 2 particles-+ 2 particles, etc. 

~ ~ 

Therefore, the matrix A2 and, consequently, the operator V2 too 
[see (62.4)1 describe two-photon transitions: the simultaneous emis
sion or absorption of two photons [the terms in {62.12) corresponding 
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to the matrices (62.13)], and also processes involving the simultaneous 
emission of one photon and the absorption of another, as a result of 
which the number of photons remains unchanged [the terms corre
sponding to the matrices (62.14)1. 

We have seen above that the operator f\ in a first approximation 
describes one-photon processes. Only in the second approximation 
of the perturbation theory, when the squares of the matrix elements 

begin to play a role, does the operator vl contribute to two-photon 

transitions. The operator V2 , on the other hand, gives a non-zero prob
ability of two-photon transitions already in the firRt approximation. 

The operator (62.4) may be considered as a weak perturbation 
only when A is small. Consequently, I A2 I ~ I A 1. We thus con
clude that the probability of two-photon transitions is low in com
parison with that of one-photon transitions. 

63. One-Photon Processes 

Let us investigate the one-photon processes occurring in the sys
tem "electron-field". The charge of an electron is -e, therefore the 

operator responsible for one-photon transitions [see i\ in (62.4)1 
has the form 

(63.1) 

According to (62.5), the psi-function of an unperturbed system 
breaks up into two factors: 

11'(0) = '1'(0) • IIJ(O) 
electron field (63.2) 

We take the function 'IJ~Y~ctron in the coordinate representation, and 
the function '1Jr?~ 1 d in the occupation number representation. We 

must accordingly tftke the operator p in the coordinate representa
tion, and the operator A in the occupation number representation. 

In evaluating the matrix element ('IJ~0 ) I V'IJ~0 )), we shall have to 
perform both integration over the coordinates and operations with the 
occupation numbers. We shall first perform the operations with the 
occupation numbers, and then evaluate the integral over the coor
dinates. 

Consider a process attended by the emission of a photon of the 
frequency wk and the polarization a, and also by the transition of 

20-0196 



306 QUANTUM MECHANICS 

an electron from the state 2 to the state 1. The following matrix 
element corresponds to this process: 

(1, nka+11 Vl2, nka) 

= / '\).'( O) 1j;(O) (nka + 1) 1-e- pA / 'ljJ(O) 'lj.~(9) (nka)) (63.3) 
\ el, I field mec el, 2 held 

Having performed the operations with the occupation numbers, we 
obtain a factor that by (62.6) and (o2.H) is 

<. ... , nka + 1, .. ·I cJ/ ;a::: ekae-ikr~ka I· .. , nl<:a, ••• ) 

V 2nli (nka + 1) . = c ek e-tkr 
aawk a 

Introducing this expression into (fi3.3) and writing the scalar prod
uct of the functions in the form of an integral, we obtain 

(1, nka + 1 IV I 2, nka) 

(63.4) 

Similar calculations for a process attended by the absorption 
of a photon ancl the transition of an electron from the state 1 to 
the state 2 yield 

(2, nka -1 ll' 11, llkcx) 

(63.5) 

The probabilities of the processes are proportional to the squares 
of the m:umitudes of the relevant matrix elements [see the text fol
lowing fo'fmula (9.'18)]. A glance at formula (63.!t) shows that the 
probability of emitting a photon is proportional to nka + 1, where 
nk':<. is the number of photons present before the process of emission: 

(63.6) 

The probability of emission can thus be divided into two parts: 

Pemts = Psum + Pspont (63.7) 

where Psttm oc nka 1 and Pspont oc 1, i.e. does not depend on nka· 

The part of the radiation correspondiug to Psttm is due to the 
eleetromagnetic field present. This fiPld, acting on an electron, causes 
its tranfition to a new stale with the emission of an additional pho
ton of the same frequency and polarization. The radiation appearing 
in this way is said to be stimulated (or induced). 
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The part of the radiation corresponding to Pspont does not depend 
on the field already present. In this case, an electron emits a photon 
not under the action of extemal factors, but spontaneously. Such 
emission is callerl spontaneous1 . [ ~p~;,·+t.·~i~SJ 

Inspection of formula (fi3.5) reveals that the pro'bability of absorp
tion of a photon is proportional to n~ca: 

(63.8) 

Taking into account the Hermitian nature of the matrix elements 
(G3.4) and (63.5), we can assert that 

Pattm = Paba (63.9) 

Hence, the probabilities of absorption and stiinulated emission are 
the same. 

Assume that an electron intcrar.ting with an electromagnetic field 
does not experience any other actions, i.e. is free. Therefore, 
..P~~~ctron in (fi3.2) has the form 

..P1°l = C exp ( * Ptr ) , 1jl~0l! C exp ( ~ p2r) .. 
~ . ' 

In this case, the integral, for example, ii:l. (63.4) appears as follows: 

J 'IJ: (- eka ili'V) exp (ikr) 1jl2 dV 

=-iii I C 12 ~ exp [- ~ p1r 1 e~caY'exp [ T (p2 -lik) r J dV 

=ICI 2 eka(p2 -lik) ~ exp[ "7 ~ (p 1-p2 +1ik)rjdV 

= I C 12 ekap21i (2n)3 6 (Pt- p2 + liJc) 

[we have taken into account that e~cak = 0 and have used formulas 
(VIII.13) and (VIII./)}. We must note that if we had put the factor 
exp (ikr) in front of the operator Y' in the integrand, the result would 
have remained the same. 

Renee, the probability of a free electron emitting a photon could 
be non-zero only provided that 

p2 = p1 + lik (63.10) 

(momentum conservation). At the same time, however, the fol
lowing condition must be observed: 

(63.11) 

1 The spontaneous emission of radiation is due to .the interaction of an atom 
with the zero-point oscillations of the electromagnetic fi.eld. 
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(energy conservation). For a free non-relativistic electron, we have 
.E ·= p2/2me so that (63.11) can be represented as 

(63.12) 

Equations (63.10) anrl (63.12) are incompatible. 'We thus conclude 
that a free electron caunot emit photons. A similar result is obtained 

.for -absorption. 
For both conservation laws (energy and momentum) to be obeyed 

simultaneously, the participation of ·a third body is required, which 
the surplus m6mentum is transmitted to. 

64. Dipole Radiation 

Consider the emission of a photon hy a valence electron of an 
atom (we. ignore the spin of the ·electron). The energy of an outer 
(valence) electron in. its order of magnitude is Z*e2/a, where Z* ·is 
a quantity of the order of unity, and a is the effective radius of the 
atom. The change in the energy of an atom in a transition will be of 
the same order, i.e. the en·ergy ,n.ro of -an emitted ·photon approxi
mately equals 

f '. 

Accordingly, the length of an emitted wave is 'J.. ~ clul ~ !ica/e2• 

He:Qce 
a e2 1 
T~Tc=137 

Assuming that a ~10-8 em and 'J.. ~ 10-6 em (ultraviolet radiation), 
we obtain ·the same result. For visible light, the ratio all.. will be 
still smaller (..._.10-~). 

The psi..:functions of discrete states of an atom differ appreciably 
from zero only in a region of the order of the effective dimensions 
of the atom. Within this region, the exponent in the factor 
exp ( -ikr) in (63.4) does not exceed in magnitude the quantity 

2n: a 
Ta~r 

i.e. is much smaller than unity (a ~ A.). Therefore, this factor can 
be expanded into a series: 

exp ( -ikr) = 1 - ikr + (64.1) 

Limiting ourselves only to the ftrst term of the expansion (Le,· -replac
ing the exponential with unity), we obtain what is called the long
wave approximation. If a matrix element calculated in this approxi-
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mation is zero, the next term in the expansion (64.1) is taken into 
consideration. 

Replacing in (63.4) the exponential with unity, we obtain. the 
following expression for the n1atrix element of a transition: 

~ e v2Jt!i (nket + 1) 
M.E.=(1,nkcx+11Vi2, nkcx)=- 3 (ekcxP),2 (64.2) 

me a wk. 

where (~cxp)12 is a matrix element of the operator of the projection 
of the electron's momentum onto the direction of polarization of. 
the emitted photon. 

Generalizing formulas (21.13) and (22.g), we obtain 
A 

p = mer, (rh2 = iwk (r)12 

With a view to these relations, we can write . 
(ekaP) 12 =me (ekar),2 = imewk (ekar) 12 

= i ( - ~e ) wk{ eka (- er) }!2 = - i ~e Wk ( eka d) ,2 (64.3) 

Here d = -ei- is the operator of the dipole moment of an electron 
(the charge of an electron is -e). For a many-electron atom, we must 

treat d as the operator of the dipole moment of all the electrons (i.e. 
the dipole moment of the atom as a whole). 

Hence, in the long-wave approximation, the matrix element 
(64.2) can be written as 

(64.4) 

The initial state of the system is discrete. Since the frequency of 
a photon changes continuously, the final state belongs to a contin
uous spectrum. It was established in Sec. 34 that the probability 
of the transition of a system in unit time from a state belonging to 
a discrete spectrum to a state belonging to a continuous spectrum 
under the action of a perturbation varying with time according to a 
harmonic law is determined by the formula 

~:/ P= 2: I VE', E.l 2 g (E') (64.5) 

[see (34.19)f where. the energy of the final state E' = E 1 + liwk. 
satisfies the condition 

E' = E 1 + liwk = E 2 (64.6) 

[we must replace ll (E ... -En -nw) in formula (34.14) with 
B (E1 + 1iw" - E 2)). We have substituted the index E 2 for the 
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index n in formula (34.19). Remember that E 2 is the energy of the 
initial state of an atom. 

The function g (E') in (64 .. '1) determines the number of states per 
unit interval of final energy (the density of states): 

g(E')= ::, 

To find g (E'), let us calculate the number of states dN of the elec
tromagnetic field falling within the interval dk of values of the 
magnitluie of tho wave vector nnd within tho intorvnl of dircdions 
of the vector k corresponding lo the solid angle d~'"l. Jn k-spacc, tho 
volume k 2 dk dQ corresponds to these intervals. By (61.10), a vol
ume equal to (2rr./a)3 corresponds to each state (one polarization). 
Consequently, the number of states we are interested in is 

dN = a3k2 dk dQ (64. 7) 
(2n:)3 

The interval of values of the fmal energy is 

dE' = d (E1 + 1i,(J)k) = d (h(J)t) = d Click) = lie dk 

whence dk = dE' Inc. The square of the wave vector is k2 = (J)~/c2• 
Having in view this expression, we can write (64. 7) as follows: 

a2w2 dQ 
dN k dE' = (2n:c)3 n 

whence 
dN a 3wf, 

g (E') = dE' = (2n:c)3 1i dQ (64.8) 

Introducing into formula (64.5) expression (64.4) for a matrix 
element and exnression (64.8) for g (E'), we obtain tho probability 

of the emission of a photon in unit time in 

d 

I 

1 the solid angle dQ with the polarization 
/ eka and the frequency cuk: 

k 
(64.9) 

(wo have written dP instead of P because 
thoro is the differential dQ on the right). 

The vectors ek, and ek, are chosen arhi-
Fig. 64.1 trarily, it is only necessary that they be 

normal to the vector k and to each other. 
Let us choose the direr..tion of the unit vector eka so that it is in 
the plane d, k (Fig. 64.1). Hence, 

(e~cad12) = I d12 I sin ~ 
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where {} is the angle between the direction of the dipole electric 
moment and the vector k. Consequently, expression (64.9) can be 
written as 

(64.10) 

Multiplying this expression by lirok, we obtain the energy emitted 
per second into an element of the solid angle dQ: 

ro4 (n + 1) 
d:J = k 2~~3 I dt2 12 sin2 {} dQ (64.11) 

Of this energy, a portion equal to 
(1)4 

d:J spont = 211~3 I d12 12 sin2 {} dQ (64.12) 

falls to the share of spontaneous emission. We must note that expres
sion (64.12) determines the total radiation of a dipole because with 
the directions of polarization we have chosen (see Fig. 64.1) the pro
jection 'of the vector d onto the second unit vector is zero. 

Integration of expression (64.12) over dQ yields the total energy 
emitted in unit time, i.e. the power of dipole radiation 

ro4 n 4ro4 
:J ~pont= 211~3 I dt2 12 J sin2 1J2:t sin{} d{J = ac: I d 12 12 (64.13) 

0 

The quantum expression for the power of dipole radiation differs 
from the classical one only in that it contains the matrix element of 
the dipole moment instead of the dipole moment itself. 

The matrix element d12 = {lp~0 > I d\jl~0 >) may equal zero. The 
transitions for which this occurs are said to be forbidden. This term 
must not he understood literally because when d12 = 0, the proba
bility of emission, although very low, is nevertheless non-zero. In 
this case, we must take into account the second term of the expan
sion (64..1). Instead of the matrix element d12 , Eq. (64.10) will con-

tain the expression (~'t I eka.P ( -ikr) '¢~0>), which can be consid

ered as a matrix element of the product of the operators (eka.P .. ) and 
( -ikr). The matrix of the product of two quantities equals the prod
uct of the matrices of the quantities being multiplied (see the last 
paragraph of Sec. 10). A matrix element can therefore be represent
ed in the form -i {(eka.P) (kr)}12 • Replacing (eka.P) with imeffik(eka.r) 
in accordance with (64.3), we obtain the element merok { (eka.r) (kr)}12 • 

This element must be introduced into (64.9) instead of -i (me/e) X 
X rok (eka.d)12 [see (64..3)1. As a result, formula (64.12) becomes 

(64.14) 
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The radiation characterized by formula (64.14) is a combination of 
magnetic dipole and quadrupole radiations. 

Let us compare the intensities (64.12) and (64.14). To do this, we 
take into consideration that e2r2 .- d2 , and (kr) 2 .- (ka) 2 ,....., (a/'A)2 

(a is the effective radius of an atom). We thus find that for visible 
light, for instance, the intensity of the magnetic dipole and quadru
pole radiations is 1/108 of that of dipole radiation. This is just what 
gives us the grounds to call the relevant transitions forbidden. 

65. Seledlon Rules 

We established in the preceding section that the probability of 
dipole emission is determined by the matrix element of the projec
tion of an atom's dipole moment onto the dir~~)-!on~of polarization of a 
photon: · ··· 

(65.1) 

The numerical value of this element depends on the form of the psi
functions <tp~o> and ~,~o> of the electron performing a transition. For 
the matrix element to be non-zero, the psi-functions must satisfy 
definite requirements known as the selection rules for dipole radia
tion. There are also selection rules for magnetic dipole and quadru
pole radiations, but we shall limit ourselves to treating only the 
selection rules for dipole radia t.ion. 

Consider that the radiating electron is moving in a central force 
field. We disregard the spin-orbit interaction. In these conditions, 
the psi-function of the electron is 

tiJnZm (r, t't, <p) = Yzm (t't, <p) Rnz (r) 

Let us first deal with the case when the photon being emitted is 
polarized along the z-axis. In this case, ekar = z = r cos t't. The 
matrix element (65.1) therefore breaks up into two factors: 

_ M.E. = (Yz1mil cos t't 1Yz2m2 ) (Rn1z1 1 -er 1Rn2z2) (65.2) 

The second factor cannot be zero in any conditions. Consequently, 
the transition prohnbilit.y is determined by lho fEictor 

:n 2n 

(Yz1m1 l cos t't I Yz2m1 ) = J J Y?1m 1 Yz 2m 1 cos 1'} sin{} d{} d<p 
0 0 

By (11.33), _this factor is proportional to the expression 
n 2n 

/ 1 ·/2 = J Ph1 (cos 1'}) P~2 (cos{}) sin -6-d'l'} J ei <m2-m1> 'P dip (65.3) 
0 0 



RADIATION THEORY 313' 

The integral I 2 is non-zero only when m2 = m1 • In the integral I 11. 

we go over to the variable x = cos -&: 
+1 

I 1 = ~ P;'; 1 (x) P~2 (x) x dx 
-I 

In accordance with formula (II.30), we have 

xP~2 (x) = AP;';~ 1 (x) + BP~:. 1 (x) 

where A and B are constant non-zero coefficients. Honce, 
+1 +I 

j' 1 =A ~· Pf? (x) Pf;~t(x) dx+ B ~ Ph1 (x) Pf;!.t(x) dx 
-1 -1 

Owing to the orthogonality of the associated Legendre polynomials. 
[see (II.29)}, for m1 = m2 this expression is non-zero in two cases: 
when 11 = 12 + 1 and when 11 = 12 - 1. Therefore, we obtain the· 
following selection rules for radiation polarized along the z-axis: 

Ill = ±1, llm = 0 (65.4) 

A photon emitted in the direction of the z-axis is polarized in the· 
plane xy. Instead of radiation polarized along the x- or the y-axis, it 
is more convenient to consider radiation polarized circularly. Motion 
in a circle in the plane xy can be represented as the superposition 
of two mutually perpendicular oscillations shifted in phase by n/2,. 
i.e. as cos <p ± i sin rp (rp = cot). Accordingly, the probability of a 
transition with the emission of a circularly polarized photon is. 
determined by the matrix element of the quantity x + iy. The 
latter can be written as 

x ± iy = r sin -& cos <p ± ir sin -& sin <p = r sin '6e±icp 

Hence, the factor, similar to (65.3), that determines the probability 
of a transition is as follows: 

n 2n: 

I,.I2 = fPl~1 (cosfr)P/~2 (cos\t)sintJsin\tdO f et<ma-m•± 1l'Pd<p 

0 0 

The integral I 2 is non-zero when m2 = m1 ± 1. Let us consider each 
case separately. Assuming that m 2 = m1 + 1 and passing oYer to
the variable x = cos -&, we obtain 

+I 

I 1 ·I2 oc J. P;';1 (x)P~1+ 1 (x)V1-x2 dx 
-1 

(65.5} 
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By formula (11.31), we have 

P~1 + 1 (xrV 1-x2 = APG~t (x) + BP~~~ (x) 

-where A and B are non-zero coefficients. Substitution into (65.5) 
yields 

+1 ~-1 

l 1 ·l2 oc A ~ P~1 (x) P~~t(x) dx-t-B I P41 (x) P~l:..i(x) dx 
-1 -1 

"This expression is non-zero when l1 = l2 ± 1. 
Assuming that m2 = m1 - 1, we obtcJ.in 

+1 

Jt.J2 oc ~ P41 (x) P~1 - 1 (x) V 1-x2 dx 
-1 

By formula (11.31), we have 

P41 (x)V 1-x2 =CP4~1 1 (x)+DPI;~1 1 (x) 

(65.6) 

·where C and D are constants. Substitution into (65.6) leads to the 
-expression 

+1 +1 

11 ·12 ocC ~ Pl;~i 1 (x)P~1 - 1 (x)dx+D ~ Pl;:.-1 1 (x)P~1 - 1 (x)dx 
-1 -1 

'The latter is non-zero when 12 = 11 ± 1. 
Hence, for radiation polarized at right angles to the z-axis, we 

obtain the selection rules 

M = ±1, /).m = ±1 (65.7) 

Combining formulas (65.4) and (65. 7), we obtain the following 
selection rules for dipole radiation: 

M = ±1, /).m = 0, ±1 (65.8) 

Transitions with l:!.m = 0 lead to the emission of radiation polar
ized along the z-axis; transitions with !:!.m = ±1 lead to the emis

·sion of radiation polarized in the plane xy. 
\Ve must note that the selection rules (65.8) agree with the require

:ments of the momentum and parity conservation laws. 



Chapter XII 

SCATTERING THEORY 

166. Scattering Cross Section 

Scattering is defined to be the deviation of a particle from its orig
inal direction of motion caused by its interaction with another par
ticle (the scatterer). In connection with the fact that scattering is 
-caused by the interaction (collision) of two particles, the scattering 
theory is also known as the collision theory. 

The proceeding of a scattering process in time consists in that two 
initially ,infmitP.ly remote particles move towards each other, next, 
rupon approaching, they interact, and, finally, fly away in different 
directions. Instead of considering how a scattering process goes on in 
'time, it is often convenient to deal with an equivalent stationary 
;picture. The transition from a temporal to a stationary description 
is performed with the aid of the assumption that there is a continu
·ous flux of particles flying from infinity that because of interaction 
with a ~attering centre1 transforms into a flux of scattered particles 
flying away from this centre in difie~nt direction:;. The den:::itr of 
the particles in the flux must be sufficiently low for the interaction 
between the incident particles to be negligibly small. In the sta
tionary treatment, the scattering problem consists in calculation of 
the flux of scattered particles (at an infinitely great distance from 
'the scattering centre) as a function of the incident particle flux when 
we know the scattering force f1eld. 

Scattering is characterized by the differential scattering cross 
-section 

da ({)-, cp) = dNsc~t(,'}, ql) (66.1) 
line 

'Where dNscat ({)-, <p) is the number of particles scattered in unit time 
'Within the solid angle dQ taken in the direction ({)-, cp), and jlnc 
iis the density of the incident particle flux [see Vol. 1, formula (14.2)]. 

Let us introduce the density of the scattered particle flux at large 
-distances r from the scattering centre, and designate this density 
iby iscat (r, {)-, cp). We can therefore write that 

dNacat ({)-, cp) = jscat (r, {)-, cp) r 2 dQ 

1 Or'with a collection of scattering centres, the distance between which is 
so great that each of the incident particles interacts only with one of the centres. 
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Substitution of this expression into (66.1) yields 

da ({}, c:p) = jscadr, ~. <p) r2 dQ 
!Inc 

(66.2) 

In quantum mechanics, j 8cat and j 1nc arc understood to be the rele
vant densities of tho probability fluxes [see (G.5)). 

Integ-rating expression (6G.2) over all the angles, 
quantity 

1 ~ . ( .<~- ) dS <Dscat a=-.- ]scat r, u, c:p r=-.-
line • line 

we obtain the 

(66.3) 

which is called the total effective scattering cross section. In for
mula (66.3), dS7 = r2 dQ is the area of an elementary surface at the 
distance r from the scattering centre and corresponding to the solid 
angle dQ, and <l>scat is the scattered particle flux through the closed 
surface enveloping the scattering centre .. The surface over which the 
integral is evaluated is assumed to be at a great distance from the 
centre. We may therefore consider that at each point of this surface 
the scattered particles fly in a radial direction. 

According to (66.3), the total scattering cross section is the ratio 
of the total probability of scattering of a particle (in unit time) to 
the density of the probability flux in the incident beam. 

We distinguish elastic and inelastic scattering. In elastic scatter:
ing, the internal states and composition of the colliding particles 
do not change. In inelastic scattering, the internal state of one or 
both particles changes. 

It was shown at the end of Sec. 24 that when the interaction be
tween particles depends only on the distance between them, the p'rob
lem of the motion of two particles can be reduced to two one~par
ticle problems. One of them deals with the motion of a particle hav
ing the mass mred = m1m2/(m1 + m2) relative to the centre of mass, 
and the second one deals with the free motion of the centre of mass. 
The solution of the first problem gives the scattering angle{} in the 
CMS (cen.tre-of-mass system). The transition from the CMS to the 
LS (laboratory system) is accomplished with the aid of the formulas 

t e m2 sin{} e - n-tl-an 1 = , z- 2 m 1 +m2 cos~ 
(66.4) 

where 81 is the scattering angle of the first particle, 82 is the recoil 
angle of the second particle determined in the LS, and t'l' is the angle 
of deflection of the first particle in the CMS [see Vol. 1, formulas 
(13.5) and (13.6); in these formulas the angle {} is designated by the 
letter xl. 

In the following, we shall deal only with.what ha.ppens in the cen
tre-of-mass system of the colliding particles. 
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67. Statfering :Amplitude 

Let us consirier a stationary scattering problem. The motion of 
the particle being scattered is infinite. Consequently, the energy of a 
system consisting of the particle being scattered and the one scat tAr
ing it is always positive and, consequently, is not quantized. We 
thus have to do with a continuous energy spectrum in the scattering 
theory. 

Let us place the origin of coordinates at a fixed scattering centre. 
Now the interaction of a particle with this centre can be described 
with 'the aid of the potential function U (r). Assume that this func
tion is non-zeto only in a limited part of space with r ~ a that we 
shall call 'the range of force. 

Within the range of force, the motion of the particle being con
sidered 'obeys the Schrodinger equation 

h2 
--2 - V21)J (r) + U (r) 1jJ (r) = E1p (r) (G7 .1) 

mo 

{m0 is the mass of the scattered particle). Introducing the notation 

(67 .2) 

we can write Eq. (67.1) in the form 

(V2+ k2) ~' (r) = 2; 0 U (r) 1jJ (r) (67.3) 

Beyond the range of force, the particle moves freely, and its state 
is described by a plane wave. Adopting the direction of motion of 
the incident particle as the z-axis, we obtain the following expression 
for the psi-function describing the state of the particle before its 
interaction with the scattering centre: 

'¢Inc = eihz (67.4) 

It is not difficult to see that this function is one of the possible solu
tions of Eq. (67 .3) when the right-hand side vanishes. 

After passing through the range of force, the scattered particles 
again move like free ones. At large distnnces from this region, the 
'Scattered particles move in radial directions from the scattering 
centre. Consequently, the motion of the scattered particles will be 
described by a diverging spherical wave: 

eikr 
'Pscat =A (1'1, cp) -r- (67.5) 

where -r, {}, and rp are .spherical coordinates. 
We must note that in elastic scattering, the quantity k in for

mulas (67.4) and (fi7.5.) is the same and is determined by relation 
. (67 .2). 
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The function A ('fr, cp) is callecl the scattering amplitude. It depends,. 
generally speaking, on both angles, 'fr and cp. When U (r) = U (r),. 
the scattering amplitude evidently depends only on the angle tl-. 

It can be shown (see Appendix VII) that the solution ofEq. (67.3)· 
for large distances from the scattering centre (when r 2> a) equals. 
the sum of the functions (67 .4) and (67 .5): 

(67 .6). 

We must note that the first term in this expression is written in. 
Cartesian coordinates, and the second in spherical ones. 

Let us find the densities of the incident and scattered fluxes of 
. particles [i.e. the densities of the probability fluxes corresponding to. 
the functions (67 .5) and (67 .6)). By formula (H.S), we have 

Having in view that 'l'tnc depends only on z [see (67 .4}1, we obtailb 
the following expression for the magnitude of j 1nc: 

(67. 7)) 

where v is the velocity of an incident particle. Hence, the functioru 
(67 .4) is normalized so that the density of the nux of incident parti
cles numerically equals the velocity of the scattered partiele at in
finity. 

The gradient in spherical coordinates is determined by the expres
sion 

(67 .8), 

(see Vol.-1, formula (XI.78)]. We are interested in the radial compo-· 
nent jr of the flux of scattered particles. It can be found by replacing 
V'¢. in formula (6.5) with the radial component which, by (67.8) .. 
equals D'¢/Dr. Consequently, 

0 li. ( * o'l'scat olJl:cat ) 
lr = 2moi 1~scat ar - 'l'scat _a_r_ 

The introduction of expression (67 .5) for '¢scat r.esults in the for
mula 

(67 .9) 
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Substitution of (67 .7) and (67 .9) into formula (66.2) yields the
following expression for the differential scattering cross section: 

da (1't, cp) = I A (1't, cp) 12 dQ (67 .10) 

Hence, the determination of the differential scattering cross section 
consists in finding the scattering amplitude. 

68. Born Approximation 

One of the methods for the approximated calculation of the scatter
ing amplitude is that developed by M. Born and based on the repre
sentation of a scattering field as a perturbation (see Sec. 36). In this 
case, the psi-function describing the state of a scattered particle 
can be written as 

(68.1) 

where '1jJ< 0> is the psi-function of the unperturbed problem; it describes 
the behaviour of the particle before it interacts with the scattering 
centre; it is a plane wave, namely 

'P(O) = eikor (68.2) 

(the vector k0 = p 0/!i has the direction of the incident beam, in 
Sec. 36 this vector was designated simply by k). 

The additional term L'.~P> due to the scattering .field U (r), by 
formula (36.15), is 

Ll~J(t) (r) = - 2:~2 i ! U (r') ei (kor'+l<oR) dV' (68.3) 

where R is the magnitude of the vector R = r - r'. We are inter
ested in an asymptotic expression for L'.t~< 1 > (r), i.e. in the form of the 
function for large oistances r from the scattering centre. The inte
gral, on the other hand, is evaluated over the range of force, i.e. 
for r' ~a. Consequently, r :::P r'. We must also note that at large 
distances a particle flies in a radial direction from the scattering 
centre so that its wave vector k coincides in direction with r. 

Taking into account the inequality r >> r', we obtain 

R2 =(r-r') 2 =r2 -2rr'+r' 2 ~r2( 1-2 r;;) 
(we have disregarded r' 2 in comparison with the other terms). Owing 
to the smallness of r'/r, we can write that 

R ~ r ( 1 - ::· ) = r- ~, (68.4) 

(we have taken advantage of the fact that r/r = k/k). 
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Let us replace R in the exponential of (68.3) with its approximate 
-value from (68.4), and in the fractional factor use simply r instead 
·of R. As a result (with a view to the fact that k = k 0 ), we obtain 

d,p<O(r) = -~ eikr f U (r') ei <ko-kl r' dV' 
2nli.'r J 

A comparison with (67 .6) leads us to the conclusion that the scatter
-ing amplitude in the Born approximation is determined by the 
formula 

A (0, <p) =- 2;~2 J U (r') ei•Jr' dV' (68.5) 

"The vector 
q = k 0 -k (68.6) 

·sometimes called the collision veclor, has a magnitude equal to 

q=2ksin ~ (68.7) 

where -fr is the angle between the vectors k0 and k, i.e. scattering 
:angle. Recall that the vector k0 is directed along the incident. beam, 
.and the vector k-along the position vector drawn from the scatter
ing centre to the point of observation of the scattered particles. 

If the function U (r') is spherically symmetrical, i.e. U (r') = 
= U (r'), in (68.5) we can perform integration over the angles e 
.and <p (whereas the angle -fr is measured from the direction of the 
vector k 0 , the angle 0 is measured from the direction of the vector q). 
In this case, as we have already noted, the scattering amplitude does 
illot depend on <p. Integration yields 

00 :t 

A (-fr) = - 2:~2 ~ U (r') r' 2 dr' ~ eiqr' cos a 2n sin e de 
0 0 

00 

2mo f lj ( ') sin qr' 12 d 1 = -"""Ji2 J r qr r r (68.8) 
0 

"The momentum of the particles being scattered and the scattering 
angle -fr are in this formula in terms of q [see (68.7)). 

Introducing expression (68.8) into formula (!37.9), we obtain the 
following value of the differential scattering cross section: 

00 

da = ;a 1 r u (r'> s~~?r' r'2 ar' 12 dQ 
0 

(68.9) 

Expression (68.9) is known as Born's formula. We remind our reader 
that the Born approximation holds when the conditions (36.20) or 
{36.22) are satisfied. 
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69. Method of Partial Waves 

In the preceding section, we considered I he approximate scatter
ing theory for an arbitrary field U (r). For the case when the scatter
ing field is centrally symmetric, i.e. U (r) = U (r), a theory has 
been developed that uses what is known as the method of partial 
waves. This theory starts from the fact that at large distances from 
the scattering centre, the psi-function of a scattered particle has the 
form 

i elkr 
tjl =e l<z+A ('l't)--

r 
(69.1) 

[compare with (67 .6)1. Since the scattering field is centrally symmet
ric, the scattering amplitude cannot depend on the angle qJ. Ac
cordingly, the function (G9.1) also does not depend on <p. 

Since U (r) = U (r), the theory being considered is associated 
with the solution of the problem on the motion of a particle in a 
central force field. The approach to the solution, however, must be 
different than in Sec. 24. There we were interested in finite motion 
with negative energy values. Now, on the other hand, we are consid
ering infinite motion, and we need solutions satisfying definite 
boundary conditions. These conditions consist in that the asymptot
ic form of the solution (for r-+ oo) must be determined by for
mula (69.1). 

It was shown in Soc. 23 that the following expression is tho most 
general solution of the Schrodinger equation for a centrally symmet
ric field [see (23.14)1: · 

(li9.2) 

where b lm are constant coefficients determined by the boundary con
ditions and the conditions of normalization. We are interested in 
solutions that do not depend on the angle cp [see (G9.1)]. Therefore, 
in the sum (69.2), we must retain only the terms not containing cp, 
i.e. the terms corresponding tom = 0. By formula (11.35), the spher
ical function for m = 0 is 

.. /2l+1 Yz.o= V ~Pz(cos'O) (69.3) 

where P 1 is the Legendre polynomial determined by the formula 

P1 (x) = - 1- _!!!___ [(x2 -1)11 
21ZJ dxl (69.4) 

21-0196 
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[see (11.12)]. For this reason, formula (69.2) in the case we are in
terested in becomes 

00 

'ljJ (r, 'fr) = ~ bzRz (r) Pz (cos-&) 
1=0 

[we have included the coefficient of P 1 in (69 .3) in b tJ. 

(69.5) 

We can obtain an asymptotic form of the function (69.5) (when 
r-oo) by introducing into (69.5) the asymptotic expression (23.25) 
for R1: 

00 

'P<r-oo) ~ ~ bzPz (cos il) az sin (kr~cSz-Zn/2) 
1=0 

(for reasons that will he revealerl in the following, we have taken 
the phase ~~ in the form of 81 - ln/2). Introducing the notation: 
b1a 1 = c1/k, we can give the formula obtained the following form: 

00 

•h ~ p ( .<l.) sin (kr+ c5z-Zn/2) 
't'(r-oo) = LJ Cz z COS v kr (69.6) 

1=0 

We can represent the asymptotic solution of any problem on the
motion of a particle in a centrally symmetric field, including the 
function (69.1), in such a form. To find the expression of the scatter
ing amplitude A ('fr) in terms of the coefficients c1 and the phases 
81, we must give (69.1) the form of (69.6). To do this, we have to 
expand expression (69.1) into a series in the Legendre polynqmials 
(69.4) (the Legendre polynomials form a complete system). We 
must note that the final expression for the amplitude will include 
the values of the coefficients c 1 satisfying the boundary conditions. 

Let us find the form of the expansion in Legendre polynomials of 
the first. term in (69.1), i.e. of the function ei~<z. For this purpose. 
we write it as 

00 

eihz = ethrcos'lt = ); fz (r) p 1 (cos -fr) 
1=0 

(G9. 7} 

where the expansion coefficients fz (r) are the functions r whose form 
we are to establish. To simplify the formulas, let us go over from 
the variable 1t to the variable x = cosil. Relation (69.7) therefore 
becomes 

00 

eikrx = ~ fz (r) Pz (x) 
1=0 

(69.8) 
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To find the coefficients it (r), we shall use arconwntional proce
dure, namely, we shall multiply Eq. ((i9.8) by PI' (x) anrl integrate 
over x from -1 to +1 (here it varies from n to 0): 

+1 00 +1 f eihrxpl'(x)dx= 2_j fi(r) r Pz(x)P 1·(x)dx 
-1 1=0 -1 

By formulas (11.19) and (11.20), we have 
+1 

r Pz(x) pl, (x) dx = 21 ~ 1 6,, I' 
-1 

(69.9) 

Consequently, in the sum over l only one addend, equal to f I' (r) X 
X 2/(2l' + 1), is non-zero. We thus obtain the following formula for 
the expansion coefficients (we have omitted the prime on l): 

+I 
fz (r) = 21 t 1 j eikrx Pz (x) dx 

-1 

(69.10) 

To find the form off 1 (r) for large values of r, lt:t us perform inte
gration by parts on the right-hand ~ide of formula (69.10): 

+1 
2l+1 { elkrx lx=+1 f elkrx , } fz (r) = - 2- --.k- Pz (x) - -.-k- Pz(x) dx 

1 r x=-1 t r 
-1 

+1 
21+1{eikr-(-1)le-ikr 1 J ihrx, } = - 2- "~• - -:--k e Pz(x) dx 

1 ·r z r (69.11) 
-1 

We have taken iuto account that according to (11.22) and (IJ.23), 
P 1 (1) = 1, and P 1 (-1) = (-1)1• The obtainec! integral differs 
from the integral ill (fi9.10) only in containing Pi (x) instead of 
P1 (x). RecalJ that P 1 (x) is a polynomial of degree l; consequently,. 
Pi (x) will be a polynomial of degree l - 1. 

Again performing integration by parts in (G9.11), we obtain a 
term similar to tho ftrst term in (!i9.1'1) whose denominator will 
contain (i!ay, <tnd an integral similar to (l\0.'10) I hnt will coJttnin 
P'i (x}, i.e. a polynomial of degree l - 2, instead of P 1 (x). Hence, 
integrating by parts l times, we obtain a series of terms in which the 
denominator of each following one contains r to a power that. is 
greater by one than that in the preceding term. \Ye are interested 
in the form of f 1 (r) at larger's. We can therefore limit ourselves to 
the first term in (69.11), i.e. assume that 

I ( ) _ 2l+1 eikr-(-1)1 e-ikr 
1 r --2- ikr (69.12) 
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To simplify this expression, let us write ( -W in the form 

( -1)! = (ein)I = eiln/2. eiln/2 

Now (69.12) will appear as follows: 

2l..L 1 ei (l!r-ln/2) e- i (kr-ln/2) 
ft (r) = --' - eiln/2 ~ 

2 ~r 

The factor eiln/2 can he written as (einJZ)t '=~ it. The oifferenee of the 
exponentials divided by 2i gives tho sino. \\"e therefore finally ohlain 

ft (r) =it (Zl + 1) sin (kr-ln/2) 
kr 

(69.13) 

Now it is clear why we wrote the phase ~ t in the form of 6 1 - ln/2 
in formula (G9.(\). 

Substitution of (09.1:1) into (f\9. 7) gives the following asymptotic 
expression for the first term of the function (69.1): 

00 

eihz= ~ it(2l+ 1) Pt(cosft) sin(k~;lrt:/2) (69.14) 
z-o 

In the second term of (69.1), let us expand the coefficient A (tt) 
into a series in Legendre polynomials. This expansion has the form 

00 

A({))= "'; g,P1 (cos tt) 
1=0 

(69.15) 

where g 1 are numbers. 
The substitution of expressions (69.14) anrl (f\9.15) into (69.1) 

gives the following asymptotic formub for the psi-function of a scat
tered particle: 

00 

'I'= L it(2l+1)Pz(cosf1) sin(l•:.;lT~/2) 
1=0 

00 

,, J , elltr + ~ g1/ 1 (cos 1l') -r- (U!l.1U) 
l=O 

At the same time, as we have revealed ahove, this function can be 
ropreseuted in t.lw form of (fi\:l.!i). We therefore equate expressions 
'(69.6) and (r:i9.16). We first express the sines in terms of the differ-
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ence of the exponentials, and i1 in the form eiln/2. As a result, we 
obtain 

00 

2:: ?_ik Cz [ei (kr+6z-ln/2) -e-i (kr+6z-lrr/2)] Pz (cos 'fr} 
-t r 

1=0 

00 

= ~ : { eiln/2 (2l + 1) 2~k [ei (kr-ln/2) _ e- i (kr-/n/2)] + g1eik,.} p1 (cos 'fr) 
1=0 

For tlto equ<1lit.y ohtainerl to be oheyed at any values of t't, it is 
necessary that the coefficients to the right and left of each P 1 be the 
same. Let us equate the coefficients, separating the factors eik,. and 
e-ikr and cancelling r in the denominator: • 

1 [ ikr i (o1-m/2) -ikr -i (o1-mJ2)J 
2 ik c z e . e - e · e 

For the equality to be obeyed at any values of r, it is necessary 
that the coefficients to the left and right of eikr and e-ikr be the 
same. Equating these coefficients, we obtain two relations: 

We find from the second relation that 

cz = (2l + 1) ei <Oz+ln/2) (69.17) 

Introduction of litis value into t.he first relation leads to the follow
ing expression for g 1: 

gz= 2~~1 (e2io1_ 1) 

Finally, introducing this expression into (69.15), we obtain a for
mula for the scattering amplitucle: 

00 

A ('fr) = 2:" ~ (2l + 1) (e216z- 1) P 1 (cos 'fr) (69.18) 
1=0 

In accordance with (67.10), we have 

00 

da ({}) = ~2 ~ ~ (2l + 1) (e216Z-1) P 1 (cos tl) j2 dQ (69.19) 
l=O 
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Inspection of this formula reveals that the differential scattering 
cross section is determined hy the set of phases 81• 

We obtain the total scattering cross section hy integrating (69. 19) 
over the total solid angle 4:rr. The square of the modulus of a com
plex number equals the product of I his number and its complex 
conjugate. A solid angle element in !lie given case can be taken in 
the form dQ = 2n sin {J diJ = -2nd (cos tl). With this in view, we 
can write: 

00 

a= j da(l})= 4~2 j {~ (2l+1)(e2;61-1)Pz(cosl})} 
l=O 

00 

x { ~ (2l' + 1) (e- 2' 61 ' -1) P1• (cos l})} 2n [- d (cos l})] 
1'=0 

= 4~2 2j (2l + 1) (2l' + 1) (e2 i 61- 1) 
I,!' 

-1 

x (e_ 2; 61 ' -1) (- 2:rr) r Pz (x) Pr (x) dx 
+1 

(integration over x = cos l} from -t-1 to -1 corresponds to integra
tion over l} from 0 ton:). Taking into account (69.9), we obtain 

oc 

a= k~ ~ (2l+1)(e2i 61-1)(e-2i 61-1) 
l=O 

"" i6 to -io -io -io1 io1 
(2i)2 "" e l (e l_e 1) e 1 (e -e ) = k2 n: LJ (2l + 1) (2i)2 (69.20) 

1=0 

Going over to sines, we arrive at the formula 

00 

a= 4; ~(2l+1)sin2 6t (69.21) 
1=0 

A' glance at this formula shows that the total cross section a can be 
Written aS the SUm_ of the partial sections a 1 

(69.22) 

where 

az = ~~ (2l + 1) sin2 l>r (69.23) 
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Each of the partial cross sections corresponds to scattering of a 
particle with a definite angular momentum (determined by the 
quantum number l). 

The maximum value of the scattering cross section of a particle 
with the angular momentum l is evidently equal to 

4n 
(crz)max = k2 (2l-f-1) (G9.24) 

The calculation of the phases & 1, as a rule, is a very difficult prob
lem. The practical value of formulas (69.19) and (69.21) grows when 
the number of term!' of the series that play a significant role dimin
ishes, i.e. when the relevant soriC's converge more rapidly. 

We must note that upon introducing the value (G9.17) for c1 into 
formula (69.6), we obtain the following asymptotic (at r-+ oo) 
expression for the psi-function: 

00 

'¢ = ~ (2l + 1) e; (o1+1It/2l Pz (cos 'l't) sin (kr~~~-1~12) 
1=0 

Expressing the sine in terms of exponentials and dropping the phase 
factor equal to i, we can give this expression the form 

00 

1 [ e-Htr elkr J 
'¢= 2k ~ (2l + 1) P1 (cos 'l't) (- '1) 1 -r --Sz-r- (69.25) 

1=0 

where 

S z;"1 z=e (69.26) 

We shall need formula ((j9.25) in the following. 
The first term in the brackets in formula (o9.25) is a converging 

spherical wave with the amplitude ( -W, and the second term is a 
diverging spherical wave with the amplitudeS 1• The absolute value 
of both amplitudes is unity. Consequently, the psi-function describ
ing elastic scattering ha!' tho form of a standing wave formed by the 
superposition of a convergiug and a divl)rging spherical waves. 

By formula (G.5), the probability flux density corresponding to a 
converging wave is 

jconv = 2!oi I( -1)112 { ei;r V ( e-~R.r ) - e-;kr V ( el;r)} 
!ik 

= - mor2 er (69.27) 

where er is the unit vector of the position vector r. 
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Similar calculations give the following value for the probability 
flux density corresponding to a diverging wave: 

(69.28) 

Since I S 1 12 = 1, the vectors (69.27) and (69.28) differ only in their 
direction. Therefore, the probability flux through any surface, in
cluding a sphere of radius R, corresponding to the function (G9.25) 
is zero. This agrees with the fnet thai in Plastic scattPring the number 
of pnrticlcs flying from n scnlteriug centre equals the uumher of 
particles flying I awards this centre. 

70. Inelastic Scattering 

The term ind astk is applied I o pl'ocesscs i 11 which I he internal 
state of the particles taking part iu them changes (particularly, the 
type of the particles may change). Examples of such processes are 
the excitation of atoms or rwclei, the ionization of atoms, the decay 
of nuclei, and the decay or creation of particles. 

Each of the processes that can take place in collisions of particles 
is called a reaction channel. Particles whose internal states do not 
change as a result of collision are considered to remain in the inlet 
channel. The latter evidently eorresponds to elastic scattering. If a 
process is compatible with conservation laws, the relevant channel is 
said to be open. 

If Lhere are several different re<tcfion clJannels, t.he nsym ptotic 
expression of the psi-function of the colliding particles is the sum of 
terms each of which corresponds to one of the reaction channels. 
These channels also include an inlet channel conesponding to elastic 
scattering. We shall begin with a consideration of the term corre
sponding to the inlet channel. 

As in l~lastic scatl£·ring, the psi-function corresponding to the 
inlet channel cetn be represented as the sum of a converging and a 
diverging spherical waves [see (69.25)] 

00 

1 "\1 [ 1 e-i kr elkr J 'I'= '!.k ..6(2l-t-1)P1 (cos,'t) (-1) -r--8~-r- (70.1) 
l=O 

Now the S z's, however, are no longer determined by formula (69.2()), 
but are certain, generally speaking, complex quantities with moduli 
less than unity. Accordingly, the flux of particles in the inlet 
channel flying from the scattering centre is less than the flux of parti
cles incident on the centre [see formulas (69.27) and (69.28)]. 
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Calculations similar to those which led us to formula (69.18)· 
give the following expression for the scattering amplitude: 

00 

A(it)= 2!k :2: (2l+1)(S,-1)Pz(cos\t) (70.2)· 
1=0 

It differs from (69.18) iu containing the quantity S 1 with an abso-· 
lute value less than unity instead of e2 ;61 [compare with (69.26)1. 
Introducing this expn•ssion into formula (67 .10), we obtain the· 
differential cross section of elaslie ~c~af.l,•ring: 

duel= lA (1t)j 2 dQ 

=- 4~2 L(2l+1)(2l'+1)(Sf-1)(SI'-1)PIPI·dQ 
I, I' 

Integration of this expression over the angles results, with a view to 
(G9. 9), in the following v<~lun of the 1 otal elasf ic scattering cross 
section [compare with (69.20)1: 

ael =- 4~. 2 :2:: (2l+1)(2l'-+-1)(Sf-1)(Sz·-1)2n 21 ~ 1 61.1' 

l, l' 

= : 2 2: (2l+1) !SI-11 2 = ;2 :2: (2l+1) !1-Sti 2 (70.3). 
I 1=0 

The partial elastic scattering cross section is 

(70.4) 

To flnd the inelastic scnttori11g eros~ spcl.ion, let tiS SliJTOlllld the 
scattering centre with an imaginary spherical surface having a large
radius R and evaluate the particle flux <D, determined by the func
tion (70.1), through this surface. Dy formula (G.5), we have 

(70.5)· 

(we take the radial component of the gr<ldient at the distance)R" 
from t.he centre). Disregarding f('rms of tl1e order of 1/r2 in compar
ison with terms of the order of 1/r (ff is large), we obtain tho follow-· 
ing expression for the derivative of tlw function (70.1) with re
spect to r: 

00 

88'~' =-i- :2; (2l+1)P1 (cos,'t) [-ik(-1) 1 e-ihr_ikS1ewJ 
r -kr 



The deriYative i11f,*lilr difiers from the aho>e only in the signs in 
front of i. Substitution into (70.5) of these expressions for the de
.rivatives and of expression (70.1) for 'ljJ yields 

00 

<D= -2 1i. ,\ ~ (2l + 1)2 (- 2ik) (1-!Sd2) A~ Pf dQ 
m0 t 'Jt< LJ J 

1<-o 
00 

1i ~ 2 = --- (2Z+ 1)2(1-1Sz12) 2n--
4m0k 2Z+1 

1=0 

(70.6) 

"The flux is negative because I S 1 I < 1. Seeing that a certain num
ber of particles experiences inelastic scattering or absorption, the 
flux of elastically scattered particles is less than that of particles 
incident on the scattering centre. 

The flux of particles experiencing inelastic scattering is evidently 
equal to the flux (70.6) taken ·with the oppo~ite sign: 

00 

<Pinel= ::~ ~ (2l...!..- 1) (1-1 Sz1 2) (70. 7) 
1=0 

Dividing this flux by the flux density of the incident particles [which 
·equals v = plm0 = hklm0 , see (67.7)], we obtain, according to 
(66.3), the total inelastic scattering cross section (the total over all 
·the inelastic channels). Hence, 

00 

(70.8) 
1=0 

.Each addend of this sum is a partial inelastic scattering cross section: 

(70.9) 

When S 1 = 1, expression (70.9) vanishes-inelastic scattering of 
:particles with a given l is absent. The case S 1 = 0 corresponds to 
the complete "absorption" of particles with the given l. In this case, 
.by formulas (70.4) and (70.8), we have 

1t 
a,, el =a,, lnel = F (2l + 1) (70.10) 

When the cross section (70.9) is non-zero, the section (70.4.) is 
-also non-zero. Hence, the existence of inelastic reaction channels 
.always leads to elastic scattering. 



I. Angular Momentum Operators in Spherical Coordinates 

The following formulas arc ttsrd for a lr<ln!'ition from C;~rl0!'ian to 
·spherical coordinat cs: 

r2 = x2 + y2 + z2, cos '1t = ; , tan <p = ~ 

"The reverse transformations have the form 

x = r sin lt cos <p, y = r sin {] sin <p, z = r cos {] 

\nth the aid of these formulas, we can find that 

a a a r ' a fj{j a iiq 
ox = ar ax - ""fj{i ox - O'f ox 

. 1'1 a cos{)coscr o sinq: a 
= Slll . cos <p a; -T r a?i - r sin {j aip 

_!._ - _!._ !!:._ _!_ ~ _L _!_ ~ 
ay - ar ay + a& ay 1 arp oy 

_ . {] . a + cos fJ sin 'r a cos If a 
- Sill SID cp a; r aF- r sin tl- acp 

_!._ = _!__!.!:... + ~ !!!._+_!_~=cos fr _!__- sin {j _!__ 
oz or oz ofr oz oq> oz or r of} 

Introducing these expressions into the formula 

111,= -i/i X --y -.-~ ( a a ) 
ay ax 

lsee (15.'11)], we obtain 

M~ 'li {( ' ,(\, ) [ • ,(\, • 0 1 COS I'} Sin q' 0 
z = - l ~ r Slll v COS <p Slll u Slll qJ T, T r oft 

+ ;~~~; 1't a~ J- (r siu {]sin <r) [sin{] cos cp a~ 

+ cos{} cos <p a sin qJ _a_]}= -in _a_ 
r ati r sin(} o<p o<p 

Hence, 
~~~ -~ a k =-ln-.z aq, (1.1) 
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Similar calculations lead to the formulas 

Jlfx=ili (sinfp il~ +coti}coscp il~p) 

Jl/ 11 = -iii (cos qJ il~ -cot 'fr sin cp il~p ) 

Substitution of the obtained expressions into the formula ~1 2 = 
= 1tfi + Jn + ~Ji [see (15.10)] yields after simplifications1 

-li~ {-1- - 8- (sin (l· - 8-) + - 1- .!:.___} 
sin \'t ill't an sin2 it iJcp2 

(1.2) 

The following auxiliar~' operators are also useful: 

~ ~ -~-a a] M x + i J/ 11 =-= lie"Ii """'1j'fr -1- i cot it ilrp } 

if - i l! =c~ lie- i<P r - ~ _;_ i cot .Cl. _!_ J 
X - y L i)f)' ' u ilcp 

(1.3) 

II. Spherical Functions 

Let us find the function \j.' (it, q:>) satisfying the differential 
equation 

_l __ a_ ( . a~') _;__1_ i)2\jl _ _ 
sin it ait sm it of! ' sin2 it ocp2 -+ a.~>- 0 (11.1) 

where a is a real parameter, and of all the solutions let us choose 
only those that are finite and single-Yalued. The latter signifies that 
they meet the reqdrement 

·~P (fr, (r ,- 2n) = ,~~ (t't, <p) (II.2) 

We shall attempt to separate the \'ariahles 'fr and <p. To do this, 
we shall try to seel~ the solution in the form 

'v ('fr, ((l) = e (O). cv ((p) 

Introduction of the fnnr.tion (IJ.3) into Eq. (JT.1) yields 

Ql I d ( . -" d8 ) I El d 2<1> + E>Cl:> O 
· sin it d()' Slll u dit + sin2 it - dcp2 a.- = 

----
1 It must be borne in mind that, for example, 

iti, =ill (sin rp D~'t -t-cot \'t co:; rp i!~[ ) itt (sin 'P D~~ ) -f- cot fJ cos q> fJ~l 

fi 2 r . , rP + . ,; ( -"' iJ ) =-I Sill~ <p-- Sill f"COS m- cot u-
- DiJ2 ' ,. ufr acp 

(I I .3) 

+cot tt cos rr a~ (sin rr f)atj ) +cot2 f)' cos q> a~p ( ~c::: \j! a~ ) ] 

The quantity Jli2 y is calculated similarly. 
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Dividing the equation obtained by 8<!1 and multiplying by sin2 -6-, 
we obtain 

_1 . .<\. ....!!:_ ( . -~ dEl ') + _...!... d2<1> + . z _{\. - 0 
8 sm u d\t sm u d\t <1> dq, 2 a sm u -

-or 
1 . A d ( . _q_ dEJ ) + . z _q_ 1 d2<l> 

- Sln u - Slll u - a Sln u = ----8 d\} d\} <1> dcp2 
(11.4) 

The left-hand side of Eq. (I 1.4) depends only on {t, and its right
lland side only on (p. For the cqnHtion to holrl at arbitrary values of 
{t and <p, it is necessary that bolh siues of it he equal to the same 
-constant quantity1 , which we have desig11ated ~ 2 • We thns.arrive at 
two differential equations: 

- _1 d2<1> = A2 or d2<1> .-I- A2Cl> = 0 (Il. 5) 
<l> dcp2 1-' ' dcp2 ' tJ 

sin-& d~ (sin-& ~:)+asin2 'fr·8-~28=0 (II.6) 

The following function is a solution of Eq. (11.5): 

<l> = Ceiflq> 

For the condition (11.2) to be satisfied, ~ must be a real quantity 
having an integral positive or negative value (particularly, p may 
equal zero). Designating this integer by m, we obtain 

<f>m= ,/ eimq> (m=O, +1, +2, ... ) (11.7) 
v 2:rt 

We have assumecl that C = 11V 2n for the system of functions to 
be orthonormalized, i.e. for the condition 

21t 

.\ Q);t;.,cf>m" dcp = 6m·m~ 
0 

to be observed [see (19.6)]. 

(II .8) 

Introducing m2 instead of W into Eq. (IL6), we write it as fol
lows: 

1 d ( . , dEl ) ( m2 ) 
-. -,-, d"- SID 1~-d'' + a--.-2-"- 8=0 
Sill 11 1r 11 Sill V 

(II. 9) 

Let us go over to the new variable 

'11 = cos -6- (11.10) 

1 This quantity is known as the separation constant. 
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The substitution of (dld'Y}) (d-1']/d-a-) = --sin -a- (dld'Y}) for d/dfJ in (11.9)-. 
yields 

si: {} (-sin fJ a~ ) [sin -a- (-sin fJ ~~ ) J + (a- si~: ~ ) e = 0 

Finally, substitu1ing 1 - cos2 -a- = 1 - 'Y}2 for sin2 fJ, we arrive at. 
the equation 

d [ d9 J ( mZ ) - (1-n2)- + a--- 8=0 
d1] "I d1J 1-1]2 

(II.11) 

We must note that the function e (11) in Eq. (IJ.11) has a different. 
analytic form than the function e (1'l") in Eq. (11.9). Therefore? 
strictly speaking, the function e (l]) ought to be designated by a· 
different letter. 

Let us leave Eq. (11 :11) alone for a while and consider n-clegre& 
polynomials that are determined by the formula 

1 an 
Pn (x) =-2n 1 -d,. [(x2 -1)n] (II.12) n. x 

They are known as I. .. egendre polynomials. Assuming consecutively 
in formula (11.12) that n = 0, n = 1, n = 2, we can obtain expres
sions for the first three polynomials: 

P0 =1, P 1=x, 
1 P2 = T (3x2-1) (11.13} 

Assuming that n = 4, 5, etc., we can also calculate the relevant 
polynomials. These polynomials can be found in a simpler way, how
ever, by using the recurrence formula which we shall give with
out a proof. This formula relates three consecutive polynomials 
and is as follows: 

2n+1 n 14 Pn+i(x)= n+i xPn(x)- n+i Pn_t(x) (II. )· 

It is simple to find with the aid of this formula that 

1 1 P3 = 2 (5x3 - 3x), P4 = 8 (35x"- 30x2 + 3), etc. (II.1.5)· 

Let us nnd a differential equation having Legendre polynomials. 
as its solutions. :For this purpose, consider the auxiliary function 

w = (x2 -- 1t 

Difierentiating this function with respect to x, we obtain the iden
tity 

2nwx 
w' == n (x2 -1)"-1 2x= - 2 - 1 X-
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whence 

w' (x2 - 1) - 2nwx = 0 

Let us differentiate this identity n + 1 times with resp8ct to x,. 
taking into account that 

1 (n -1-1) n (uv)<n+ > = u<"+ 1>v + (n + 1) u<n> v' + 2 u<n-t) v" + ... 
As a result, we obtain the relation 

w<11+2> (xZ-1) + (n + 1) w<n+t>2x + (n-+; i) n u:<11>2 

- 2nw<n+t)x- 2n (n + 1) u.·<n> =' ()l 

which is simplified as follows: 

w< 11 +2) (x2 - 1) + w< 11 +1>2x - n (n + 1) w<n> = 0 

From this expression, we obtain a differential equation for the 
function w<71>: 

(x2 - 1) (w<71>)" + 2x (w<71>)' - n (n + 1) w< 71 > = 0 (11.16) 

The function w<71 > = a:: [(x2 - ·1) 71 ] differs from Pn (x) only in 

the factor 1/271n! [see (11.12)}. Consequently, P,. (x) also satisfies rela
tion (11.16). We thus conclude that the Legendre polynomials are
solutions of the differential equation 

(x2 - 1) y" + 2xy' - yy = 0 (11.17) 

that correspond to values of the parameter y equal to n (n + 1). 
Equation (11.17) ·can be written in the form 

a: [(1-xZ) y'J+yy=O (11.18) 

Equation (11.17), like (11.18), is known as the Legendre equation. 
It can be proved that the Legendre polynomials are orthogonal 

over the interval [-1, +1]. This signifies that1 

+1 +1 1 P~(x)Pz(x)dx= J P 11 (x)P1 (x)d.r=0 when n=fol (11.1\J) 
-1 -1 

What we call the square of the norm of a polynomial has the fol
lowing value: 

+1 +1 1 P~ (x) P.,. (x) dx= 1 P 11 (x) Pn (x) dx= 2n~i (II .20) 
-1 -1 

1 Legendre polynomials are real, therefore P~ (x)= P11 (x). 
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Let us establish two other important properties of the Legendre 
polynomiab. First, we shall prove that Pn (.x·) is an even function 
at an C'H'Il " and an ot!d function al an orld n. For this purpose, we 
shall replace x with -x in formula (II .12) and correspondingly dx 
with -dx = ( -1) dx. The result is 

1 an 
Pn (- x) = 2nn! (-t)n axn {[( -.r)2-1Jn} 

= 2n1n! (-l)n :x: {[x2 -1]n}= (-\)n Pn(x)=(-1)nPn(x) 

Hence, 

P, ( -x) = ( -1)" Pn (x) (IT .21) 

·Q.E.D. 
Now let us calculate the value of P, (x) for x = 1. To do this, we 

shall go over from x in formula (f T.12) to the new variable e related 
to x by the expression x = 1 + e, and then lind the limit of the 
expression obtained when 1:: shrinks to zero. ln going over from x 
to e, we shall take into account that dx = de and, consequently, 
.d/dx = d!de. Hence, substitution of 1 + e for x in (11.12) yields 

.Pn(1+e)=-2n1 1 ddnn [en (2+etJ=~{( dd: e"). (2+et 
n. 6 • n. 6 

+n(::~~1 en)[;6 (2+e)"]+ ... +(e11)[;~ (2+e)"]} 

= 2 n~! {nl (2 + et + n (n!e) [n (2 + e)n-1 ] + ... + e"n!} 

All the terms in the braces exeept the first one contain the factor e 
to a power from 1 ton. Consequently, when e-+ 0, we fmd that 

P, (1) = 1 (11.22) 

It follows from formulas (II.2t) and (11.22) that 

Pn ( -1) = ( -1)" Pn (1) = ( -1)n (11.23) 

Now we shall turn to the rlifferonLial equation (I1.11) and write 
it, substituting :t: for 11 and y for 8: 

:.r [(1-x2)y')+ (;:- 1 m:2 ) y=O (1!.24) 

We shall attempt to find a solution of this equation in the form 
I ?n I 

y = (1-x2)_2 _u (x) (II.25) 

Recall that the Humber m can take on either positive or negative 
values [see (II.7)]. In expression (11.25), we have used the magni
tude of m. 
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Substitution of the function (1!.25) into Eq. (11.24) leads, after 
simple transformations, to the following differential equation for 
u (x): 

(x2 - '1) u" + 2 (I m I + 1) xu' + [I m I (I m I + 1) -a] u = 0 
(1!.26) 

We shall prove that when a = n (n + 1), this equation is satisfied 
by the function 

d1m1 
u (x) = 1 m 1 P n (x) 

dx 

where Pn (x) is a Legendre polynomial. To do this, we write 
Eq. (11.17), assuming in it that i' = n (n + 1) and y = Pn (x): 

(x2 - 1) P'; + 2xP~ - n (n + 1) Pn = 0 

Differentiating this equation I m I times with respect to x, we 
obtain 

lml(lml-1) (d'm 1 Pn) (d'm 1Pn)' + 2 dx I m I 2 + dx I m I 2x 

+ I m I (\ dIm I Pn ) 2- n (n -1-1) ( dIm' Pn ) = 0 
dxlml , dx'm' 

or after transformations 

( dlmlp )" (d1m1p )' 
(x2-1) dxlmln +2(!ml+1)x dxlmln 

+ [lml (lml + 1)- n (n+ 1)] ( d~x~ ~~ ) = 0 (1!.27) 

A comparison of Eqs. (11.26) and (11.27) shows that the function 
u (x) = dlmlpnfdxlm\ satisfies Eq. (II.26) provided that a = n (n + 
+ '1). Taking into account (11.~5), we can assert that when a = 
= n (n + 1), Eq. (11.24) has as its solution the function 

1m1 
-- dlml 

Pr;: (x) = (1-x2) 2 
1m 1 Pn (x) 

dx 
(11.28) 

The functions Pf: (x) are called associated Legendre polynomials. 
Since the (n + 1)-th derivative of an n-th degree polynomial is 
zero, the functions (1!.28) differ from zero only when ·1 m I ::::;;; li. 

We must note that the only finite solutions of Eq. (1!.24) .in the 
interval [ -1, +1] are the associated Legendre polynomials. Con-
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sequently, the latter are eigenfunctions of differential equation 
(JJ.24), and the numbers n (n + 1) are the eigenvalues of this equa
tion (n = 0, 1, 2, ... ). 

The following relation is observed for the functions (II.28): 

+I 
rPm( )I)rn( )d 2 (n+fml)l ~ J n X l X X= 2n+1 (n-fmf)l unl 

(II.20) 
-1 

Hence, the polynomials Pr;: are mutually orthogonal. 
Recurrence formulas exist for the associated Legendre polynomi

als, namely, 

pm n-lm1+1 pm . , n+lml pm () 
X n (x) = 2n+1 n+l (x) T 2n+1 n-1 X 

and 
1/-- m+l v 1 - x2 P n (x) == (n-lml) (n-lml+1) p;;:+l (x) 

2n+i 
(n+ \mi) (n+ lml +1) 

2n+1 
p;;:_J (x) 

(IJ.30) 

(II.31) 

Equation (II .11) thus has finite solutions only when a = 
= l (l + 1), where l = 0, 1, 2, ... 1 , the functions P''t (1·1) being 
these solutions. To make the system of these solutions orthonorm
alized, we shall write them in accordance with (II.29) as follows: 

e ()= .. /(2l+1)(l-lml)l pm() 
lm 'tJ V 2 (l + I m I) I 1 'tJ 

1m1 
=,/ (2l+1)(l-lml)l -2- d 1 m 1 

V 2(l+lmi)l (i-tj2) dx'm' P!(tj) 

Substituting cos 'It for ,., [see (II.10)], we obtain an orthonormalized 
system oh;olutions of Eq. (II.9): 

e (.ll.)= .. /(2l+1)(l-lml)l Pm( .<1.) 
lm lT V 2 (l + I m I ) I 1 COS v 

= .. / (2l+1)(1-lml)l sin'""'\'} d'm' P!(cos'l't) (II.32) 
V 2(l+lmi)l d(cos'I'Jo) 11111 

11111 

I we have taken advantage of the fact that (1 - cos2 ~) -2- -

= sin!ml'fi>]. 

I Having in view the physical applications, we have written l instead of n. 
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Finally, multiplying the functions (11.7) and (11.32), we arriYe at 
a solution of Eq. (11.1): 

Y (.<1. )=-1_ .. /(21+1)(1-lm!)l ;m'Ppm( .<1.) 
lm u, <p Jl2:rt V Z(l+!m!)l e 1 COSu 

_ 1 -./(:!l-1-1)(1-lm!)l imcr · 11111 n 
- -,l2n V 2 (l+ /m/)l e Sill v 

dlml 
x P 1 (cos it) (II 33) 

d(cosft) 11111 ' 

The functions Y 1111 (t't, cp) defined hy formula (II.29) are called spher
ical. Since the systems of functions (I I./) and (I 1.32) are orthonor
malized, the spherical functions (II.33) are also orthonormalized. 
This signifies that 
+I 2n 

J .\ Yz*.m' (t't, cp) Yt"m" (l't, cp) d (cos&) dcp 
-1 0 

l't 2l't 

= \ I Ytm' (l't, <p) Yl"m" (l't, cp) sin fj dfJ dcp = Ot'l"Om'mM 
0 0 

(II.34) 

When l' =!= zn, the integral vanishes because of the factor 8 (&) 
Isee (11.29)], and when m' =1= md, it vanishes because of the factor 
<D (<p) {see (II.8)}. 

We know that psi-functions are determined to within a phase 
factor of the form of eia. For this reason, the functions (11.33) may 
be multiplied by any complex (particularly, real) number with a 
modulus equal to unity. Tn this case, they as previously will satisfy 
Eq. (II.1) and retain the property (11.34). In quantum mechanics, 
it is more convenient to write the solution of Eq. (Il.l) in the form 

m+1m1 

Y (.n )=o(-1)--2--_1_1/ (2l+1)(l-/m!)l eimcpp,m(l'0-~·<1.) 
lm v, <p V2n , 2(l+lm!)l - tr 

m+1m1 

= (-1) _1_ -. / (2l + 1) (l-Im I)! eimcr 
1/2.11 V 2(1-+·lml)l 

dlml 
X sin 1m 1 t'} P1 (cos l't) (11.35) 

d (COS ft) I m I 

In practice, this signifies that for m ~ 0 the sollltions are taken in 
the form of (II .33), and form> 1 the functions (JJ.33) are multi
plied by ( -1)111z. 

The factor i1 is sometimes introduced into the funr.tion (11.35,. 
The function (11.3S), like (II.33), is called spherical. We must note 

22* 
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that as a rule only spherical functions for m ~ 0 are treated in 
courses of calculus. 

It is not difficult to see that the following relation holds for the 
function (I 1.35): 

(II.36) 

where m stands for a positive number. 
Summary. Equation (II.l) has single-valued and finite solutions 

at values of the parameter et equal to 

et = l (l + 1), where l = 0, 1, 2, . . . (11.37) 

'fhe spherical functions Y lm whose orthonormalized expressions are 
given by formula (11.35) are solutions of this equation. To each 
eigenvalue of the parameter et there belong 2l + 1 eigenfunctions 
Y lm differing in the values of the number m, which at a given l can 
equal 

m = -l, -l + 1, ... , --1, 0, 1, ... , l -1, l (11.38) 

Ill. Chebyshev-Hermite Polynomials 

Consider the differential equation 

r (x) - 2xf' (x) + 'Af (x) = 0 (111.1) 

Let us attempt to find the solutions of this equation that remain fi
nite at any values of x. We shall try to find such a solution in the form 
of the series 

(III.2) 

We meanwhile leave the number of terms in the series indeterminate. 
The first two derivatives of the function (111.2) are 

f' (x) = '\1 kakxk-t (III.3) 
k=O 

r(x)= ~ k(k-1)ahx11- 2 = ~ k(k-1)a,,x11 

h=O 1<=2 

(III.4) 

We have discarded the terms equal to zero that correspond to k = 0 
and k == 1 in tl1e sum (IJI.4) and have then replacer! k with k + 2 
in this sum. 
' Let us substitute the function (111.2) aud its derivatives (III.3) 
and (111.4) into Eq. (111.1): 

L (k + 2) (k + 1) ah+ 2xk- 2x ]:: kakxll-t + ').. ~ akxll = 0 
k=O k=O k=O 



APPENDICES 341 

Introducing x inside the second sum and then combining all three 
sums into one, we obtain the relation 

The latter must be obeyed at any values of x. This is possible if the 
coefficients of x at all ils powers are zero. Consequently, the fo]
lowing condition must be observed: 

(k + 2) (k + 1) all+ 2 - (2k --A) ah = 0 (k = 0, 1, 2, ... ) 

Hence follows a recurrence formula for the coefficients a,.: 
2k-'A. 

ak+2 = (k+2) (k+1) a,. (111.5) 

Since the recurrence formula determines the coefficient ak+2 in 
terms of ak, the sum (III .2) contains tP.rms only with even or only 
with odd powers of x. 

We shall show that the infmite series (II1.2) with coefficients 
satisfying relation (III.5) behaves like exp (x2) when x tends to 
infinity. At large values of k, the recurrence formula (III.5) can be 
simplified as follows: 

2 
ak+z ~ k+2 ak (III .6) 

Extending this formula to any k's, we obtain 
2 1 1 

a2 ~ 0 + 2 ao =Tao = 1f ao 
2 1 .1 1 

a• ~ 2+2 a2 ~2Tao =2fao 

2 1 1 1 1 
aa ~ 4+2 a, ~32Tao =3! ao 

1 
a2h.. ~ • • • • . . . • • . . == kf ao 

Substitution of these values into (Ill.2) yields 

"\1 " "\1 x2k f (x) = ~ a2~tX2 ~ ao ~ k! (III. 7) 
lt=O lt=O 

The circumstance that we have calculated the first coefficients of 
the series by formula (III.6), which holds only for large k's, does not 
play an appreciable role because the contribution of the first terms 
of the series at large x's is insignificant. 
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It is quite simple to verify that the expansion of the function 
exp (x2) into Maclaurin's series has the form 

A comparison of this formula with (III.7) shows that the infinite 
series (III.2) with coefficients satisfying formula (II L5) behaves 
like exp (x2) when x tends to infinity, i.e. grows unlimitedly. We 
have given the proof assuming that the coefficients aft with even 
numLers k are non-zero. J 11 a similar way, we can conduct the proof 
assuming that the coefficients with odd k's are non-zero. 

Consequently, the sum (Ill.2) can he a fmite solution of Eq. (III.1) 
at all values of x only if the number of addends in it is finite. For 
this to occur, the coefficients a" beginning with a certain value of k 
must be zero. 

Assume that an =f~ 0 and an+ 2 = 0. Therefore, in accordance with 
(111.5), all the subsequent coefficienls will be zero too. By (III.5), 
the coefficient an-+ 2 will vanish when an =I= 0 if 2n - 'J.. = 0. Hence 
we obtain the values of the parameter ').. at which the solutions of 
Eq. (III.1) expressed by the sum (111.5) are finite: 

f.. = 2n (n = 0, 1, 2, ... ) (111.8) 

The numbers (111.8) are the eigenvalues of Eq. (111.1). At these 
values of the parameter 'J.., Eq. (lll.1) becomes 

/" (x) - 2xf' (x) + 2n/ (x) = 0 (III.9) 

The eigenfunctions of this equation are polynomials of degree n: 
n 

H n (x) = L a,xk 
h=O 

whose coefficients satisfy the condition 

2 (k-n) (III.10) 

[we have introduced (111.8) into formula (111.5)]. Such polynomials 
are called Chebyshev-Hermite polynomials. 

The last non-zero coefficient of the polynomial Hn (x) will be an. 
Consequently, when n is even, the polynomial contains only even 
powers of x, and when n is odd-only odd ones. Indeed, let us take 
an even n equal, for instance, to 4. Assume that the coefficients a1 

and a 3 are non-zero. Hence, according to (111.10), all the subsequent 
4~t's with odd k's will be non-z~ro, and the series will be infinite. 
Similarly, with an odd n, all the a,'s with even k's must be zero. 
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Formula (II I.10) allows us to express the coefficients a,. in terms 
of a0 (with an even n) or in terms of a1 (with an odd n). The values 
of a0 or a1 for each H n (x) are determined from the normalization 
condition. 

The Chebyshev-Hermite polynomials can be written as 
an 

Hn(x)=(-1texp(x2) dxn exp(-x2) (n=O, 1, 2, ... ) (III.11) 

To prove this, we shall show that the functions (III.11) satisfy diffe
rential equation (III.9). For this purpose, we introduce the auxi
liary function 

w = exp ( -x2) 

Taking into ac~ount (III.11), we can write that 

Hn (x) = ( -1t exp (x2) w<n> 

(111.12) 

whence it follows that the n-th derivative of the function (JII.12) is 

w<n> = (-tt exp (-x2) Hn (x) (III.13) 

Let us evaluate the first and second derivatives of the function 
(III.13): 

[w<n>J' = ( -1)n exp (- x2) (H~- 2xH n) 

[w<11 >]" = ( -1)n exp (- x2) (H~- 4xH~ + 4x2H n- 2H 11 ) 

(III.14) 

(III.15) 

Now we differentiate the function (III.12) with respect to x: 

w' = -2x exp ( -x2) = -2xw 

We have arrived at thel identity 

w' + 2xw == 0 

Let us differentiate this identity n + 1 times with respect to x: 

(w')<n+l) + (2xw)<n+l) = 0 (Il1.16) 

The n-order derivative of the product of two functions u and v is 
calculated by the formula 

n 

( )(")- "\' n! u<n-">v<"> uv - "-' k! (n-k)! 
h=O 

According to thLs formula, we have 

n+1 

(2x· w)<n+1) = ~ 
h=O 

(n + 1)! (2x)Ul+l-h) w<"> 
kl (n+1-k)! 

(111.17) 
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In this expression, only the last two terms equal to (n + 1) 2w <n> + 
+ 2xw<n+l) are non-zero. Substitution of them into (111.16) yields 

(w')<n+o + 2 (n. + 1) w<n> + 2xw<n+o == 0 

Let us rewrite this identity as follows: 

{w<nl)" + 2x [w<nl]' + 2 (n + 1) w<n> == 0 

Finally, introducing instead of w<n>, [w<n>]', and [u><nl)" their values 
from (111.13), (III.14), and (III.15) and dividing the relation ob
tained by ( -1)n exp ( -x2}, we arrive at the equation 

FJ; - 2xH~ + 2nHn = 0 (III.18) 

A comparison with (III.9) shows that the polynomials determined 
by formula (III.11) satisfy Eq. (111.9) and, consequently, are iden
tical with the ChebyRhev-Hermite polynomials. 

It can be proved that the polynomials Hn (x) determined by the 
formula (III.11) are orthogonal with the weight exp (-x2). This 
signifies that 

+oo I H n (x) H m (x) exp (- x2) dx = 0 (n =1= m) (111.19) 
-oo 

When n = m, the integral (III.19) is nou-zero and has the fol
lowing value: 

+oo 

) [Hn(x)]2exp(-x2)dx=n!2nVJi (Ill.20) 
-oo 

Let us differentiate the function (lll.11) with respect to x: 

, d { dn } Hn=([X (-1)nexp(x2) dxn [exp(-x2)] 

dn 
= ( -1t 2xexp (x2.) dxn [exp ( -x2)] 

dn+l 
- ( -1)n+t exp (x2) dxn+l [exp (- x2)] 

[instead of ( -1t we have written -( -1)n+l). The expression we 
have obtained can be written as follows: 

H~ = 2xHn - Hn+l (II1.21) 

We differentiate this relation once more with respect to x: 

H; = 2H n -j- 2xll~ - H~+1 

Let us replace:H~ and H~+ 1 in accordance with (111.21). The result is 

H~= 2H n + 2x [2xH n -Hn+tJ- [2xHn+i-Hn+21 

= (2 + 4x2) JJ n- 4xH n+i + H n+2 (III .22) 



APPENDICES 345 

Substitution of expressions (III.21) and (III.22) into Eq. (Il1.18) 
leads to the following recurrence relation between the functions 

Hn, Hn+h and Hn+2 : 

Hn-u (x) - 2xHn+l (x) + 2 (n + 1) Hn (x) = 0 (III.23) 

With the aid of this relation, knowing II 0 (x) and H 1 (x), we can 
calculate all the higher-degree polynomials. It is easy to calculate 
the first two polynomials directly by formula (III.11): 

ao 
Ho(X)=(-1)0exz dxo (e-xz)=exz.e-xz=1 (III.24) 

H 1 (x) = ( -1)1 eX2 d: (e-x2) = -- eX 2 (- 2xe-x2) = 2x .(III.25) 

Next, we use relation (III.23): 

H 2 (x) = 2xH1 (x)- 2 (0 + 1) H 0 (x) = 2x·2x- 2·1 
= 4x2 - 2 (III.26) 

H 3 (x) = 2xll2 (x) -- 2 (1 + 1) H 1 (x) 

= 2x (4x2 - 2) -4. 2x = 8x3 - 12x (11 1.27) 

and so on. 

IV. Some Information from the Theory of Functions 
of a Complex Variable 

The function of a complex variable z = x + iy is defined to be 
the expression 

f (z) = u (x, y) + iv (x, y) (IV.1) 

where u (x, y) and v (x, y) are real functions of the real variables x 
and y. 

The function (IV.1) is defmed in a certain range of the variable z 
(i.e. in a certain region or domain on the plane x, y). This region 
may be singly connected or multiply connected. A region is said to 
be sinlgy connected if any closed curve in the region includes only 
points belonging to this region. A region not complying with this 
condition is said to be multiply connected. A singly connected re
gion contains no "holes". In Fig. IV .1, the region R 1 is singly con
nected, and R 2 is multiply connected. 

The function f (z) is said to be differentiable in a region if at each 
point of the region there exists the limit 

~=lim f(z+Az)-/(z) =lim A/(z) (IV.2) 
dz .t.z-o Az .t.z-O Az 

whose value does not depend on how /J.z tends to zero. 
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A funetion that is single-valued, finite, and differentiable in a 
region is ealled analytic in this region. The point z = z, at which 
the function I (z) has no derivative is called a singular point or 
singularity. 

If I (z) is analytic in the singly connected region R, the integral 
of this function around any contour r in R is zero: 

~ f (z) dz = 0 (IV.3) 
r 

This statement is known as the Cauchy integral theorem. 
It follows from the Cauchy integral theorem that the value of a 

linear integral of an analytic function taken around a closed contour 
eontaining a hole in a multiply connected region is identical for all 
such contours: 

~I (z) dz =~I (z) dz 
r1 rz 

Upon a change in the direction of circumvention of a contour, the 
sign of the integral changes. For this reason, we have to come to an 
agreement on what direction of circumvention will he considered 

y 

y 

~ e 
0 X 

0 X 

Fig. IV.i Fig. IV.2 

positive and what negative. It is customary practice in the theory 
<>f the functions of a complex variable to consider the anticlockwise 
direction of circumvention to he positive. This has been done to 
have the azimuth angle cp grow in positive circumvention of a con
tour containing the origin of coordinates. In accordance with this 

choice, the symbol ~ in the following will always designate an in
tegral evaluated with a positive direction of circumvention. 

Assume that the region R in which the function f (z) has been 
defined has s holes: R 1 , R 2 , ••• , R 8 (Fig. IV.2). We can prove 
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with the aid of the Cauchv integral theorem that in this case the 
following relation holds: · 

·' 
~ f (z) dz = ~ ~ f (z) dz (IV.4) 
r k=t rk 

where r is a contour containing all the holes, and rh is a contour 
containing only the k-th hole. 

The function of a complex variable can be expanded into a Taylor 
series: 

00 

f ( ) _ ""\1 _f(n) (zo) ( )71 
z - L.J n! z-z0 (lV.5) 

n=O 

Here z0 is a fixed point in whose vicinity the expansion is perfor
med. The representation of a function in the form of (IV.5) is legit
imate for all z's satisfying the con
dition I z - z0 I < I Z8 - z0 I, where 
Z8 is the closest singular point to z0 • 

Analytic Continuation. We can 
prove the following statement: assume 
that a continuous function f (x) of a 
real variable is set on the segment 
[a, b) of the real axis x; now in a 
certain region R of a complex plane 
(Fig. IV .3) containing the segment 
[a, b) of a real axis there can exist 

a X 

Fig. IV.3 

only one analytic function f (z) of the complex variable z taking 
on the given values f (x) on the segment [a, b). This single func
tion f (z) is called the analytic continuation of the function f (x) 
of the real variable x in the complex region R. 

Laurent Expansion. Assume that the function f (z) is analytic in 
the entire region I z - z0 I < R except for the point z0 that is a 
singular one. In this case for z satisfying the condition 0 < 
< I z -z0 I < R, the function can be written as 

where 

+oo 
f (z) = '\: an (z- z0)n 

n=-oo 

1 f .f(z')dz' 
an= 2:n:i ~l (z' -zo)n+l 

(IV.6) 

(IV.7) 

Integration in (IV. 7) is performed around an arbitrary contour in
cluding the point z0 and not extending beyond the limits of the 
region I z - z0 I < R. 
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Expression (IV.6) is called the Laurent expansion or Laurent 
series. It differs from the Taylor series in having terms with nega
tive powers of z - z0 • 

We can use the Laurent expansion to classify isolated singular 
points. This classification is established depending on the number 
of terms with negative values of n in the Laurent expansion (IV.6). 
Three cases are possible. 

1. Terms with negative n's arc absent so that the expansion 
begins with the term equal to a0 • If the initially set value of f (z 0) 

does not coincide with a0 or f (z) has not been defined for the point 
z0 , the latter is called a rrmovable singular point. By assuming 
that f (z0 ) =' a0 , we eliminate the discontinuity of the function at 
the point z0 and make the function analytic over the entire neighbour
hood of z0 , including the poiJJt z0 itself. 

2. The number of terms in (1V.6) with negative values of n is 
not zero, but is finite; all the a_11 's with n > N =I= 0 are zero, and 
the coefficient a_.v =1= 0, i.e. 

+oo 
f (z) = ~ an (z-zot (IV.8) 

n=-N 

In this case, the point z0 is called a pole or order N of the function 
f (z). The expansion of the function in the neighbourhood of the 
N-order pole begins with the term 

(z-zo)N 
(IV.9) 

A first-order pole is called a simple pole. 
It can be proved that when z- : 0 (the latter is a pole), the moriu

lus of the function (IV.S) grows unlimitedly regardless of how z 
tends to the pole z0 • The function qJ (z), which is the reciprocal of 
the function f (z) that has a pole of order N at z0 , has at z0 a zero 
of order N 1 • 

3. The number of terms with negative values of n in the Laurent 
expansion is infinitely large. In this case, the point z0 is called an 
essential singular point. 

The following main distinctions exist between a pole of order N 
and an essential singular point. The former can be removed by 
multiplying the function f (z) by (z - z0)N. An essential singular 

1 ThC' function qJ (z) has a wro of the order N at the point .:0 if for this point 
the first N coPfflrients of the expansion of <p (z) into a Tnylor series are zero. 
In this casC', the e:qJansion begins with the term 
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point cannot be eliminated in this way. When z tends to a pole of 
any order N, the function has a definite limit equal to infinity. 
\Vhen z tends to an essential singular point, the function has neither 
a finite nor an infinite limit. Depending on how z tends to z0 , se
quences of values of f (z) are ob- Y 
tained that converge to different 
limits. 

Theory of Residues. The resi
due of the analytic function 
f (z) at the isolated singular 
point z0 is defined to be 

Res[/ (z), z0) =-2
1 . ~I (z') dz' 
nt f r 

r 
(IV.10) 

where r is an arbitrary contour 
including only the given sin- Fig. IV.4 
gular point z0 • The integral is 

X 

evaluated in the positive direction of circumvention. We must note 
that for a contour not including singular points, expression (IV.10), 
according to (IV.3), vanishes. 

A comparison of (IV.10) with (IV.7) shows that the residue coin
cides with the coefficient of the Laurent expansion for n = -1: 

Res [f (z), z0] = a_1 (IV.H) 

Consider the contour r including several isolated singular points 
z1 , z2 , ••• , z8 (Fig. IVA). We surround these points with the con
tours f1o f 2 , ••• , f 8 • By formula (IV.4), we have 

s s 

~ f (z) dz = ~ ~ f (z) dz == 2ni '2:: Res [f (z), zk] (IV .12) 
r k=trlt k=l 

We have arrived at the basic theorem of the theory of residues, ae
cording to which the integral of an analytic function evaluated around 
a contour including several singular points equals the product of 
2ni and the sum of the residues of the function at all the points. 

Isolated singular points are sometimes located on the integration 
contour itself (Fig. IV.5). In this case, the contour must be deformed 
so that it circumvents the given point along a semicircle of an infi
nitely small radius. The point may either be excluded from (the point 
A in Fig. IV.5) or included (the point B in Fig. lV.5) in the region 
included by the contour. 

In the infinitely small neighbourhood of thE> point, the function 
may be considered as virtually constant. Therefore, the integral 
around the semicircle can be assumed to equal half the residue of the 
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function at the given point taken with the minus sign at the point A 
(clockwise integration) and with the plus sign at the point B (anti
clockwise integration). This half with its sign must be added to the 
left-hand side or, which is the same, subtracted from the right-hand 
side of formula (IV.12). Further, for A, the residue at the given 
point is not included in the sum of the residues on the right-hand side 
of the formula so that in tho long run an additional term appears 
on the right equal to half the residue at the point under considera
tion. For B, the point makes a contribution to the right-hand side 

---------
..... --- ---

/' A B '," 
I ~ 1 
'-~~ 

~ 

Fig. IV.5 

equal to the residue at this point, but at the same time half of the 
same residue is subtracted so that in the long run the result is the 
same- an additional term appears on the right equal to half the 
residue. Consequently, the final result does not depend on how we 
circumvent a point (A or B). In all cases, a singular point on a con
tour introduces into the right-hand side of formula (IV.12) half the 
contribution which it would have introduced if it were inside the 
contour. 

\Vhen an isolated singular point is on the integration eontour, 
another procedure is also used. It consists in displacing the singular 
point from the contour over the distance e, and upon completion 
of calculations the limiting process e -~ 0 is performed. 

By formula (IV.10), to determine residues, it is necessary to cal
culate the contour integrals of the function f (z). If the singular 
point z0 is a simple pole (i.e. a first-order pole), the residue can be 
calculated in a simpler way. In this case, the expansiQn of the 
function in -the neighbourhood of z0 has the form 

f (z) = a_1 (z - z0)-1 + a 0 + a1 (z - Zo) + ... 
Let us multiply both sides by (z - z0 ) and perform the limiting 
process z-+ z0 • As a result, we fmd that 

Res If (z), z0] = a-1 =lim (z- z0) f (z) (IV.13) 
z-zo 

Evaluation of Definite Integrals with the Aid of Residues. The 
theory of residues is very helpful in evaluating many integrals of. 
functions of a real variable. We shall give a few examples. 



APPENDICES 

Let us calculate the integral 
+oo 
~~ 
·' x2 + 1 

-oo 

For this purpose, we consider the integral 

351 

(JV.14) 

.1=~z2~ 1 (IV.15) 
r 

where r has the form shown in Fig. IV.6 (R > 1). Writing the in
tegrand in the form 

f1 1 
f (z) = z2+1 = (z+i) (z-i) 

it is not difficult to see that it has two simple poles at the points 
z1 = --f-i and z2 = -i. Using formula (IV.13), we find that 

Res [f (z), i] =lim (z- i) f (z) =lim +1 . = -21. (IV .16) 
z .... i z-i z ' ' 

The residue at the point -i is -1/2i. 
Let us represent the integral (IV.15) as two integrals, one of which 

is evaluated over a segment of the x-axis, and the other around a 

y 

-R 0 +R X 

Fig. IV.6 

semicircle. In the second integral, we shall go over to polar coordi
nates in accordance with the formula z = Rei"'. In addition, we
shall take advantage of formula (IV.'12). As a result, we obtain 

+R 11 

j dx j iReicp dqJ 
.1= --x2+1 + R2e2icp+1 

-R 0 

2ni Res [f (z), iJ = 2ni ;i = n 

Now let R tend to infinity. The second integral vanishes because
it has a magnitude of the order of 1/ R, and we obtain the result we
are interested in: 

+r dx 
j x2+1 =n (IV.17) 

-oo 
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We invite our reader to convince himself that by taking a seg
ment of the x-axis and the lower semicircle as the contour, we would 
obtain the same result. 

In evaluating the integral (IV.15), we obtained the possibility 
of using the theory of residues by closing the real axis with a se
micircle of an infinitely large radius, the contribution introduced by 
this semicircle into the integral being zero. For the integral (IV.14), 
the latter circumstance could be seen, so to say, with the naked eye. 
Whether or not we may use a similar procedure in more compli
cnled cns«.>s cun be dotormined by mcnns of Jor•lan's lemma. 

Jordan's Lemma. Assume that the function '¢ (z) is analytic in 
the upper half-plane except for a finite number of isolated singular 
points, and when I z I -+ oo it tends to zero uniformly over all the 
directions of cp (0 « cp « n). Hence, when a > 0, 

lim ~ eiaz'¢ (z) dz = 0 
R-oo r 

R 

(IV.18) 

where r R is the arc of a semicircle of radius R in the upper half
plane. 

When a < 0, the assertion of the lemma remains in force if the 
upper half-plane is replaced with the lower one in its statement. 
If a = +i~ (~ > 0), similar statements hold when integrating in 
the right and left half-planes, respectively. 

Let us use Jordan's lemma to evaluate the integral 

+oo 

/1f = ~ eiax z dx 
tJ k'' ll ·-z 

(IV.19) 
-oo 

Consider the integral 

(IV.20) 

The integrand has simple poles at the points z = ±k. The function 
"'¢ (z) = zl(k2 - z2) lends to zero when I z 1-+ oo. Consequently, 
the requirements of Jordan's lemma are satisfied. 

Lei us tako a real axis and a semicircle of radius R in the upper 
half-plane as the integration contour 1'. When R-+ oo, the integral 
around the semicircle, according to (IV.18), vanishes, so that the 
integral (IV.20) transforms into (IV.19). 

The poles are on the integration contour. We can therefore assert 
that the integral (IV .19) will equal the half-sum of the residues of 
the function at the poles multiplied by 2ni [see formula (IV.12) 
and the text following it). The poles are simple, and we may there-
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fore use formula (IV .13) to calculate the residues. For the point 
z = k, we have 

Res [f (z), k] =lim (z- k) f (z) =lim eiaz (~2~zz 
z~k z~k 

I . . z 1 . k =- liD etaz __ = --e'a 
z-k z+k 2 

(IV.21) 

Similar calculations for z = -k yield 

Res[f(z), -k]=-fe-iak (IV.22) 

Consequently, for :J we obtain the value 

:J=2ni ~ (- ~ eiak_ ~ e-iali) = -nicosak (IV.23) 

Let us attempt to evaluate the integral (IV.19) in a different way
we displace the poles, replacing k with k + ic, where c is a small 

• -(k+itJ 

y 

(a) 

(c) 

X 

Fig. IV.7 

-(k-i£) 

• 

y 

(b) 

(d) 

• k-ic 

X 

positive quantity (Fig. IV.7a). Accordingly, -k transforms into 
-(k + ie). As a result, the pole z = k gets inside the integration 
contour, and the pole z = -k leaves it. 
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. Now the integral :J is equal to the limit (when F.-+ 0) of the val
ue of the residue at the point k + ie. This residue is determined by 
the expression 

Res=- lim eiaz (z-k-ie)z = lim eiaz z . 
z-h+ie (z+k+if.) (z-k-ie) z-h+ie z+k+ze 

= _ ela(ll+ ie) k + ie = _ _!_ eia.(l<+ie) 
2 (k-f-ie) 2 

Hence 
:J =lim {2ni Res}= -lim {nieia(lt+ie)} = -nieiak (IV.24) 

e-o e-o 

The same result is evidently obtained if, without displacing the 
pole, we deform the contour as shown in Fig. IV.7c. 

The value of :J we have obtained differs from (IV.23). Before 
discussing this difference, let us evaluate the integral once more,. 
displacing the poles by the suh<stituliou k-+ k -iF (Fig. lV.7b). 
Performing calculations similar to those that led us to formu
la (IV.24), we find that 

:J = -nie-iak (IV .25) 

The same result is obtained if instead of displacing the poles, we 
deform the con tour as shown in Fig. IV. 7 d. 

Hence, depending on how we chose the contour for the inte
gral (IV.Hl), we obtain different results. This is due to the fact that 
the given integral is improper1 . It cmmot be evaluated uniquely 
until additional limiting conditions are introduced. 

\Ve must note that expression (TV.23) is the arithmetical mean of 
expressions (IV.24) and (IV.25). It is the principal value of the 
integral (IV.19). · 

V. Airy Function 

Consider ihe differential equation 

y"- xy = 0 

One of the solutions of this equation can he written as 
00 

<D (x) = Jil j cos ( x~ + ~ ) d~ 
0 

(V.1) 

(V.2) 

A function determined by expression (V .2) is called an Airy func
tion. 

1 The term improper is applied to an integral in which either the domain 
of integration or the integrand is unbounded. 
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For applications, it is important to know the asymptotic expres
sion of the function <D (x) at large values of I x j. At large positive 
values of x, the asymptotic expression of the function has the form 

,.,.., 1 ( 2 ) ..., (x) ~ 2x1f~ exp ~ -3 x3/2 (V .3) 

i.e. <D (x) alten11ate~ exponenlinlly. At. large negntive vnlnes of z 

1> (x) ~ - 1- sin (.!.!xj3/2 +~) 
lxl 1i~ 3 4 (V.4) 

i.e. $ (x) oscillates. The first (greatest) maximum is <D ( -1.02) = 
= 0.95. 

We must note that when the sign of x changes, Eq. (V.1) becomes 

y" + xy = 0 (V.5) 

It is evident that an Airy function will also be a solution of this 
equation. The functions 

<D (x) ~ - 1- sin (1. z3/2 + 2:..) xl/4 3 4 

1 ( 2 3/2) h 0 <D(x) ~ Zlxl 114 exp -31x1 w en x< 

when x>O } (V.6) 

will be asymptotic solutions of Eq. (V.5). 

VI. Method of Green's Functions 

The method of Green's functions is one of the methods of solving 
differential cqunlious in partial derivatives. To mHl<'rstand the 
essence of this method, let us consider the following example. Let a 
differential equation have the form 

Q~cp (r) = f (r) (VI.1) 

where Q' is a linear difrerential operator, f (r) is a set function, nnd 
(p (r) is the required function. 

To each function I (r) there corre~pouds its own solution q> (r). 
Such a correspondence ca11 Le represented in the form of the opera
tor relation 

q> (r) = Lf (r) (VI.2) 

in which L is an operator determined by the form of the operator Q. 
With such a representation, the function I (r) can be treated as an 
action, or influence, and cp (r) as the result of this action, or as the· 
response to the action. 

23* 
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We introduce the function G {r, r') that is a solution of the equa
tion 

QG (r, r') = ~ (r - r') (Vl.3) 

(compare with (VI.1)]. The function G (r, r') is called Green's func
tion corresponding to the problem being considered1 [i.e. to the 
problem characterized by Eq. (VI.1)}. It is the response to the action 
described by a delta function with a singularity at the point r': 

G (r, r') = L~ (r - r') (VI.4) 

[compare with (VI.2)]. 
Using the Green's function, we can represent the solution of 

Eq. (VI.1) in the form 

<p (r) = ~ G (r, r') f (r') dV' (VI.5) 

Indeed, let us act on relation (VI.5) with the operator Q, taking 
into account that this operator acts on the variable r and does not 
act on the integration variable r'. With a view to (VI.3}, we obtain 

Qcp (r) = ~ [QG (r, r')] f (r') dV' = J 8 (r- r') f (r') dV' = f (r) 

We have arrived at the initial equation (VI.1) and have thus proved 
that the function (VI.5) satisfies this equation. 

Now let us consider an equation differing from (VI.1) in con
taining 0 on the right-hand side instead of f (r): 

Qcp (r) = 0 (VI.6) 

This equation may be called a homogeneous one corresponding to 
the non-homogeneous equation (VI.1). Let the general solution of 
Eq. (VI.6) be the function cp 0 (r), i.e. 

Qcp 0 (r) = 0 (VI. 7) 

Now the general solution of Eq. (VI.1) can he written as 

cp (r) = cp0 (r) + ~ G (r, r') I (r') dV' (VI.8) 

endeed, owing to the linear character of the operator Q~ we have 

Qcp=Q (<vo+ 1) =Qcpo+O ~ =0+/(r)=f(r) 

The introduction of Green's function makes it possible to reduce 
the solution of Eq. (Vl.1) to the solution of two simpler ones: (VI.3) 
and (VI.6). 

1 Every problem has its own Green's function. There is no single expression 
for Green's function. 
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Let us explain what has been said above using an example from 
electrostatics. The potential of an electrostatic field satisfies Pois
son's equation 

V'2qJ (r) = -4:rtp (r) (VI.9) 

[see Vol. 1, formula (42.4)1. This equation corresponds to Eq. (VI.i) 
(in the given case Q = V'2). The equation 

V2G (r, r') = l\ (r - r') (Vl.10) 

corresponds to Eq. (VJ.5). Let us write (VI.10) In the form. 

V2G (r, r') = - 4n [- 4~ 6 (r- r') J (VI. H) 

It follows from (VI.9) that G (r, r') is (to within a dimensional 
factor numerically equal to unity) the potential of the field of a 
point charge of the magnitude -(114n) placed at the point r'. Con
sequently, 

G( ')= -(1/4n) 
r, r lr-r'l (VI.12) 

Now let us use formula (VI.4), taking into consideration that in th& 
given case I (r) = -4np (r): 

qJ (r) = ) G (r, r') I (r') dV' 

= i -(1/4:rt) [- 4np (ri)J dV' = \ P (r') dV' 
J lr-r'l J \r-r'l 

(V1.13) 

We have obtained the known expression for the potential produced: 
by a charge distributed with the density p (r) [~ee Vol. 1, formu
la (42.7)]. 

Hence, in the example considered above, the physical meaning of 
Green's function consists in that it numerically coincides with the 
potential produced by a point charge of the magnitude -(114n). 
We can also say that Green's function describes the influence of th& 
charge p (r') dll' perceived at the point r. 

We must note that in the given case the solution of the homogene
ous equation 

[see (Vl.7) and (VI.9)] is a homogeneous constant field of strength 
Eo = - VqJ0 = const imposed onto the field described by the func
tion (VI.13). 
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VII. Solution of the Fundamental Equation of the Scattering 
Theory by the Method of Green's Functions 

In the scattering theory, it is often necessary to solve the equa
tion 

(V2 + k 2) \jJ (r) = 2; 0 U (r) \jJ (r) (VII.1) 

where 

kZ = 2; 2°E = const (VII.2) 

and U (r) is a funclion that is non-zero only in the restricted part of 
space where r ~a [see Eq. (f17.3)]. 

Assuming that (V2 + k2)= Q and (2mO''Ii 2) U (r) \jJ (r) = f (r)\ we 
reduce Eq. (VII.1) to the form of (VI.l). Consequently, we can 
write an expression similar to (VI.8) for \jJ (r): 

\jJ (r) = 'Jlo (r) + ~ G (r, r') [ 2~0 U (r') \jJ (r') J dV' (VII.3) 

where 'Jlo (r) is the solution of Eq. (VII.1) without the right-hand 
side: 

(V'z + k2) 'Jlo (r) = 0 

'To satisfy the boundary conditions, we take as 'Jlo (r) the function 

'Jlo (r) = exp (ik10cr) = exp (ikz) (VII.4) 

where k 1nc is a vector determining the direction of motion of the 
incident particles. In Sec. 67, we assumed the z-axis to be this direc
tion (the magnitudes of vectors of different directions are identical 
and equal to k). 

Green's function G (r, r') in expression (VII.3) is a solution of the 
~quat ion 

(V2 + k2) G (r, r') = c5 (r - r') (VI1.5) 

lsee (V1.3)]. Let us transform this equation, acting on both of its 
sides with the operator (V'2 + k2)-1 that is the rec.iprocal of the op
erator (V2 + k2). As a result, we obtain 

G (r, r') = (V2 + k2t 1 8 (r- r') (VII.6) 

By formula (VIII.13), we have 

8(r-r')--1- r eiq<r-r'ldVq 
- (2n)3 j (VII. 7) 

where dVq is a volume element in q-space. We have designated the 
integration variable by q instead of k because we have already used 

1 With such a treatment, the function f (r) includes the required function 
'iJ (r) as a factor. Formally, however, Eq. (VI.i) remains correct. 
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k to designate the wave vector with a magnitude determined by 
(VII.2). In formula (VII.7}, on the other hand, the magnitude of 
the vector q takes on all values from 0 to oo upon integration. 

Introducing (VII.7) into Eq. (VIJ.6), we obtain 

G (r r') = _ 1_ I (V'2 + k2)-1 eiq(r-r'l dV 
' ~~3 J q 

(VII.S) 

To calculate the integrand, we shall proceed from the relation 

(V'2 + k2) eiq(r-r') = V'2eiq(r-r') + k2eiq(r-r') 

= - q2eiq(r-r') + k2eiq(r-r') = (k2- q2) eiq(r-r') 

Acting on this relation with the operator (V'2 + k2)-1, we arrive at 
the equation -

whence 

Substitution of this expression into (VI 1.8) yields 

G( ') 1 I 1 iq(r-r'ldV 
r, r. = (2n)a J k~-q2 e q 

Let us go over to the spherical coordinates q, 0, c:p in q-space; we shall 
measure the angle 8 from the direction of the vector r - r' whose 
magnitude we shall designate by the letter ex: 

G(r, r')= _1_ I t eiqaeosOq2dqsin0d0dcp 
(2n)'~ J /,"- t(! ' 

oo n 

= _f_ r _q_z_ dq • 2n r eiqCT.-COS 8 Sine de 
(2n)3 J k2 _ q2 J 

0 0 
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Let us replace the integration variable q in the second integral 
with -q. The result is · 

00 

G (r, r')=-4 1z {I eia.q zqdq z 
;t ia J k -q 

0 

-oo 

r eia.q q dq } 
j k2-q2 
0 

(VII.9) 
-oo 

\\'(' conclud!' from the form of lht• function (Vll.9) that G (r, r') = 
= G (a) = G ( l r - r' 1). 

The integral (VII.9) was evaluated in Appendix IV with the aid 
of the theory of residues (the integrand is analytically continued 
onto a complex plane). The result of the calculations depends on 
the choice of the rules of circumvention of the poles q = +k. These 
rules are determined from the boundary conditions imposed on the 
function G (a) when a~=· To obtain a solution corresponding to 
waves diverging from the scattering centre, it is necessary to choose 
the integration path shown in Fig. IV.7c. Hence, by (IV.24), the 
integral equals -rr:ieia.k. Introducing this value into (VJI.9), we 
obtain 

G (r r') = - 1 efk 1 r-r• 1 
' 4n Jr- r' I 

(VII.10) 

(a = I r - r' 1). 
Adopting the function (VII .4) as 'ljl 0 (r) and introducing expres

sion (VII.10) for G (r, r') into (Vll.3), we obtain the following for
mula for 'It, (r): 

¢(r)=eikz_~ \ 1 eiklr-r'IU(r')'j1 (r')dV' (VII.11) 
2nh2 j Jr-r'J 

The function U (r') is non-zero only in a small region for which r' ::;:;; 
::;:;; a. Therefore for r >>a, we can assume in (Vll.11) that I r - r' I~ 
~ r in the denominator, and perform in the exponent the expansion 

lr-r'l = V (r-r')2 ~ Vr2 -2rr' ~ r-e,r' 

where e, is the unit vector of the vector r. The result is 

~J (r) = eil•>_ 2~~~~r eil<r ~ e-ille,r·u (r') ~J (r') dV' 

=eikz+A('I't,cp) elkr (VII.12) 
r 

where 

A (tl', cp) =A (c,) =- 2;~2 J e-ike,r·u (r') 'ljJ (r') dV' (VII.13) 
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[il' and cp are angles determining the direction of the vector r, i.e. 
the direction to the point, remote from the scattering centre, for· 
which '\jJ (r) is being calculated]. 

Formula (VII.12) coinddes with formula (67 .6). Expression. 
(VII.13) determines the scattering amplitude. Taking into account. 
that the function 

'PPr (r') = eiprr' /h = eikerr' 

is the psi-function of a particle moving freely in the direction of 
the position vector r (to indicate this, we have used the ~ubscript r 
on p), we can write the expression for the scattering amplitude as
follows: 

A (il', Cfl)=- 2~~2 ('!JprjU¢) 

[compare with (68.5)1. 

VIII. The Dirac Delta Function 

(VII.14). 

To normalize the psi-functions belonging to a continuous spec-
trum, Dirac introduced the delta function (8 function), which is
determined as follows: 

(1) The function 8 (x - a) equals zero for all x =1= a and becomes
equal to infinity when x = a; 

(2) when x = a, the delta function becomes equal to infinity 
so that 

X2 

J 8 (x-a) dx= 1 (VIII .1)· 

provided that the domain of integration includes the point x = a~ 
i.e. x1 < a < x 2 [if point x = a is outside the domain of integration. 
the integral (VII1.1) evidently vanishes]. 

The most important property of the delta function consists in 
that 

+oo 

J f (x) 8 (x- a) dx = f (a) (VIII.2} 
-oo 

(for the proof of this relation, see Appendix XIII of Vol. 1). 
The three-dimensional delta function is def1110d similarly: 

f> (r) = 8 (x). 8 (y) · 8 (z) (VIII.3)o 

It has the property 

J f (r) 8 (r- r0) dV = f (r0) (VIII.4} 
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Some properties of the delta function are given below: 

8(-x)=8(x) 

x8 (x) =0 
1 

8 (ax)= lilT 8 (x) 

(VIII.5) 

(VIII.6) 

(VIII. 7) 

The meaning of these relations is that if an integrand contains one 
side of an equation as a factor, it may be replaced with the other 
side without the integral changing. 

The property (VIII.5) is obvious. It signifies that B (x} is an even 
function. 

To prove the property (VIII.6), let us take a continuous function 
oq> (x) and form the expression 

+oo 

J cp (x) x8 (x) dx 
-oo 

Introducing the notation f (x) =' <p (x) x and taking advantage of 
the property (VIII.2), we obtain 

+oo +oo 

J cp(x)x8(x)dx= ~ f(x)6(x)dx=I(O)=<p(0)·0=0 
-oo -oo 

whence (VIII .6) follows. 
Relation (VIII. 7) is proved in a similar way. Let us form the 

expression 
+oo +oo 

J <p(x)8(ax)dx= ~ <p(x)8(!a!x)dx (VIII.8) 
-oo -oo 

[we have used the property (VIII.5)]. Let us go over from the 
variable x to !he variable y related to x by the expression 

y = I a I x, dy = I a I dx 

(we have taken I a I for dy and dx to have the same sign). The inte• 
gral (VIII.8) now becomes 

+oo +oo 

) <J' ( 1~1 ) 8 (y) ~:1 = !h- ) cp ( 1~1 ) 8 (y) dy (VIII.9) 
-oo -oo 

We introduce the function I (y) defined by the relation 

I (y) = <I' (TaT) 
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that when y = 0 transforms into the equation f (0) = <p (0). As a 
result, (VIII.9) transforms as follows: 

+~ +~ 

1 r (y) 1 r 1 1 TaT J <p Vi 8 (y) dy = \iiT J t (y) 6 (y) dy =VI t (0) = laT <p (0) 
-oo 

We would have arrived at the same result if we had taken as the 
initial expression not (VIII.8}, but the integral 

+oo 

J qJ (x) {Tar 6 (x)} dx 

Hence follows the property (VIII. 7). 
Let us write the Fourier transform 

+oo +oo 

8 (x) = 2~ .\ e-illx dk .\ 8 (~) eills d~ 
-oo -oo 

{see Vol. 1, formula (XIV.20)l for the delta function. In accordance 
with (VIJI.2}, the integral over d£ equals e0 = 1. Consequently 

+oo 
8 (x) = - 1- I e-illx dk 

2n J 
-oo 

(VIII. tO) 

Taking relation (VIII.S) into account, we can write that 
+oo 

6 (X)= 8 (-X)= - 1- r eii!X dk 
2n J 

-oo 

From relation (VIII.11), we obtain the formula 
+oo 

J ei"x dk = 2n6 (x) 
-oo 

In accordance with (VII1.3) and (VIII.H), we have 
+~ +~ +.~ 

~ (r) - _1_ l' ihxx lk I iltr/' dk I ill:: dk 
u -· (2:t)3 J e c x J e . 11 J e : 

-oo -oo -00 

(VIII. H) 

(VIII.12) 

=-1 - \ eikrdV11 (VIII.13) 
(2n) 3 J 

where dV11 is a volume element in k-space. A glance at (VIII.13) 
shows that 

.\ eikr dV h.= (2n) 3 8 (r) (VIII.14) 

Integration is performed over the entire k-space. Formula (VIII.14) 
is a three-dimensional analogue of formula (VIII.12). 
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direct, 263££ 
general, 266f 

WKB, 169 
Micro particles, 

corpuscular-wave nature, 18 
properties, 10f 
trajectories, 11 

Molecule, hydrogen, 285££ 
ground state, 286 

Normalization, to delta function, 49, 
73 

Notation, Dirac 51ff 
Number(s), 

occupation, 234 
representation, 234£ 

quantum, see Quantum number 

Operator(s), 
acceleration, 86 
adjoint, 28 
angular momentum, o4f, 67 

commutation with coordinate ppe
rator, 68f 

commutation with momentum 
operator, 69 

eigenfunctions, 78ff 
eigenvalues, 78ff 

annihilation, 117, 235, 241f, 292 
anticommutatiou, 200 
anticommutative, 42 
commutative, 42, 44f 
commutators, 43, 196 
complex conjugate, 28 
coordinate, 63 

eigenfunctions, 71£ 
in momentum representation, 77f 

creation, 117, 235, 241£, 292 
eigenfunctions, 24 
eigenrepresenta tion, 34 

matrix, 34 
eigenvalues, 24 
exchange, 215f 

eigenvalues, 215 
Hermitian, 30 

Operator(s), 
Hermitian conjugate, 28, 40£ 
infinitely small rotation, 65 
inversion, 81f 
kinetic energy, 63 
linear, 12, 23 
magnetic moment of atom, 279f 
matrix representation, 31ff 
momentum, 64 

eigenfunctions, 72£ 
normalized to delta function, 73f 

non-commutative, 42 
number of particles, 242 
particle-field interaction, 302 
perturbation, 124, 143, 144 
physical quantities, commutation. 

67ff 
potential energy, 63 
product, 39, 42 
rotation, 66, 206, 208££ 
self-adjoint, 30 
spin, 

eigenfunctions, 202ff 
eigenvalues, 202ff 

square, 39 
of angular momentum, 64f 

sum, 38f 
time derivative, 83ff 
total energy, 63 
transpose, 27f, 39f 
unit, 43 
unitary, 55, 58 
velocity, 85 

Orthoheli urn, 263 
Orthostatc, 226, 232, 261 

energy, 262, 289 
Oscillator, harmonic, see Harmonic 

oscillator 
Packet, wave, 19 

group velocity, 20 
width, 20 

Parahelium, 263 
Parastate, 22G, 232, 260, 261 

energy, 262, 288f 
and intermolecular distance, 290 

Parity, 81f 
intrinsic, 82 
negative, 82 
positive, 82 

Particle, 
acceleration operator, 86 
in central force field, 89ff 

degeneracy, 92 
energy, 90 
Hamiltonian, 89 
potential energy, 89 

coordinates, mean values, 15 
exchange energy, 231 
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Particle, 
exchange interaction, 292ff 
free, 

motion, 19f 
psi-function, 18 
Schriidingcr equation, 18 

indistinguishability principle, 214fi 
kinetic energy, by uncertainty re-

lation, 167 
motion in potential well, 184ff 
position vector, mean value, 15 
potential energy, 15, 89 
in potential force field, 17 
psi-function, 169 
reflection from potential barrier, 

190f 
transmission through potential bar

rier, 190f 
velocity operator, 85 

Perturbation(s), 
adiabatic, 154 
time-dependent, 148ff 
time-independent, 123ff 
varying harmonically with time, 

156ff 
Photons, 300, 301 

emission and absorption, 302ff 
Pnergy, 300 
spin, 301 

Point(s), 
singular, 346 

essential, 348f 
removable, 348 

turning, 173 
boundary conditions at, 1 i4ff 

Polynom ial(s), 
Chebyshev-Hermite, 342ff 
L('gendre, 321, 342ff 

associated, 33if 
Potential, 

Coulomb field, 168 
rc•larded, 165 

Power, dipole radiation, 311 
Principle, 

COI'l'l'~]'Oildl'llCe, 11, 64 
indisl ingui~habili ty, identical par

ticles, 214f[ 
Pauli, 222, 231f, 260 
superposition, 12££ 

Probability, 
amplitude, s<·e Psi-function(s) 
density, 14, 15 
flux density, 20ff 

Problem, two-body, 103ff 
Psi-function(s), 12 

antisymrnetric, 215f, 218, 221 
normalized, 219 

and coordinate transformations, 
65ff, 74f 

Psi-function(s), 
in Dirac notation, 53 
electromagnetic field, 301 
in energy representation, 75f 
frre particle, 18 
ground stat£' of hydrogen atom, 28& 
hydrogen-lik(' atom, 100 
molecule, abiabatic approximation~ 

284 
in momentum representation, 74f 
normalization condition, 14f, tOt 
normalized, 15 

corresponding to energy values. 
135 

orthosla t('S, 262 
ow ria p integral, 287 
parasta tes, 262 · 
particle, 169 

wi tb spin, 192ff 
quasiclassical, 183 
spin, 193 
standard conditions, 22 
symmetric, 215f, 218, 221 

normalized, 219 
time dependence, 86 

Quantity(ies), 
canonically conjugate, 68 
conserved. 85 
mean value of measurements, 27 

Quantization, second, 233ff 
Quantum number, 

azimuthal, 80, 99 
J, 222, 224f 
i' 222 
L, 222. 258 
magnetic, 79, 80, 144, 223ff 
principal, 99 
radial, 99, 102 
S, 222, 258 
0', 226 

Radiation, dipole, 308ff 
selection rules, 312ff 

Hadiu~. Bohr, 95 
Bange. of force, 317 
Region, 

multiply connected, 345 
simply connected, 345 

Relation, Heisenberg uncertainty, 11, 
48, 67, 68, 231f 

Representation, 
coordinate, 

function, 34 
opl'ra tor, 34 
p~i-function, 14 

momentum, 
functions, 34 
operator, 34 
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Rule(s), 
Bohr-Sommerfeld quantization, 187 
selection, dipole radiation, 312ff 

Rydberg, 95 

Savelyev, I. V., 16 
Scattering, 315 

cross section, see Cross section, scat
tering 

elastic, 316 
inelastic, 316, 328ff 

Schriidinger, E., 9, 16 
Semivectors, 206 
Series, 

Laurent, 348 
Taylor, 347 

Set, complete, 12 
Spectrum, 

continuous, 24, 
eigenfunctions, 48 

discrete, 24 
of opera tor, 24 
of quantity, 24 

Spin, 192 
opera tors, 194ff 

transformation, 206f 
projection, 193f 
psi-function, 193 
resultant. system, 226 

Spinors. 205ff 
rank two, 205, 212 
transformation, 206 

State(s), 10 
electron, 10f 
even, 82 
indeterminacy of energy, 68 
microsystem, 11f 
mixed, 12 
odd, 82 
pure, 12 
stationary, 17 

psi-function, 17 
Scbriidinger equation, 17f 

vector, 12, 51, 54 

System, 
orthonormal, 25 
resultant spin, 226 

Theorem, Cauchy integral, 346f 
Theory, 

collision, 315 
perturbation, 123ff 

application, 141ff 
degenerate case, 136ff 
non-stationary, 123 
stationary, 123ff 

residues, 349ff 
scattering, 315ff 

Trajectory, 11 
phase, 186f 

Transformations, 
binary, 212 
unitary, 55, 59 

Transitions, 
in continuous spectrum, 163f 
one-photon, 303, 305ff 
two-photon, 304f 

Units, atomic, 94f 

Vacuum, 300 
Variables, dynamical, 10 

complete set, 12 
continuous spectrum, 12 
discrete spectrum, 12 

Vector(s), 
bra, 51 
collision, 320 
conventional, 52f 

in n-dimensional space, 52f 
kct, 51 
state, 12, 51, 54 

Wave, 
packet, 19 

group velocity, 20 
width, 20 

standing, 18 
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